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Abstract

In this paper, we study the following p-curl-div system

∇× (|∇ × u|p−2∇× u)−∇(|divu|p−2divu) = f(x, u), x ∈ R3

and establish the existence of solution, where 1 < p < 3, f(x, u) : R3 × R3 → R3 satisfies

some reasonable hypothesis.
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1. Úó

�©ïÄXe p-curl-div�§

∇× (|∇ × u|p−2∇× u)−∇(|divu|p−2divu) = f(x, u), x ∈ R3, (1.1)

Ù¥ 1 < p < 3, f(x, u) : R3 × R3 → R3. ¹^Ý�f� �©�§|3êÆÔn+�kX2��A

^, Ù¥ p-curl-curl�§|�£ãM��N�.G�� Bean�.kX�Ø�©�'é. �©¤ï

Ä�XÚ5
up§��N [1]¥�^aA�., Ù¥ uL«^|, ∇× uL«o>6�Ý, f L«

SÜ^>6, ±9 |∇ × u|p−2∇× uL«>|.

p-curl-curl�§|��;.�[�5(�, ÛÉ½òz5�, 9Ù3��N�.G��¡�A

^Úåéõ<�ïÄ,�. ~X, 3 [2]¥, Yin ^Uþ�O��{ïÄ
XeXÚ
∂tH +∇× (|∇ ×H|p−2∇×H) = F (x, t), divH = 0, (x, t) ∈ Ω× (0, T ],

|∇ ×H|p−2∇×H × n = 0, H · n = 0, (x, t) ∈ ∂Ω× [0, T ],

H(x, 0) = H0, x ∈ Ω,

(1.2)
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)��35!��5Ú�K5. � H(x, t)��m tÃ'�, ��Xe­�� p-curl-curlXÚ
∇× (|∇ ×H|p−2∇×H) = F (x) , x ∈ Ω,

divH = 0, x ∈ Ω,

H × n = 0, x ∈ ∂Ω.

(1.3)

Yin [3]ïÄ
XÚ (1.3)3k.üëÏ«�þf)��K5, �Ñ
�`�K5f)´áu C1+α,

Ù¥ α ∈ (0, 1). 3 [4]¥, Laforestæ^²0¿[©)y²
XÚ (1.3)3k.�þf)��3�

�5. 3 [5]¥, WuÚBiany²
 (1.3)�f)��35Ú L∞ �O. 3 [6]¥, XiangïÄ
�a

p(x)-curl-curlXÚ{
∇× (|∇ × u|p(x)−2∇× u) + α(x)|u|p(x)−2u = f(x, t), divu = 0, x ∈ Ω,

|∇ × u|p(x)−2∇× u× n = 0, u · n = 0, x ∈ ∂Ω,
(1.4)

Ù¥ Ω´3 R3 ¥äk C1,1 >.�ëÏ«�; 1 < p(x) < 3, ¿�3 ΩþëY, �öæ^ì´½n,

y²
TXÚ)��35Úõ­5.

AO/,� p = 2�, äkXe/ª�¹kcurl-curl�f��C©�§

∇×∇× u+ V (x)u = g(x, u), x ∈ R3 (1.5)

)��35Úõ­5Úå
Æö��ïÄ,�. da¯KÌ�(J3u¯K (1.5)éA�Uþ�¼

�rØ½5, ±9ó��m H1(curl,Ω)���/eØäk Sobolevi\'X, éA½«�äki\

'X. BenciÚ Fortunato3© [7]¥1�gJÑ Born-Infeld·�^�.

∇×∇×A = W ′(|A|2)A, x ∈ R3, (1.6)

¿�3 f �·�O�5^�e, y²
 (1.6)��²�k�Uþ)��35.

�©Ì�8�´ïÄXÚ (1.1))�35, Ì�(J´3��m¥"�;5, 
ì´(���

�(PS)S�Øäkk.5, É© [8]�éu, ÏL6Ä��{��(PSP)S�, 
TS��±��Ù

k.5, 2|^�Û;5Ún¡E;5. ��©=�Ä
3 R3 þ��²�)��35, éu�p�

�m)��'5�I�?�ÚÏ¦#�)û�{.

�©(�©ÙXe: 1�Ü©, 0�
ó��m±9�
Ì�Ún; 1nÜ©, y²3ì´A

ÛY²(� Cmp ?�3�� (PSP)S�, ¿�`²TS�3ÏLÜ·�6Ä���±Âñ�¯K

(1.1)�); 1oÜ©, y²
 (PSP)b S��8¥;5.(J, 1ÊÜ©¥, òc�!�(JA^u

ì´Y² Cmp � (PSP)b S�. � (PSP)b S�Âñ�Uþ�¼�.:�§�E´»¿u�ù
´

»þ�Uþ, y²
ì´� Cmp� Cpo, Epo��.

�
�ã·��Ì�(J, é f �Xeb�:

(F1) f(x, u) ∈ C(R3,R3), � f(x,−u) = −f(x, u);

(F2) −∞ < lim inf |u|→0
f(x,u)u
|u|p ≤ lim sup|u|→0

f(x,u)u
|u|p < 0;

(F3) lim|u|→∞
|f(x,u)|
|u|p∗−1 = 0, Ù¥ p∗ = 3p

3−p ;
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(F4) ∂uF (x, u) = f(x, u), ��3 ξ0, ¦�é¤k� x ∈ R3Ñk F (x, ξ0) > 0.

Ì�(J�ãXe:

½n 1.1

e f ÷v^� (F1) − (F4), K¯K (1.1)���3���²�) u ∈ Xp(R3), ¿�T)÷vX

e Pohozave�ª

P (u) =
3− p
p

∫
R3

(|∇ × u|p + |divu|p)dx− 3

∫
R3

F (x, u) dx = 0. (1.7)

2. C©µe

½Â Sobolev�m

W 1,p(curl,R3) := {u ∈ Lp(R3)|∇ × u ∈ Lp(R3)}, 1 < p < 3,

ÙþD�Xe�ê

‖u‖W 1,p(curl,R3) := (|u|pLp + |∇ × u|pLp)1/p,

�

W 1,p(div,R3) := {u ∈ Lp(R3)|divu ∈ Lp(R3)},

Ùþ�ê½Â�

‖u‖W 1,p(div,R3) := (|u|pLp + |divu|pLp)1/p,

3ù
�ê½Âe, W 1,p(curl,RN )ÚW 1,p(div,R3)þ� Banach�m.

52.1 �m C∞(R3)3W 1,p(curl,R3)ÚW 1,p(div,R3)SÈ�.

?�Ú, �

m0 = −1

2
lim sup
|u|→0

f(x, u)u

|u|p
∈ (0,∞),

½Â

Xp(R3) := W 1,p(curl,R3) ∩W 1,p(div,R3).

Ùþ��ê½Â�

‖u‖Xp(R3) := (|∇ × u|pLp + |divu|pLp +m0|u|pLp)
1
p ,

Ún 2.2 Xp(R3)ëYi\W 1,p(R3), ��3~ê C > 0, ¦�

‖v‖W 1,p(R3) ≤ C
(
|v|Lp + |∇ × v|Lp + |divv|Lp

)
.

y ÏLA^Harmonic analysis�²;�O, Ónu© [9]Ún 2.3y²L§, ´y.

d Sobolevi\½n, W 1,p(R3)�±i\� Lqloc(R3), q ∈ (p, p∗), ��, Xp(R3)i\ Lqloc(R3).

DOI: 10.12677/aam.2024.134177 1885 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.134177



�§cp¬

¯K (1.1)éA�Uþ�¼ J : Xp(R3)→ R½Â�

J(u) =
1

p

∫
R3

(|∇ × u|p + |divu|p)dx−
∫
R3

F (x, u) dx. (2.1)

²O�, aqu© [10]¥·K B.10�y², �� J �Xe5�.

Ún2.3 �¼ J(u)� Gâteaux�ê�, ∀ϕ ∈ Xp
0 (R3)

J ′(u)[ϕ] =

∫
R3

(|∇ × u|p−2∇× u) · (∇× ϕ) + (|divu|p−2divu) · (divϕ) dx

−
∫
R3

f(x, u) · ϕdx, ∀ϕ ∈ Xp(R3),

(2.2)

� J(u)3 Xp(R3)þ´ C1�.

�âÚn 2.3, ´�Xe�C©�n.

·K 2.4 u ∈ Xp(R3)´XÚ (1.1)�f)��=� u´�¼ J ��.:.

� h(x, u) ∈ C(R3,R3), � h(x, u) = m0|u|p−2u+ f(x, u), K h(x, u)÷ve�^�:

(h1) h(x, u) ∈ C(R3,R3), � h(x,−u) = −h(x, u), Ù¥ ∂uH(x, u) = h(x, u);

(h2) −∞ < lim inf |u|→0
|h(x,u)|
|u|p−1 ≤ lim sup|u|→0

|h(x,u)|
|u|p−1 = −m0 < 0;

(h3) lim|u|→∞
|h(x,u)|
|u|p∗−1 = 0;

�â h(x, u)½Â´�¯K (1.1)±9ÙUþ�¼ J(u)�du

∇× (|∇ × u|p−2∇× u)−∇(|divu|p−2divu) +m0|u|p−2u = h(x, u) (2.3)

J(u) =
1

p
‖u‖Xp(R3) −

∫
R3

H(x, u) dx, (2.4)

Ún 2.5 e {vj}∞j=1 ⊂ Xp(R3)3Xp(R3)¥k., �� j →∞� vj 3 Lq(R3)¥rÂñ� 0,

Ù¥ q ∈ (p, p∗), Kkeª¤á∫
R3

(h(x, vj) · vj)dx→ 0, � j →∞.

y �â^� (h1)− (h3)��é?¿� ε > 0, �3 Cε > 0¦�

(h(x, u) · u) ≤ Cε|u|q + ε|u|p
∗
, u ∈ R3. (2.5)

K ∫
R3

(h(x, vj) · vj)dx ≤ Cε|vj |qLq + ε|vj |p
∗

Lp∗

dW 1,p(R3) ↪→ Lp
∗
(R3), �� {vj}∞j=13 Lp

∗
(R3)¥k., qd vj 3 Lq(R3)¥rÂñ� 0��

lim sup
j→∞

∫
R3

(h(x, vj) · vj) dx ≤ εC.
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d ε�?¿5��
∫
R3(h(x, vj) · vj) dx→ 0, y..

Ún 2.6 ( [8]) e {vj}∞j=1 ⊂ Xp(R3)3 Lp(R3)¥k., �� j →∞� vj 3 Lq(R3)¥rÂñ

� v0, Ù¥ q ∈ (p, p∗), Kkeª¤á

lim sup
j→∞

∫
R3

h(x, vj)(vj − v0) dx ≤ 0.

Ún 2.7 ( [11]) é¤k� y, z ∈ R3, Ñ�3��~ê C > 0¦�e¡Ø�ª¤á:

Ù¥ p ≥ 2�

|y − z|p ≤ C(|y|p−2y − |z|p−2z)(y − z),

1 < p ≤ 2�

|y − z|2 ≤ C[(|y|p−2y − |z|p−2z)(y − z)](|y|+ |z|)2−p.

ddÚn�í�

(|y|p−2y − |z|p−2z)(y − z) ≥ 0. (2.6)

Ún 2.8 ( [8]) - Ω� RN ¥��ÿ8, {ηj}∞j=13 Lp(Ω,R3)¥k., � η0(x) ∈ Lp(Ω,R3). K

� ∫
Ω

(|ηj |p−2ηj − |η0|p−2η0)(ηj − η0)→ 0,

�, keª¤á

‖ηj − η0‖Lp(Ω) → 0,� j →∞.

íØ 2.9 - {vj}∞j=1 ⊂ Xp(R3)÷v vj ⇀ v0, � j →∞�, e∫
R3

(|∇ × vj |p−2∇× vj − |∇ × v0|p−2∇× v0)(∇× vj −∇× v0)dx+

∫
R3

(|divvj |p−2divvj−

|divv0|p−2divv0)(divvj − divv0)dx+m0

∫
R3

(|vj |p−2vj − |v0|p−2v0)(vj − v0)dx→ 0

K,

‖vj − v0‖Xp(R3) → 0.

y ©O- ηj = vj , ηj = ∇× vj , ηj = divvj , ÓnuÚn 2.8, - Ω = R3, �� ‖vj − v0‖Xp(R3) → 0.

íØ 2.10 - {vj}∞j=1 ⊂ Xp(R3)÷v vj ⇀ v0, � j →∞�, e∫
R3

(|∇ × vj |p−2∇× vj − |∇ × v0|p−2∇× v0)(∇× vj −∇× v0)dx→ 0,

∫
R3

(|divvj |p−2divvj − |divv0|p−2divv0)(divvj − divv0)dx→ 0,

K§ÏLÀ�f�­#½Â� {vj}∞j=1, ke�ªf¤á
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vj → v0, in Xp
loc(R

3),

vj(x)→ v0(x), a.e. in R3,

∇× vj(x)→ ∇× v0(x), a.e. in R3,

divvj(x)→ divv0(x), a.e. in R3.

y 3 Xp(R3)¥ vj ⇀ v0 ��, ÏLÀ�f�EP� {vj}∞j=1, ÷v3 Lploc(R3)¥ vj → v0. |

^Ún 2.8, Ón��3 Lploc(R3)¥∇× vj → ∇× v0, divvj → divv0, � vj 3Xp
loc(R3)¥rÂñ�

v0. ?
|^ Riese½n��A�??Âñ¤á.

íØ 2.11 - {v1
j}∞j=1, {v2

j}∞j=13 Xp(R3)¥k., � j →∞ �, e∫
R3

(|∇ × v1
j |p−2∇× v1

j − |∇ × v2
j |p−2∇× v2

j )(∇× v1
j −∇× v2

j )dx+

∫
R3

(|divv1
j |p−2divv1

j−

|divv2
j |p−2divv2

j )(divv1
j − divv2

j )dx+m0

∫
R3

(|v1
j |p−2v1

j − |v2
j |p−2v2

j )(v
1
j − v2

j )dx→ 0

K,

‖v1
j − v2

j‖Xp(R3) → 0.

y (Üª (2.6)±9Ún 2.8��, ‖v1
j − v2

j‖Lp(R3) → 0, ‖∇ × v1
j −∇ × v2

j‖Lp(R3) → 0, ‖divv1
j −

divv2
j‖Lp(R3) → 0, � ‖v1

j − v2
j‖Xp(R3) → 0, ·K�y.

3. ì´AÛ(�

½Â 3.1 ½Â

Cmp = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)), (3.1)

Ù¥

Γ = {γ(t) ∈ (C[0, 1], Xp(R3))|γ(0) = 0, J(γ(1)) < 0}.

½Âäk Pohozaev5���.:¥���U?�

Epo = inf{J(u)|u ∈ Xp(R3) \ {0}, J ′(u) = 0, P (u) = 0}. (3.2)

½Â J(u)3 Pohozaev6/ P = {u ∈ Xp(R3) \ {0}, P (u) = 0}þ�����

Cpo = inf
u∈P

J(u). (3.3)

Ún 3.2 e f ÷v(F1)− (F4), K J(u)÷ve¡(J

(i) J(0) = 0,

(ii)�3 ρ0, δ0 > 0, ¦� J(u) ≥ δ0, Ù¥ ‖u‖Xp(R3) = ρ0,
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(iii)�3 u0 ∈ Xp(R3)¦� ‖u0‖Xp(R3) > ρ0 , �J(u) < 0.

y (i)w,, ey(ii). db� (h1) − (h3)�, é?¿� ε > 0, �3 Cε > 0¦�é¤k� sÑ

keª¤á

h(x, u)u ≤ ε|u|p + Cε|u|p∗,

K,

H(x, u) ≤ Cε

p
|s|p + C ′ε|s|p∗.

�â Xp(R3) ↪→ Lp∗(R3), ��é¤k� u ∈ Xp(R3)k

J(u) ≥ 1

p
‖u‖pXp(R3) −

ε

p
|u|L

p

p − C ′ε|u|
p∗
Lp∗ ≥

1− ε
p
‖u‖pXp(R3) − C

′′
ε ‖u‖

p∗
Xp(R3),

Ïd� ε ∈ (0, 1)� ρ0 > 0¿©��, ª (ii)¤á.

ey (iii) . � R > 0�, ½Â φR ∈ Xp(RN )�Xe/ª

φR(x) =


ξ0, � |x| ≤ R,
(R+ 1− |x|)ξ0, �R < |x| < R+ 1,

0, � |x| ≥ R+ 1,

Ù¥ ξ0 = (ξ1
0 , ξ

2
0 , ξ

3
0), K� Rv
��k ‖φR‖Xp(R3) > m0

∫
|x|≤R |ξ0|dx > ρ0. qk

∇× ((R+ 1− |x|)ξ0) =

∣∣∣∣∣∣∣∣∣
i j k

∂1 ∂2 ∂3

(R+ 1− |x|)ξ1
0 (R+ 1− |x|)ξ2

0 (R+ 1− |x|)ξ3
0

∣∣∣∣∣∣∣∣∣
= (− x2

|x|
ξ3

0 +
x3

|x|
ξ2

0 ,−
x3

|x|
ξ1

0 +
x1

|x|
ξ3

0 ,−
x1

|x|
ξ2

0 +
x2

|x|
ξ1

0).

|∇ × ((R+ 1− |x|)ξ0)|2 =
1

|x|2
[(x3ξ

2
0 − x2ξ

3
0)2 + (x1ξ

3
0 − x3ξ

1
0)2 + (x2ξ

1
0 − x1ξ

2
0)2] ≤ 2|ξ2

0 |.

div(R + 1− |x|)ξ0) =
3∑

i=1

∂

∂xi

(
(R + 1− |x|)ξi

0

)
= −

3∑
i=1

xi

|x|
ξi

0 = −(x, ξ0)

|x|
.

= |div(R + 1− |x|)ξ0)| ≤ |ξ0|. ?
∫
R<|x|<R+1

|∇ × ((R+ 1− |x|)ξ0)|p + |div((R+ 1− |x|)ξ0)|p dx

=

∫
R<|x|<R+1

| 1

|x|
|(x2ξ0

3 + x3ξ0
2,−x3ξ

1
0 + x1ξ

3
0 ,−x1ξ

2
0 + x2ξ

1
0)|p +

1

|x|p
|x1ξ

1
0 + x2ξ

2
0 + x3ξ

3
0 |p dx

≤
∫
R<|x|<R+1

(
√

2|ξ0|)p + |ξ0|p dx

=(1 + 2
p
2 )|ξ0|p

4

3
π[(R+ 1)3 −R3] ≤ CR2.
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qd (F4)��3~ê δ, C1, C2 > 0¦�∫
R3

F (x, φR(x)) dx ≥ δ|BR| − |BR+1 −BR|( max
R<|x|<R+1,τ∈[0,ξ0]

|F (x, τ)|) ≥ C1R
3 − C2R

2,

K,

J(φR) =
1

p

∫
R<|x|<R+1

|∇ ×
(
(R+ 1− |x|)ξ0

)
|p + |div

(
(R+ 1− |x|)ξ0

)
|p dx−

∫
R3

F (x, φR(x)) dx

≤ CR2 − (C1R
3 − C2R

2) = C3R
2 − C1R

3.

�� R > 0v
��, �� J(φR) < 0, �y.

5 3.3 aqu (ii)y²L§§���3 ε ∈ (0, 1)Ú q, Ù¥ q > p¦�� ‖u‖Xp(R3) ≤ 1�k

eª¤á

J ′(u)[u] = ‖u‖pXp(R3) −
∫
R3

h(x, u)udx ≥ (1− ε)‖u‖pXp(R3) − Cε‖u‖
q
Xp(R3), (3.4)

K�3 C > 0¦�é¤kª (1.1)��²�)Ñk ‖u‖Xp(R3) ≥ C.

½Â 3.4 eS� {uj}∞j=1 ∈ Xp(R3)÷ve�^�

(i) J(uj)→ b,

(ii) ‖J ′(uj)‖Xp′ (R3) → 0,

(iii) P (uj)→ 0,

K¡TS�� J(u)� (PSP )bS�.

e¡½ÂN� J(θ, u) : R×Xp(R3)�

J(θ, u) =
1

p
e(3−p)θ(|∇ × u|pLp + |divu|pLp)− e3θ

∫
R3

F (x, u) dx,

Keª¤á

J(θ, u) = J(u(
x

eθ
)),

∂θJ(θ, u) =
3− p
p

e(3−p)θ(|∇ × u|pp + |divu|pp)− 3e3θ

∫
R3

F (x, u) dx = P (u(
x

eθ
)),

∂uJ(θ, u) = e(3−p)θ(|∇ × u|p−2∇× u · ∇ × v + |divu|p−2divu · divv)− e3θ

∫
R3

f(x, u)v dx

= J ′(u(
x

eθ
))v(

x

eθ
), Ù¥ v ∈ Xp(R3).

Ïd,

J(0, u) = J(u), ∂θJ(0, u) = P (u), ∂uJ(0, u)v = J ′(u)v.
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e¡½ÂIOSÈ�ê ‖(θ, u)‖R×Xp(R3) = (|θ|p + ‖u‖pXp(R3))
1
p . Ùéó�ê ‖ · ‖R×Xp′ (R3)�

‖g‖R×Xp′ (R3) = sup
‖(θ,u)‖R×Xp(R3)≤1

|g(θ, u)|, Ù¥ g ∈ R×Xp′(R3).

e¡P D = (∂θ, ∂u), K

DJ(θ, u)(κ, v) = ∂θJ(θ, u)κ+ ∂uJ(θ, u)v, Ù¥ (κ, v) ∈ R×Xp(R3)),

‖DJ(θ, u)‖R×Xp′ (R3) = (|∂θJ(θ, u)|p
′
+ ‖∂uJ(θ, u)‖p

′

Xp′ (R3)
)

1
p′

= (|P (u(
x

eθ
))|p

′
+ ‖∂uJ(θ, u)‖p

′

Xp′ (R3)
)

1
p′ .

(3.5)

½Â'u J(θ, u)�ì´��

C̃mp = inf
γ̃∈Γ̃

max
t∈[0,1]

J(γ̃(t)),

Ù¥ Γ̃ = {γ̃(t) ∈ C([0, 1],R×Xp(R3))|γ̃(0) = (0, 0), J(γ̃(1)) < 0}.

Ún 3.5 C̃mp = Cmp.

y é?¿� γ ∈ Γ, Ñk (0, γ(t)) ∈ Γ̃, � Γ ⊂ Γ̃, K Cmp ≥ C̃mp. �e5`² C̃mp ≥ Cmp.

é?¿� γ̃(t) = (θ(t), η(t)) ∈ Γ̃, -γ(t)(x) = η(t)( x
eθ(t)

). K, γ(t) ∈ Γ� J(γ(t)) = J(γ̃(t)). Ïd,

C̃mp ≥ Cmp.

Ún 3.6 �¼ J(u)�3 (PSP )Cmp S�.

y �â Cmp ½Â�§�3 {γj(t)}∞j=1 ⊂ Γ¦�maxt∈[0,1] J(γj(t)) ≤ Cmp + 1
j
. |^© [12]Ú

n 4.3C/� EkelandC©�n��, �3 {θj , vj}∞j=1 ⊂ R×Xp(R3)¦�

distR×Xp(R3)((θj , vj), {0} × γj([0, 1])) ≤ 2√
j
, (3.6)

|J(θj , vj)− Cmp| ≤
1

j
, (3.7)

‖DJ(θj , vj)‖R×Xp′ (R3) ≤
2√
j
, (3.8)

Ù¥ distR×Xp(R3)((θ, u), A) = inf(κ,v)∈A(|θ−κ|p+‖u−v‖pXp(R3))
1
p . d (3.6)�,� j →∞�, θj → 0,

d (3.7)�

J(vj(
x

eθj
))→ Cmp, (3.9)

d (3.8)�

P (vj(
x

eθj
))→ 0. (3.10)

e¡`²eª¤á

J ′(vj(
x

eθj
))→ 0, (3.11)
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�â J(θ, u)½Â�� J ′(vj(
x

eθj
))ϕ(x) = ∂uJ(θj , vj)ϕ(eθjx), K,

‖J ′(vj(
x

eθj
))‖Xp′ (R3) = sup

‖ϕ‖Xp(R3)≤1

|∂uJ(θj , vj)ϕ(eθjx)|

≤ sup
‖ϕ‖Xp(R3)≤1

‖∂uJ(θj , vj)‖Xp′ (R3)‖ϕ(eθjx)‖Xp(R3).

(3.12)

qd

‖ϕ(eθjx)‖pXp(R3) = e−(3−p)θj (|∇ × ϕ|pLp + |divϕ|pLp) +m0e
−3θj |ϕ|pLp

≤ e3|θj |‖ϕ‖Xp(R3),

�\ª (3.12)�

‖J ′(vj(
x

eθj
))‖Xp′ (R3) ≤ sup

‖ϕ‖Xp(R3)≤1

‖∂uJ(θj , vj)‖Xp′ (R3)e
3
p |θj |‖ϕ‖Xp(R3)

≤ ‖∂uJ(θj , vj)‖Xp′ (R3)e
3
p |θj |.

�, � θj → 0, (Üª (3.5)±9ª (3.8)�, ª (3.11)¤á. Ïd, - uj = vj(
x

eθj
), d� {uj}∞j=1 ⊂

Xp(R3)� (PSP )Cmp S�.

4. 8¥;5

Ún 4.1 e f ÷v^� (F1) − (F4), - {uj}∞j=1 ⊂ Xp(R3) � J(u) � (PSP )b S�, Ù¥

b > 0, KÏLÀ�f�, ­#½Â� {uj}, �3 k ∈ R3\{0}, S� {y1
j}∞j=1, · · ·, {ykj }∞j=1 ⊂ R3, ±9

w1, · · ·, wk ⊂ Xp(R3) \ {0}¦�

J ′(wj) = 0, i = 1, · · ·, k, (4.1)

|yij − yi
′

j | → ∞, i 6= i′, (4.2)

‖uj(·)−
k∑
i=1

wi(· − yij)‖Xp(R3) → 0, (4.3)

k∑
i=1

J(wi) = b, (4.4)

k∑
i=1

P (wi) = 0. (4.5)

3y²T·Kck0�e�Ún.

Ún 4.2 -Q = [0, 1]3, ξ = ξ1, · · ·, ξN ∈ Z3, ξ +Q = [ξ1, ξ1 + 1]× · · · × [ξ3, ξ3 + 1]. é?¿�
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r ∈ (p, p∗), �3 C > 0¦�é¤k� u ∈ Xp(R3)Ñkeª¤á

|u|Lr ≤ C(sup
ξ∈Z3

‖u‖Lr(ξ+Q))
r−p
r ‖u‖

p
r

Xp(R3).

y Äk

|u|rLr =

∫
R3

|u|rdx =
∑
ξ∈Z3

‖u‖rLr(ξ+Q) ≤ (sup
ξ∈Z3

‖u‖rLr(ξ+Q))
r−p

∑
ξ∈Z3

‖u‖pLr(ξ+Q).

|^ SobolevØ�ª�, �3 C > 0¦�é¤k� u ∈ Xp(Q)Ñk ‖u‖Lr(Q) ≤ C‖u‖Xp(Q). Ïd,

|u|rLr ≤ C(supξ∈Z3 ‖u‖rLr(ξ+Q))
r−p∑

ξ∈Z3 ‖u‖pXp(ξ+Q) = C(supξ∈Z3 ‖u‖rLr(ξ+Q))
r−p‖u‖pXp(R3).

íØ 4.3 - {uj}∞j=1 ⊂ Xp(R3)´��k.S�, e� j →∞�, supξ∈Z3 ‖uj‖Lp(ξ+Q) → 0, K

é?¿� r ∈ (p, p∗), � j →∞�, k|uj |Lr → 0.

y du {uj}∞j=13 Xp(R3)¥´��k.�, �â��Ø�ª±9 SobolevØ�ª��

sup
ξ∈Z3

‖uj‖Lr(ξ+Q) ≤ sup
ξ∈Z3

C‖uj‖θLp(ξ+Q)‖uj‖1−θLq(ξ+Q)

≤ sup
ξ∈Z3

C ′‖uj‖θLp(ξ+Q)‖uj‖1−θXp(R3) → 0.

2|^Ún 4.2�, � j →∞�, |uj |r → 0.

e¡`² (PSP)S��k.5.

Ún 4.4 � b > 0, (PSP )bS�3 Xp(R3)¥´k.�.

y d^� (h1)− (h3)�, é?¿� ε > 0Ñ�3�� Cε > 0¦�

(h(x, u)u) ≤ ε|u|p + Cε|u|p∗.

Ïd, � u ∈ Xp(R3)�

J ′(u)u ≥ |∇ × u|pLp + |divu|pLp + (m0 − ε)|u|pLp − Cε|u|
p∗
Lp∗ .

�â�¼ J, P �½Â�� |∇ × uj |pLp + |divuj |pLp = 3J(u) − P (u), qd {uj} ´ (PSP) S��

|∇ × uj |pLp + |divuj |pLp ´k.�, �(Ü SobolevØ�ª±9Ún 2.2� |uj |p∗Lp∗ ´k.�. deª

|∇×uj |pLp+|divuj |pLp+(m0−ε)|uj |pLp−Cε|uj |
p∗
Lp∗ ≤ ‖J ′(uj)‖Xp′ (R3)(|∇×uj |

p
Lp+|divuj |pLp+m0|uj |pLp)

1
p

�� |uj |pLp ´k.�.

(Üþ¡Ún, ���3�� J(u)� (PSP )b S� {uj}∞j=1 ⊂ Xp(R3), Ù¥ b > 0�TS�3

Xp(R3)þk., e¡y²Ún 4.1.
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Ún 4.5

sup
ξ∈Z3

‖uj‖Lp(ξ+Q) 9 0.

y d b > 0´�3 Xp(R3)¥ uj 9 0. �y{, esupξ∈Z3 ‖uj‖Lp(ξ+Q) → 0, KdíØ 4.3�

é?¿� r ∈ (p, p∗), � j →∞�, k|uj |Lr → 0, �, dª (2.5)�

‖uj‖pXp(R3) ≤ J
′(uj)uj + Cε|uj |qLq + ε|uj |p∗Lp∗ ,

Ù¥ q ∈ (p, p∗), du J ′(uj)→ 0, {uj}∞j=13 Lp∗(R3)¥k., ?
� j →∞�,‖uj‖pXp(R3) → 0, g

ñ, y..

dÚn 4.5�, �3 {y1
j}∞j=1 ⊂ Z3 ¦� ‖uj‖Lp(y1j+Q) → c, Ù¥ c > 0. d½Â ‖uj‖pLp(y1j+Q)

=

‖uj(· + y1
j )‖

p
Lp(Q), ��, �3 w1 ∈ Xp(R3) \ {0}¦�3 Xp(R3)¥ uj(x + y1

j ) ⇀ w1(x). e¡ò`

² w1�·�¤¦�¼ J ��.:"

Ún 4.6 w1÷v J ′(w1) = 0.

y Äk`²3?¿�;|8K ⊂ R3¥Ñkeª¤á∫
K

|∇ × uj(x+ y1
j )−∇× w1(x)|p + |divuj(x+ y1

j )− divw1(x)|pdx→ 0, � j →∞. (4.6)

dÚn 2.8��I`²� j →∞�,∫
K

[|∇ × uj(x+ y1
j )|p−2(∇× uj(x+ y1

j ))− |∇ × w1(x)|p−2(∇× w1(x))](∇× uj(x+ y1
j )

−∇× w1(x))dx→ 0,

(4.7)

∫
K

[|divuj(x+ y1
j )|p−2(divuj(x+ y1

j ))− |divw1(x)|p−2divw1(x)](divuj(x+ y1
j )− divw1(x))dx

→ 0.

(4.8)

ùp, P A = |∇ × uj(x+ y1
j )|p−2(∇× uj(x+ y1

j ))− |∇ × w1(x)|p−2(∇× w1(x)),

B = |divuj(x+ y1
j )|p−2(divuj(x+ y1

j ))− |divw1(x)|p−2divw1(x),

� R > 0¦�K ⊂ B(0;R) = {x ∈ R3 | |x| ≤ R}. - ρ ∈ C∞(R3)��ä¼ê, ¦�

ρ(x) =


(1, 1, 1) � |x| ≤ R

(0, 0, 0) � |x| ≥ R+ 1

�é¤k� x ∈ R3Ñk |∇ρ(x)| ≤ C. �âÚn 2.9��
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0 ≤
∫
K

A(∇× uj(x+ y1
j )−∇× w1(x)) +B(divuj(x+ y1

j )− divw1(x)) dx

≤
∫
B(0;R)

A(∇× uj(x+ y1
j )−∇× w1(x)) +B(divuj(x+ y1

j )− divw1(x)) dx

≤
∫
B(0;R+1)

A(∇× uj(x+ y1
j )−∇× w1(x))ρ+B(divuj(x+ y1

j )− divw1(x))ρdx

=

∫
R3

A∇×
(
ρ(uj(x+ y1

j )− w1(x))
)

+Bdiv
(
ρ(uj(x+ y1

j )− w1(x))
)

dx

−
∫
R3

A(uj(x+ y1
j )− w1(x))∇× ρ−B(uj(x+ y1

j )− w1(x))divρdx = (I)− (II).

Ù¥, ∫
R3

|∇ × uj(x+ y1
j )|p−2(∇× uj(x+ y1

j ))∇× (ρ(uj(x+ y1
j )− w1(x)))

+ |divuj(x+ y1
j )|p−2(divuj(x+ y1

j ))div(ρ(uj(x+ y1
j )− w1(x))) dx

= J ′(uj(x+ y1
j ))ρ(x)(uj(x+ y1

j )− w1(x)) +

∫
R3

h(uj(x+ y1
j ))ρ(x)(uj(x+ y1

j )− w1(x)) dx

−m0

∫
R3

|uj(x+ y1
j )|p−2(uj(x+ y1

j ))ρ(x)(uj(x+ y1
j )− w1(x)) dx.

(4.9)

du {uj}∞j=13 Xp(R3)¥k., K

|J ′(uj(x+ y1
j ))ρ(x)(uj(x+ y1

j )− w1(x))|

≤‖J ′(uj)‖Xp′ (R3)‖ρ(x− y1
j )(uj − w1(x− y1

j ))‖Xp(R3) → 0.

�â uj(x+ y1
j )→ w1, 3 Lrloc(R3)¥, Ù¥ r ∈ [1, p∗), ��

m0

∫
R3

|uj(x+ y1
j )|p−2uj(x+ y1

j ) · ρ(x)[uj(x+ y1
j )− w1(x)] dx

≤C‖uj(x+ y1
j )‖

p−1
p

Lploc(K)
‖uj(x+ y1

j )− w1(x)‖Lploc(K) → 0,

±9 ∫
R3

h(uj(x+ y1
j )) · ρ(x)(uj(x+ y1

j )− w1(x)) dx

≤
∫
R3

ρ(ε|uj(x+ y1
j )|p∗−1 + Cε|uj(x+ y1

j )|q−1) · (uj(x+ y1
j )− w1(x)) dx

≤C1‖uj(x+ y1
j )‖

p∗−1
p∗

Lp∗loc(K)
‖uj(x+ y1

j )− w1(x)‖Lp∗loc(K)

+ C2‖uj(x+ y1
j )‖

q−1
q

Lqloc(K)
‖uj(x+ y1

j )− w1(x)‖Lqloc(K) → 0.
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òþãØ�ª�\ (4.9)¥, ��� j →∞�∫
R3

|∇ × uj(x+ y1
j )|p−2∇× uj(x+ y1

j )∇× (ρ(uj(x+ y1
j )− w1(x)))

+ |divuj(x+ y1
j )|p−2divuj(x+ y1

j )div(ρ(uj(x+ y1
j )− w1(x))) dx→ 0.

|^ uj(x+ y1
j )3Xp(R3)¥fÂñ� w1(x)�� (I)→ 0. du∇× u±9 divu3 Lp(R3)¥k.,

(uj(x+ y1
j )−w1(x))∇× ρ±9 (uj(x+ y1

j )−w1(x))divρ3 Lp(R3)¥rÂñ� 0, K |(II)| → 0, ?


ª (4.7), (4.8)¤á. Ké?¿� ϕ ∈ C∞0 (R3)k J ′(uj(x + y1
j )ϕ → J ′(w1)ϕ. qÏ3 Xp′(R3)¥

J ′(uj)→ 0, � J ′(w1) = 0.

Ún 4.7 �3 k ∈ R3 \ {0}, S� {y1
j}∞j=1, · · ·, {ykj }∞j=1 ⊂ R3, ±9 w1, · · ·, wk ⊂ Xp(R3) \ {0}

¦�

� j →∞�i 6= i′�, |yij − yi
′

j | → ∞, (4.10)

3Xp(R3)¥, � j →∞�, uj(x+ y1
j ) ⇀ w1(x), (4.11)

J ′(wi) = 0, (4.12)

�� j →∞�, e÷v supξ∈Z3 ‖uj(·)−
∑k

i=1wi(· − yij)‖Lp(ξ+Q) → 0, d�keª¤á

‖uj(·)−
k∑
i=1

wi(· − yij)‖Xp(R3) → 0.

y 3íØ 2.11¥, - v1
j (x) = uj , v

2
j (x) =

∑k
i=1wi(x− yij), - rj(x) = v1

j − v2
j , �

∫
R3

(
|∇ × uj |p−2∇× uj − |∇ ×

k∑
i=1

wi(x− yij)|p−2∇×
k∑
i=1

wi(x− yij)
)
(∇× rj) dx

+

∫
R3

(
|divuj |p−2divuj − |div

k∑
i=1

wi(x− yij)|p−2div

k∑
i=1

wi(x− yij)
)
(divrj) dx

+m0

∫
R3

(|uj |p−2uj − |
k∑
i=1

wi(x− yij)|p−2

k∑
i=1

wi(x− yij)) · rj dx

→0,

(4.13)

d�, keª¤á

‖rj‖Xp(R3) = ‖uj(·)−
k∑
i=1

wi(· − yij)‖Xp(R3) → 0.

�, e¡�I`²ª (4.13)¤á. |^íØ 4.3, �â®�^�, d {rj}∞j=1 3 Xp(R3)¥k.��3

Lr(R3)¥ rj → 0, Ù¥ r ∈ (p, p∗). dª (2.6)�
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0 ≤
∫
R3

(
|∇ × uj |p−2∇× uj − |∇ ×

k∑
i=1

wi(x− yij)|p−2∇×
k∑
i=1

wi(x− yij)
)
(∇× rj) dx

+

∫
R3

(
|divuj |p−2divuj − |div

k∑
i=1

wi(x− yij)|p−2div
k∑
i=1

wi(x− yij)
)
(divrj) dx

+m0

∫
R3

(|uj |p−2uj − |
k∑
i=1

wi(x− yij)|p−2

k∑
i=1

wi(x− yij)) · rj dx

=
{∫

R3

|∇ × uj |p−2∇× uj∇× rj dx+

∫
R3

|divuj |p−2divujdivrj dx+m0

∫
R3

|uj |p−2uj · rj dx
}

−
{∫

R3

|∇ ×
k∑
i=1

wi(x− yij)|p−2∇×
k∑
i=1

wi(x− yij)(∇× rj) dx

−
∫
R3

|div

k∑
i=1

wi(x− yij)|p−2div

k∑
i=1

wi(x− yij)(divrj) dx

−m0

∫
R3

|
k∑
i=1

wi(x− yij)|p−2

k∑
i=1

wi(x− yij) · rj dx
}

= (I)− (II).

e¡`² lim supj→∞(I)− (II) ≤ 0. 'u (I)k, (I) = J ′(uj)rj +
∫
R3 h(x, uj) · rj dx. du3Xp′(R3)

¥ J ′(uj) → 0, 3 Xp(R3) ¥ {rj}∞j=1 k., K� j → ∞ �, J ′(uj)rj → 0. ÏLÚn 2.6, ��

lim supj→∞
∫
R3 h(x, uj) · rj dx ≤ 0, �, lim supj→∞(I) ≤ 0. e¡?Ø� j → ∞ � (II) → 0. �

Sj(x) =
∑k

i=1∇× wi(x− yij), Tj(x) =
∑k

i=1 divwi(x− yij),Ké?¿� R > 0, k

∫
R3

|∇×
k∑
i=1

wi(x− yij)|p−2∇×
k∑
i=1

wi(x− yij)(∇× rj) dx

−
∫
R3

|div
k∑
i=1

wi(x− yij)|p−2div
k∑
i=1

wi(x− yij)(divrj) dx

≤
k∑
i=1

∫
B(yij ;R)

|Sj |p−1|∇ × rj |+ |Tj |p−1|divrj |dx

+

∫
R3\

⋃k
i=1 B(yij ;R)

|Sj |p−1|∇ × rj |+ |Tj |p−1|divrj |dx = (III) + (IV),

Ù¥, B(yij ;R) = {x ∈ R| |x − yij | ≤ R}. 'u (III), d |yij − yi
′

j | → ∞, i 6= i′, K3 Lploc(R3,R3),

∇ × wi(x + yi
′

j − yij) → 0, divwi(x + yi
′

j − yij) → 0, �3 Lploc(R3,R3) ¥, ∇ × rj(x + yij) → 0,

divrj(x+ yij)→ 0, ?
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|(III)| ≤
k∑
i=1

∫
B(0;R)

|Sj(x+ yij)|p−1|∇ × rj(x+ yij)|+ |Tj(x+ yij)|p−1|divrj(x+ yij)|dx

≤
k∑
i=1

‖Sj(·+ yij)‖
p−1
Lp(B(0;R))‖∇ × rj(·+ yij)‖Lp(B(0;R))

+
k∑
i=1

‖Tj(·+ yij)‖
p−1
Lp(B(0;R))‖divrj(·+ yij)‖Lp(B(0;R))

=
k∑
i=1

(
‖∇ × wi‖p−1

Lp(B(0;R)) + o(1)
)
· o(1) +

k∑
i=1

(
‖divwi‖p−1

Lp(B(0;R)) + o(1)
)
· o(1)→ 0.

'u (IV),

|(IV)| ≤ ‖Sj‖p−1

Lp(R3\
⋃k
i=1 B(yij ;R))

|∇ × rj |Lp + ‖Tj‖p−1

Lp(R3\
⋃k
i=1 B(yij ;R))

|divrj |Lp

≤
( k∑
i=1

‖∇ × wi(x− yij)‖Lp(R3\
⋃k
i=1 B(yij ;R))

)p−1

|∇ × rj |Lp

+
( k∑
i=1

‖divwi(x− yij)‖Lp(R3\
⋃k
i=1 B(yij ;R))

)p−1

|divrj |Lp

≤
( k∑
i=1

‖∇ × wi‖Lp(R3\
⋃k
i=1 B(0;R))

)p−1

|∇ × rj |Lp

+
( k∑
i=1

‖divwi‖Lp(R3\
⋃k
i=1 B(0;R))

)p−1

|divrj |Lp .

d |∇ × rj |Lp , |divrj |Lp k.��

|(III) + (IV)|

≤ C1

( k∑
i=1

‖∇ × wi‖Lp(R3\
⋃k
i=1 B(0;R))

)p−1

+ C2

( k∑
i=1

‖divwi‖Lp(R3\
⋃k
i=1 B(0;R))

)p−1

+ o(1).

d R > 0�?¿5��� R→∞�

‖∇ × wi‖Lp(R3\
⋃k
i=1 B(0;R)) → 0, ‖divwi‖Lp(R3\

⋃k
i=1 B(0;R)) → 0,

K� j →∞�, (III) + (IV)→ 0. ?


∫
R3

|∇×
k∑
i=1

wi(x− yij)|p−2∇×
k∑
i=1

wi(x− yij)(∇× rj) dx

−
∫
R3

|div

k∑
i=1

wi(x− yij)|p−2div

k∑
i=1

wi(x− yij)(divrj) dx→ 0.
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Ón��

∫
R3

|
k∑
i=1

wi(x− yij)|p−2

k∑
i=1

wi(x− yij) · rj dx→ 0, � j →∞, (i = 1, 2, · · ·).

Ïd, (II)→ 0. nþ, � j →∞�,‖uj(·)−
∑k

i=1wi(· − yij)‖Xp(R3) → 0.·K�y.

e¡·�`²Ún 4.1¤á.

Ónuª (4.6)y²L§, é?¿�;|8K ⊂ R3, eª¤á∫
K

|∇ × uj(x+ yij)−∇× w1(x)|p + |divuj(x+ yij)− divw1(x)|p dx→ 0, � j →∞.

Ïd, 3 R3 ¥, ∇ × uj(x + yij) → ∇ × w1(x), divuj(x + yij) → divw1(x)A�??¤á. du3

Xp(R3)¥ uj(x + yij) ⇀ w1(x), ��3 R3 ¥, uj(x + yij)A�??rÂñ� w1(x). ?
ÏL|^

Brezis-LiebÚn��, �j →∞�,

0 ≤‖uj(·)−
k∑
i=1

wi(· − yij)‖
p
Xp(R3)

=‖uj(·+ y1
j )−

k∑
i=2

wi(·+ y1
j − yij)− w1(·)‖pXp(R3)

=‖uj(·+ y1
j )−

k∑
i=2

wi(·+ y1
j − yij)‖

p
Xp(R3) − ‖w1(·)‖pXp(R3) + o(1)

=‖uj(·+ y2
j )−

k∑
i=3

wi(·+ y2
j − yij)‖

p
Xp(R3) − ‖w2(·)‖pXp(R3) − ‖w1(·)‖pXp(R3) + o(1)

= · ··

=‖uj‖pXp(R3) −
k∑
i=1

‖wi‖pXp(R3) + o(1).

(4.14)

du {uj}∞j=1 3 Xp(R3)¥k., K�3M > 0¦� ‖uj‖Xp(R3) ≤M , qd5 3.3��3� wi Ã'

� C > 0¦� ‖wi‖Xp(R3) ≥ C. Ïd k�½´k�ê.

�âÚn 4.7, � k = 1�, e

sup
ξ∈Z3

‖uj(·)− w1(· − y1
j )‖Lp(ξ+Q) → 0, (4.15)

K,

‖uj(·)− w1(· − y1
j )‖Xp(R3) → 0.

=ª (4.3)3 k = 1�¤á. eª (4.15)Ø¤á, K�3 {y2
j}∞j=1 ⊂ R3¦� c′ > 0

sup
ξ∈Z3

‖uj(·)− w1(· − y1
j )‖Lp(y2j+Q) → c′, (4.16)
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Ù¥ c′ > 0, |y2
j − y1

j | → ∞, ��3 w2 ∈ Xp(R3) \ {0}¦�

uj(x+ y2
j ) ⇀ w2(x), 3Xp(R3)¥,

∇× uj(x+ y2
j )→ ∇× w2(x), a.e.3R3¥,

divuj(x+ y2
j )→ divw2(x), a.e.3R3¥.

ÓnuÚn 4.6, �� J ′(w2) = 0. e� k = 2�,

sup
ξ∈Z3

‖uj(·)− w1(· − y1
j )− w2(· − y2

j )‖Lp(ξ+Q) → 0, (4.17)

ÄK, ­EþãÚ½, ���3 {y3
j}∞j=1 ⊂ R3, � |y3

j − y1
j |, |y3

j − y2
j | → ∞,

uj(x+ y3
j ) ⇀ w3(x), 3Xp(R3)¥,

∇× uj(x+ y3
j )→ ∇× w3(x), a.e.3R3¥,

divuj(x+ y3
j )→ divw3(x), a.e.3R3¥,

Ù¥ w3 � J(u) ��²��.:. nþ, ±daí, du��ê k �k��, �� j → ∞ �,

ksupξ∈Z3 ‖uj(·)−
∑k

i=1wi(· − yij)‖Lp(ξ+Q) → 0, �âÚn 4.7��

‖uj(·)−
k∑
i=1

wi(· − yij)‖Xp(R3) → 0.

d (4.14), �� ‖uj(·)‖pXp(R3) →
∑k

i=1 ‖wi‖
p
Xp(R3), q J ′(wi) = 0, i ∈ [1, k]��

∫
R3 H(x, uj)dx →∑k

i=1

∫
R3 H(x,wi)dx. �ª (4.4)Ú (4.5)¤á, =Ún 4.1�y.

5. ½n 1.1�y²

nþ¤ã, ���3�� J(u)� (PSP )bS�, ¿�TS��4� (wi)
k
i=1 ⊂ Xp(R3) \{0}÷v

J ′(wi) = 0, i = 1, · · ·, k, (5.1)

k∑
i=1

J(wi) = b, (5.2)

k∑
i=1

P (wi) = 0. (5.3)

e¡`² b = Cmp, � Cmp´�¼ J ��.�.

Ún 5.1 - b > 0, k ∈ R3 ±9 w1, · · ·, wk ⊂ Xp(R3) \ {0}÷vª (5.1)-(5.3), e k ≥ 2, K
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Cmp < b, �Ò´`, �3 γ ∈ Γ¦�

max
t∈[0,1]

J(γ(t)) < b. (5.4)

y �/�: eé¤k� i ∈ {1, · · ·, k}k P (wi) = 0, K J(wi) = 1
3
(|∇×wi|pLp + |divwi|pLp) > 0.

d (5.2)�� J(wi) < b. ½Â γ(t) ∈ C([0,∞), Xp(R3))�

γ(t)(x) =


w1(x

t
), � t > 0,

0, � t = 0.

K� t > 0�,

‖γ(t)‖pXp(R3) = (|∇ × w1|pLp + |divw1|pLp)t3−p +m0|w1|pLpt3,

�� t→ 0�, ‖γ(t)‖Xp(R3) → 0.

d P (w1) = 0��, � t > 0�

J(γ(t)) =
1

p
(|∇ × w1|pLp + |divw1|pLp)t3−p −

3− p
3p

(|∇ × w1|pLp + |divw1|pLp)t3.

�, � t ∈ (0, 1)�, d
dt
J(γ(t)) > 0; � t > 1�, d

dt
J(γ(t)) < 0, � maxt≥0 J(γ(t)) = J(w1) < b. Ï

d, év
�� L > 1, - γ(t) = γ(Lt), d� γ ÷v (5.4).

�/�: �3 i0 ∈ {1, · · ·, k}¦� P (wi0) 6= 0, Ø�� i0 = 1. �âª (5.3), Ø�� P (w1) < 0.

é t > 0, ½Â

Φ(t) =
1

p

( k∑
i=1

(|∇ × wi|pLp + |divwi|pLp)
)
t3−p −

( k∑
i=1

∫
R3

F (x,wi) dx
)
t3.

Φ1(t) =
1

p

(
|∇ × w1|pLp + |divw1|pLp

)
t3−p −

( ∫
R3

F (x,w1) dx
)
t3.

Φ2(t) =
1

p

( k∑
i=2

(|∇ × wi|pLp + |divwi|pLp)
)
t3−p −

( k∑
i=2

∫
R3

F (x,wi) dx
)
t3.

d (5.3)��

3− p
p

( k∑
i=1

(|∇ × wi|pLp + |divwi|pLp)
)
−N

( k∑
i=1

∫
R3

F (x,wi) dx
)

=
k∑
i=1

P (wi) = 0.

Ïd,

Φ′(t) =
3− p
p

( k∑
i=1

(|∇ × wi|pLp + |divwi|pLp)
)
(t2−p − t2).

� Φ(t) ≤ Φ(1) =
∑k

i=1 J(wi) = b. d	, k

DOI: 10.12677/aam.2024.134177 1901 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.134177



�§cp¬

Φ′1(t) =
3− p
p

(
|∇ × w1|pLp + |divw1|pLp

)
t2−p − 3

( ∫
R3

F (x,w1) dx
)
t2.

d Φ′1(1) = P (w1) < 0��, �3 t1 ∈ (0, 1)¦�� t ∈ (0, t1)�, Φ′1(t) > 0; � t > t1�, Φ′1(t) < 0.

� maxt>0 Φ1(t) = Φ1(t1). du
∑k

i=2 P (wi) = −P (w1) > 0,

Φ′2(t) =
3− p
p

( k∑
i=2

(|∇ × wi|pLp + |divwi|pLp)
)
t2−p −

(3− p
p

(
k∑
i=2

(|∇ × wi|pLp + |divwi|pLp))−
k∑
i=2

P (wi)
)
t2

>
3− p
p

( k∑
i=2

(|∇ × wi|pLp + |divwi|pLp)
)
(t2−p − t2),

�� t ∈ (0, 1]�, Φ2(t) > 0. Ïd

max
t>0

Φ1(t) = Φ1(t1) < Φ1(t1) + Φ2(t1) = Φ(t1) ≤ Φ(1) = b.

P J(w1(x
t
)) = Φ1(t). Ïd, é t > 0, � L > 1v
�, - γ(t) = w1( x

Lt
), � γ(0) = 0, d� γ ∈ Γ

÷vª (5.4).

Ún 5.2 - Cmp ÷vª (3.1), K Cmp � J(u) ����.�, =�3�� J(u) ��.:

w1 ∈ Xp(R3)÷v J(w1) = Cmp, � w1÷v Pohozaev�ª P (w1) = 0.

y dÚn 3.6�,�3�� (PSP )CmpS� {uj}∞j=1 ∈ Xp(R3),(ÜÚn 4.1,�3 k ∈ R3\{0}
±9 w1, · · ·, wk ⊂ Xp(R3) \ {0}÷v

J ′(wi) = 0, i = 1, · · ·, k, (5.5)

k∑
i=1

J(wi) = Cmp, (5.6)

k∑
i=1

P (wi) = 0. (5.7)

ÏLÚn 5.1� k��U� 1, ��3 w1 ∈ Xp(R3) \ {0}÷v

J ′(w1) = 0, J(w1) = Cmp, P (w1) = 0.

Ún 5.3

Cmp = Cpo = Epo. (5.8)

y �â Cpo ±9 Epo ½Â�� Cpo ≤ Epo. dÚn 5.2 �, � k = 1 �, J(w1) = Cmp, �

P (w1) = 0, 
� k ≥ 2�, Cmp < b, � Epo ≤ Cmp. é�½� u ∈ P, aquÚn 5.1�±�EÑ

γu ∈ Γ÷v maxt∈[0,1] J(γu(t)) = J(u). �, Cmp ≤ Cpo, y..

½n 1.1�y²: �âCmp�½Â��,�3 {γj(t)}∞j=1 ⊂ Γ÷vmaxt∈[0,1] J(γj(t)) ≤ Cmp+ 1
j
.
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dÚn 3.6�, �3 (θj , vj)
∞
j=1 ⊂ R×Xp(R3)¦�

distR×Xp(R3)((θj , vj), {0} × γj([0, 1])) ≤ 2√
j
, (5.9)

|J(θj , vj)− Cmp| ≤
1

j
,

‖DJ(θj , vj)‖R×Xp′ (R3) ≤
2√
j
.

- uj(x) = vj(
x

eθj
), ÓnuÚn 3.6, �� {uj}∞j=1 ÷v J ′(uj)→ 0, J(uj)→ Cmp, P (uj)→ 0. dÚ

n 4.1±9Ún 5.3��, �3 {yj}∞j=1 ⊂ R3 Ú w ∈ Xp(R3) \ {0}÷v3 Xp(R3)¥ uj(x + yj) →
w(x), � J(w) = Cmp = Cpo = Epo, J

′(w) = 0, P (w) = 0, ·K�y.

Ä7�8
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