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Abstract

In this paper, the proofs of some common matrix rank inequalities are studied main-

ly using equivalent normal form decomposition or full rank decomposition theorem,
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maximal independent group of column vectors, block elementary transformation, the

dimension of linear space and the basic solution system of homogeneous equations,

and lists the application of some common matrix rank inequalities.
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1. Úó9Ì�(J

1.1. ïÄ�µ

Ý
g�¤�5�A�5�ûuÙSÜ��§�Ð�Ý
Ì��@�´�«êÆóä§�3

{¤þ²Lü�õ­V�üC§y3®²uÐ¤��Õá�êÆÆ�©|§=Ý
nØ"Ý
�

ïÄÚA^��±`´��2��§Ø==�2�/A^�
êÆ+�§�3Ôn!åÆ!�E
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3p��ê!êÆ©Û!)ÛAÛ���+�¥Ñ®²��
2��A^"~XÝ
©Û{éu
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XÞv�­��^"3)ÛAÛ¥§Ý
��Ø�ª�2�A^u�äü²¡9��Ú²¡�m

¥ü^��!�m¥ü^��!ü²¡9Ù¦��Ú²¡�m�'X§3�5��nØ¥§§�

�±�^5û½���5XÚ3ÔnÆþ´ÄU
�*	�½ö´U
���"d	��±�^

5�ä�þ|��5�'5!¦���þ|�4�Ø�'|!ü��þ|�m��5�'5�d!

¦àg�5�§|�Ä�)X!�þ|��5L«!¦)�àg�5�§|� [3, 4]"

1.2. ïÄ¿Â

nØ¿Âµp��êÆ��êÆ;����Ä:§Ý
nØq´§Ì��|¤Ü©§Ù¥Ý


��Ø�ª3¢�¥´��äkAÏ­�5§§���NXÝ
��5��Vg"ØØ´êÆ

;�½ö´�êÆ;��Æ)§Ýº
Ý
��Ø�ª�5�Ú½Â§kÏuÆSö�Ð/)û

�
Ý
���'¯K"y¢¿ÂµÝ
��Ø�ª0BuÝ
nØ�uÐ©"§´Ý
���

AO­����á5§3¦)�5�§|§�ä�5�m¥:�¡� �'X§±93¦)�5
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Ý
´êÆ¥���­��Ä�Vg§´y�êÆ���Ì�ïÄé�§�´êÆïÄÚA

^���­�óä [6]"�Ð§Ý
Vg��)´�^u)�5�§|§=IêÆ[p43Ý
�

�Ø�ª¯K�ïÄ¥�Ñ
ã��z§½Â
Ý
��!Ð�Ïf!Ý
Ð�C��Vg§Ó

�§6ÛËÝd��z�´Ø��«�§3p4�Ä:þ§Ú?
��Ý
!Ý
��qC��

Vg§¿?Ø
��Ý
�ÜÓÝ
��
­�5�"¦Ùí2ÚA^�Ù§+��¥§¦�U


¤�·�ÆSÚïÄB|�óä"¤±Ý
��Ø�ª�,kXé��ïÄd� [7]"

2. Ý
���'�Ø�ª9Ù5�

Ý
��k'5�

5�� [8] Ý
È��Ø�u�Ïf�; �_Ý
�,�Ý
¦È�, È���u,�
Ý��.

5�� [9]

r

(
A 0

0 B

)
= r(A) + r(B).

5�n [7] é©¬Ý
?1Ð�C�´ØUCÝ
��.

5�o [9]

r

(
AB C

B 0

)
= r

(
0 C

B 0

)
= r(B) + r(C).

y²µÏ� (
Im A

0 In

)(
0 C

B 0

)
=

(
AB C

B 0

)
,

¤±

r

(
AB C

B 0

)
≤ r

(
0 C

B 0

)
= r(B) + r(C).

q

r

(
AB C

B 0

)
≥ r(B) + r(C),

K

r

(
AB C

B 0

)
= r

(
0 C

B 0

)
.

½n 2.1 � A� B þ´ n×m�Ý
, KØ�ª r(A+B) ≤ r(A) + r(B)¤á.

½n 2.2 � A´m× n�Ý
 B ´ n× s�Ý
, K r(A) + r(B)− n ≤ r(AB)¤á.

½n 2.3 � A,B´?¿�ü�Ý
, KkØ�ªXe¤á.

r(A) + r(B) = r

(
A 0

0 B

)
≤ r

(
A C

0 B

)
.

½n 2.4 A,B©O´ s× n� n×m�Ý
, � AB = 0. KkØ�ª r(A) + r(B) ≤ n.
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½n 2.5 � A� B Ñ´ n×m�Ý
, Kk r(A±B) ≤ r(A) + r(B).

½n 2.6 �Ý
A,B,C©O´m×n, n×s, s× tÝ
,K r(ABC) ≥ r(AB)+r(BC)−r(B).

ù�Ø�ª�Ñ
n�Ýü�¦���e., §� (2.2)�í2.

½n 2.7 r(A,B) ≤ r(A) + r(B).

½n 2.8 � A´ n�Ýü, A∗´§���Ýü, Kk��Ý
��Ø�ª

r (A∗) =


n, r(A) = n

0, r(A) = n− 1

1, r(A) ≤ n− 1

½n 2.9 � A,BÑ´ n��
K r(AB − I) ≤ r(A− I) + r(B − I).

½n 2.10 (�É�nØ�ª) ®� A,D ©O´ n �Ú m �Ý
. � A �_. B,C ©O´

n×m�m× nÝ
, |^�É�nk(
A B

C D

)
→

(
A 0

0 D − CA−1B

)
,

¤±

r

(
A B

C D

)
= r(A) + r

(
D − CA−1B

)
= n+ r

(
D − CA−1B

)
.

3. Ý
�Ø�ª�y²�{

Ý
�Ø�ªy²~k±e8«�{:

�!|^�dIO/©)½÷�©)½n§ùü�©)½n´y²Ý
��Ø�ª¯K¥~

^���{��"

�!|^©¬Ð�C�§3y²Ä�Ý
��Ø�ª¯K¥~~|^©¬Ý
�Ð�C�"

n!|^��þ�4�Ã'|§Ý
���uÝ
�1�þ|��(1�)§��uÝ
���

þ|��(��)§¤±^Ý
���þ|�4�Ã'|^uy²Ý
��Ø�ª�´�«~^�y

²�{ [10]"

o!|^àg�§|�Ä:)X§àg�§ Bx = 0�Ä:)X�) n− r(B)��5Ã'�)

�þ, ù�(Ø�~~^uy²Ý
��Ø�ª"

Ê!|^�5�m��ê§� δ´ n��5�m V ��5C�§δ3 V �Ä ε1, ε2 · · · εn e�
Ý
´ B,K δ�����ê´�uÝ
 B ��, Ø�m��ê´�uàg�§| BX = 0�)�

m��ê, =

dim Imσ = r(B),dimkerσ = n− r(B)
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�âù�(Ø, ·��±òÝ
��¯K=z��5�m��5C��¯K, Ù¥�ü��ê

úª�

dim Imσ + dimkerσ = dimV, dim(V1 + V2) = dim(V1) + dim(V2)− dim(V1 ∩ V2).

ùü��êúªåXxù��^, ùp� V1, V2 ©O´ V �f�m, Ù¥1���êúª.� σ

´ V → U ��5N��E,¤á"

8!|^�É�n [11]"

3Ý
¥§��gÐ�1(�)C�Ù¢ÒéA�(m)¦±��Ð�Ý
§ù�5�é©¬Ý


�´·^�§�ØL3©¬Ý
p¡§�¦�m¦´î�«©�§X1naC� Im 0

P In

 A B

C D

 =

(
A B

0.3cm]C + PA D + PB

)

ùpÒ�¦ PA,PB k¿Â"

�Ò`²

(
A B

C D

)
,

(
A B

C + PA D + PB

)
´�d�"Ó�/§·��

(
A B

C D

)
m¦

��2ÂÐ�Ý


(
Im 0

0 In

)
��

(
A B +AQ

C D + CQ

)
§ùÒNy
�C�éAm¦"

oN�Ñ5Ò´(
A B

C + PA D + PB

)
←

(
A B

C D

)
→

(
A B +AQ

C D + CQ

)
.

·��Ä�
AÏ¯K§¡���É�n"� A�_�§�±ÏL1C��K C Xe(
A B

C D

)
→

(
A B

0 D − CA−1B

)

�¤Ý
�ª (
I 0

−CA−1 E

)(
A B

C D

)
=

(
A B

0 D − CA−1B

)

Ó�§�±UYé

(
A B

0 D − CA−1B

)
��C�^ A�K B§

=

 A B

0 D − CA−1B

 I −A−1B

0 I

 =

 A 0

0 D − CA−1B

 .
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Ón§� D�_�§�ÏL D�� B, C§��

(
A B

C D

)
→

(
A−BD−1C B

0 D

)
→

(
A−BD−1C 0

0 D

)
,

�,±þÒ`² ∣∣∣∣∣∣
A B

C D

∣∣∣∣∣∣ = |A| ∣∣D − CA−1B
∣∣ = |D| ∣∣A−BD−1C

∣∣ .

4. Ì�(J�y²

½n 2.1�y² (|^©¬Ý
Ð�C�)

�{�µ

Ï� (
A 0

0 B

)
−→

(
A 0

A B

)
−→

(
A 0

A+B B

)
¤± r(A+B) ≤ r(A) + r(B) .

Ù¥^�
©¬Ý
�Ð�C�(©¬Ð�C�ØUCÝ
��) 1��Ý
1�1�K A\

�1�1��1��Ý
; 1��Ý
�1��\�1������1n�Ý
"

�{�

Ï�

(
A B

A 0

)(
0 I

0 I

)
=

(
0 A+B

0 A

)

r(A+B) ≤ r

(
0 A+B

0 A

)
≤ r

(
A B

A 0

)
= r

(
0 B

A 0

)
= r(A) + r(B).

qÏ�r(A) = r((A−B) +B) ≤ r(A−B) + r(B) .

½n2.1 y..

íØ 1 � A� B þ´ n×m�Ý
, Kk r(A)− r(B) ≤ r(A−B)¤á"

íØ 2 � A� B þ´n×m�Ý
, Kk r(A±B) ≥ |r(A)− r(B)|¤á"

y² Ï� r(A) = r(A−B +B) ≤ r(−B) + r(B +A) = r(B +A) + r(B),

¤± r(A)− r(B) ≤ r(A+B).

qÏ� r(B) = r(A−A+B) ≤ r(−A) + r(B +A) = r(B +A) + r(A),

¤± r(B)− r(A) ≤ r(A+B) , �r(A±B) ≥ |r(A)− r(B)|.

Ón�y² |r(A)− r(B)| ≤ r(A−B) .
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½n 2.2�y²

�{�:

Ï� (
AB A

0 In

)(
−Is O

B In

)
=

(
0 A

B In

)
,

¤±

r(A) + r(B) ≤ r

(
O A

−

)
≤ r

(
AB A

n

)
= r

 AB 0
. . .

 = r(AB) + r (In) = r(AB) + n.

¤±

r(A) + r(B) ≤ r

(
O A

B In

)
≤ r

(
AB A

0 In

)
= r

(
AB 0

0 In

)
= r(AB) + r (In) = r(AB) + n.

Ù¥�n��Ò^�
©¬Ð�C�: ���1¦±K A\�1�1�, ���Ú^��
Ä

�5�p�5�o. d�, e AB = 0, KkXeúª r(A) + r(B) ≤ n .

�{�:

|^�5�m�ê, �m = n = s��AÏ�/. � τ, σÑ´ n��5�m V ��5C�§�

3Ä ε1ε2 · · · εne�Ý
©O´ A,B.K

dim Imσ + dim Im τ − n ≤ dim Im(στ) ≤ min{dim Imσ, dim Im τ}

kyØ�ª��>Ü©§é?¿ α ∈ V, στ(α) = σ(β), Ù¥ β = τ(α) ∈ Im τ , ½Â σ|τ (β) =
στ(α), K σ|τ ´ Im τ → Im (σ|τ ) = Im(στ) ��5N�.

d�êúª�

dim Im τ = dim Im(στ) + dimker(στ).

é ∀α ∈ ker(στ), K στ(α) = 0. = τ(α) ∈ kerσ, � ker(στ) = kerσ ∩ Im τ.

Ïd

dimker(στ) ≤ dimkerσ = n− dim Imσ.

2y²m>Ü©, ¯¢þ§d Im(στ) ⊂ Imσ ��, dim Im(στ) ≤ dim Imσ. ,��¡, ∀α ∈
ker, τ(α) = 0Ñk στ(α) = 0. = ker τ ⊂ ker(στ), � n − dim Im τ = dimker τ ≤ dimker(στ) =

n − dim Im(στ). l
�� dim Im(στ) ≤ dim Im τ. � A,B Ñ´ n�÷�Ý
�, Ø�ª��Ò¤

á.

½n 2.3�y² eA,B¥k���� 0 ,K(Øw,¤á. Ïd� r(A) = r 6= 0, r(B) = r 6=

0, K A,B©O´k r, t�fªMt 6= 0,Ms 6= 0, u´

(
A 0

C B

)
Òk r+ t�fª

∣∣∣∣∣ Ms 0

0 Mt

∣∣∣∣∣ 6= 0.
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½n 2.4�y² Ï�AB = 0, ¤±

(
A 0

I 0

)(
I B

0 0

)
=

(
A 0

I B

)
, d2.3 �

r(A) + r(B) ≤ r

(
A 0

In B

)
≤ r

(
A 0

In 0

)
= r (In) = n.

½n 2.5�y² �{�

r(A) + r(B) = r

(
A 0

0 B

)
= r

(
A A

0 B

)
= r

(
A A±B
0 B

)
≥ r(A±B).

Ù¥1���Ò�1n��ÒÑ©O^�
©¬Ð�C�.

�{� |^~�þ�4�Ã'|�

A (α1α2 · · ·αn) , B (β1β2 · · ·βn) ,

Kk

A±B = (α1 ± β1, α2 ± β2, · · ·αn ± βn) ;

r(A) = s, r(B) = t⇒ αi1 · · ·αis, βj1 · · ·βjt©O´ α1 · · ·αn, β1 · · ·βn4�Ã'|;

⇒ α1 ± β1 · · ·αn ± βn �dαi1 · · ·αin, βj1 · · ·βjn �5L«

⇒ r(A±B) ≤ r (αi1 · · ·αin, βj1 · · ·βjn) ≤ s+ t = r(A) + r(B).

�{n |^àg�§|�Ä:)Û�ÄXeü��5�§|, �§|� (A+B)x = 0.

�§|�

(
A

B

)
x = 0, �du Ax = 0� Bx = 0. w,, �§|��)�½´�§|��), =�

§|��)8¹u�§|��)8¥, � n− r

(
A

B

)
≤ n− r(A±B) , l


r(A±B) ≤ r(A) + r(B).

½n 2.6�y² �{�du(5¿�¦Úm¦)

r(ABC) + r(B) = r

 ABC 0

0 B

 = r

 ABC 0

BC B

 = r

 0 −AB

BC B

 ≥ r(AB) + r(BC),

¤± r(ABC) ≥ r(AB) + r(BC) − r(B). Ù¥���, �n��ÒÑ^�©¬Ý
Ð�C�;

����Ò��Ý
, ���1¦±K A\���1.
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�{� Ï�

(
AB ABC

B 0

)(
I C

0 I

)
=

(
AB 0

B BC

)
, ¤±

r(BC) + r(AB) ≤ r

(
BC 0

B AB

)
≤ r

(
BC ABC

B 0

)
= r

(
0 ABC

B 0

)
= r(ABC) + r(B).

½n 2.7�y² �{�(��|2.2, 2.3 y²�\{')

du

(I, I)

(
B O

O A

)
= (B,A),

�â5����

r(A,B) ≤ r

(
A 0

0 B

)
= r(A) + r(B).

�{� |^�dIO/©)y²� A,B ��©O´ r1, r2, K�3�_Ý
 P1, P2 ´

m �Ý
. Q1, Q2 ©O´ t, s �Ý
, ¦� A = P1

(
Ir1 0

0 0

)
Q1, B = P2

(
Ir2 0

0 0

)
Q2, P

A1 =

(
Ir1 0

0 0

)
,A2 =

(
Ir2 0

0 0

)
. K

(A,B) = (P1, P2)

(
A1 0

0 A2

)(
Q1 0

0 Q2

)
,

d (2.2, 2.3)��

r(A,B) ≤ r

 A1 0

0 A2

 = r1 + r2.

�{n ÷�©)y²� A,B ��©O´ r1, r2, K�3 m × r1 �÷�Ý
 P1, r1 × t 1÷
�Ý
 Q1 Ú m × r2 �÷�Ý
 P2, r2 × s 1÷�Ý
 Q2, ¦� A = P1Q1, B = P2Q2, 2d

(A,B) = (P1, P2)

(
Q1 0

0 Q2

)
,9 (2.2, 2.3)�� r(A,B) = r

(
Q1 0

0 Q2

)
= r1 + r2.

½n 2.8�y² � r(A) = n �, du A∗ = |A|A−1 ´�_�. ¤± r (A∗) = n. �

r(A) = n − 1 �, kA��k�� n − 1 ?fª�", ¤±A∗ �", @o r (A∗) ≥ 1. ,	, 


AA∗ = |A|I = 0,d½n 2.7�� r(A) + r (A∗) ≤ n, q r(A) = n− 1¤±r(A) ≤ 1, l
 r (A∗) = 1.

� r(A) ≤ n− 2�, ·��� A�¤k n− 1?fªÑ�", l
 A∗ = 0, = r (A∗) = 0.

½n 2.9�y² Ï�(
A− I B − I
A− I 0

)(
0 B

0 I

)
=

(
0 AB − I
0 AB −B

)
,
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¤±

r(AB − I) ≤ r

(
0 B

0 I

)
= r

(
0 AB − I
0 AB −B

)
≤

(
A− I B − I
A− I 0

)

⇒= r

 0 B − I

A− I 0

 = r(A− I) + r(B − I).

½n 2.10�y² |^
©¬Ý
Ð�C�ØUCÝ
��, ¦�Ý
(
A B

C D

)

²L�
�Ð�C���Ý
 (
A 0

0 D − CA−1B

)
,

Kk

r

(
A B

C D

)
= r(A) + r

(
D − CA−1B

)

¤á. qÏ�Ý
A�_, kr(A) = n, ¤±kr

(
A B

C D

)
= r(A) + r (D − CA−1B) = n +

r (D − CA−1B) ¤á.

5. Ý
��Ø�ª�>.�

Ý
��Ø�ª�Ò¤á�^�, ¬¦ù
Ý
��Ø�ªL���\�õ, $^å5�\�

B.

~K 1 [12] � A´m× n�Ý
 B ´n× s�Ý
, K r(A) + r(B)− n = r(AB)¤á�¿

©^��

r

(
A I

0 B

)
= r

(
A 0

0 B

)
.

y² d (
I −A
0 I

)(
A 0

I B

)(
I −B
0 I

)
=

(
0 −AB
I 0

)
.

�

r

(
A 0

I B

)
= r

(
0 −AB
I 0

)
q

r

(
0 −AB
I 0

)
= n+ r(AB), r

(
A 0

0 B

)
= r(A) + r(B).
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~K 2 [13] � A,B,C ©O�m× n, n× l, l ×m�Ý
, 
 B ���÷�©)´ B = P ,=

P ´�÷�Ý
, Q´1÷�Ý
, K r(ABC) = r(AB) + r(BC) − r(B)�¿�^�´�3Ý


X,Y ¦� XAP +QCY = Ir.

y² � r(B) = r, Ï� B = PQ´÷�©), ¤±k

r(AB) = r(APQ) = r(AP )) r(BC) = r(PQC) = r(QC).

K

r(ABC) = r(AB) + r(BC)− r(B)⇔ r(APQC) = r(AP ) + r(QC)− r.

�±y².

~K 3 [14] � A ∈ Pn×n, f(x), g(x) ´ê� P þ�õ�ª. XJ f(x) � g(x)) p�, K

r[f(A)] + r[g(A)] = n+ r[f(A)g(A)].

y² d (f, g) = 1, �3 u(x), v(x) ∈ P [x], ¦� u(x)f(x) + v(x)g(x) = 1, Ïdk

u(A)f(A) + g(A)v(A) = I,

=�

r[f(A)] + r[g(A)] = n+ r[f(A)g(A)].

~K 4 [15] � A´ n�Ý
, K A3 = A�¿©7�^�´r(A) = r (A−A2) + r (A+A2) .

y² 7�5: ��¡, d (I −A)A(I +A) = 09 FrobIniusØ�ª. �

0 ≥ r[(I −A)A] + r[A(I +A)]− r(A),

=

r(A) ≥ r
(
A−A2

)
+ r

(
A+A2

)
.

,��¡, d

r
(
A−A2

)
+ r

(
A+A2

)
≥ r

[(
A−A2

)
+
(
A+A2

)]
= r(2A) = r(A),

=�7�5.

¿©5,e r(A) = r (A−A2)+r (A+A2),� r(A) = r,A�÷�©)´A = HL,K�3X,Y

¦ (2X)H = Ir, L(2Y ) = Ir ¤á. K

X(I −A)H + L(I +A)Y = (XH + LY )− (XHLH − LHLY ) = Ir − 0 = Ir.

d~K 2�

r[(I −A)A(I +A)] = r[(I −A)A] + r[A(I +A)]− r(A) = 0,
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=� (I −A)A(I +A) = 0,l
k A3 = A.

6. Ý
��Ø�ª¯K�A^

©O|^©¬Ý
Ð�C�!àg�§|Ä:)X!4�Ã'|!�5�m��ê!�É�

ny²Ý
¢�Ø�ª¯K�A^ [16].

~ 1 ®� A,B� n��
. K r(A−ABA) = r(A) + r(E −BA)− n.

y² �{�(
A 0

0 I −BA

)
→

(
A A

BA I

)
→

(
A−ABA 0

BA I

)
→

(
A−ABA 0

0 I

)
.

y² �{�(
I −A
0 I

)(
I 0

B I

)(
A 0

A I −BA

)(
I I

0 I

)(
I 0

−BA I

)
=

(
A−ABA 0

0 I

)
.

~ 2 ®� A´n�Ý
, y²r(A) + r (A3) ≥ 2r (A2) .

y² du r (A3) = r(AAA), q��â½n 2.6�Ñ r(AAA) ≥ r(AA) + r(AA)− r(A), £�
���Ø�ª¤á.

~ 3 ®�A,BÑ´ n��
,�AB = BA = 0, r (A2) = r(A),y² r(A+B) = r(A)+r(B).

y² du r (A2) = r(A), Kk

r
(
A2
)
= r(A)⇒ r(A) = r

(
A2
)
= r

(
A3
)
= · · · I

Äky² ≥:

(
A+B 0

A2 +AB 0

)
=

(
A+B 0

A2 0

)

→

(
A+B A2 +BA

A2 A3

)
→

(
A+B A2

A2 A3

)
→

(
B A2

0 A3

)

5¿: 1���ÞL«1 11�¦ A\�1 21; 1���ÞL«1 1�m¦ A\�1��;

1n��ÞL«1 2�m¦K P \�1 1�.

nþ¤ãÒ�±�� r (A2) = r (A2A), ¤±Ò`²Ý
�§| A2X = A k), �� p, =

k A2P = A. �Ï´r (A2, A) = r(A(A, I)) ≤ r(A) = r (A2) , Ó� r (A2, A) ≥ r (A2), ¤±��

r (A2, A) = r (A2), ùÒ`² AX2 = A´k)�. �±?1e�ÚC�
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(
A+B A2

A2 A3

)
→

(
B A

0 A3

)
.

ù�Ò��Ñ�'X

r(A+B) = r

(
B A

0 A3

)
≥ r

(
A3
)
+ r(B) = r(A) + r(B).


 ≤´w,�.

~ 4 �n��þ| α1 · · ·αs ; β1 · · ·βt; α1 · · ·αs; β1 · · ·βt��©O r1, r2, r3,y²

max {r1r2} ≤ r3 ≤ r1 + r2.

y² ky²(�>) α1 · · ·αs; �±� α1 · · ·αs, β1 · · ·βt �5L«, Kk r1 ≤ r3. Ón��

β1 · · ·βt��� α1 · · ·αs, β1 · · ·βt��5L«,Kkr2 ≤ r3¤±�>¤á max {r1, r2} ≤ r3.

2y²(m>)Äk α1 · · ·αs, β1 · · ·βt;�4��5Ã'| αi1 · · ·αir1, βj1 · · ·βjr2 �±�5L«
α1 · · ·αs, β1 · · ·βt;Kkr3 ≤ r1 + r2.

~ 5 � A,B´ê� P þ� n�Ý
� AB = BA,y r(A) + r(B) ≥ r(AB) + r(A+B).

y² �{� ��§| AX = 0� BX = 0�)�m©O´ V1, V2,�§ ABX = BAX = 0

� (A + B)X = 0 �)�m©O� W1, W2, K V1 ⊆ W1, V2 ⊆ W2, l
 V1 ∩ V2 ⊆ W1, Ó�

V1 ∪ V2 ⊆W2,|^�êúªÒk

dimV1 + dimV2 = dim (V1 + V1) + dim (V1 ∩ V2) ≤ dimW1 + dimW2.

=

(n− r(A)) + (n− r(B)) ≤ (n− r(AB)) + (n− r(A+B)).

=

r(A) + r(B) ≥ r(AB) + r(A+B).

y² �{� ^©¬Ý
��{·���(
A 0

0 B

)
→

(
A 0

A B

)
→

(
A A

A A+B

)
,

(ÜAB = BA , ·��� A A

A A+B

 A+B 0

−A I

 =

 AB A

0 A+B

 .

u´
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r(A) + r(B) = r

(
A 0

0 B

)
≥ r

(
AB A

0 A+B

)
≥ r(AB) + r(A+B).

~ 6 ®� A´�� s× nÝ
, y² r
(
In −ATA

)
− r

(
Is −AAT

)
= n− s.

y² �{(|^�É�n)é

(
In AT

A Is

)
|^�É�n��

(
In −ATA 0

0 Is

)
←

(
In AT

A Is

)
→

(
I 0

0 I −AAT

)

¤±

r

(
I −ATA 0

0 I

)
= r

(
I 0

0 I −AAT

)
.

=

s+ r
(
I −ATA

)
= n+ r

(
I −AAT

)
,

¤± r
(
I −ATA

)
− r

(
I −AAT

)
= n− s¤á.

7. o(

Ý
��Ø�ª¯K�y²�A^�~2�"3�©¥§Ì�?Ø
Ý
��Ø�ª±9Ø

�ª�y²�{"©¥|^�dIO/©)½÷�©)½n!��þ�4�Ã'|!©¬Ð�C

�!�5�m��ê!àg�§|�Ä:)X!�É�n�Ì��8«�{?1
y²"k
ù


�{Ú(Ø§Ò�±òÝ
����ª9Ø�ª�·K�Ð/A^�¢SêÆ¯K¥"'uÝ


��Ø�ª¯Ky²�A^§?1
¿©�o(9ïÄ"�´§E¬kØv�?§ù�:ò¬

3±�ÆS¥UYÆS�\
)"
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