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Abstract

Ritz neural networks have been widely used to solve differential equations, in which

the key step is to approximate the definite integral involved in the loss function,

so the selection of quadrative methods is particularly important for neural networks

to approximate the solution. In this paper, some examples are used for numerical

comparison. First, we introduce the boundary value problem model of Dirichlet and

Neumann boundaries. Secondly, the neural network is constructed to train the model.

In addition, the methods of compound trapezoidal quadrature, compound Simpson

quadrature, three-point Gauss quadrature and Monte Carlo quadrature are introduced

in detail. Then, the numerical comparison and analysis of the examples show that the

three-point Gauss quadrature method is better. Finally, the sensitivity of neural

network parameters was further studied, and the accuracy of neural network was

improved with the increase of training set. When the number of neurons reached 4,

increasing the number of neurons could not significantly improve the accuracy, while

increasing the number of hidden layers and changing the activation function had no

significant impact.
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1. Úó

�Xêâ±9O�]�×�O�, <ó�U�2�A^u)Ô�Æ [1, 2],ã�?n [3, 4],�Ñ

£O [5], híó§ [6, 7]�+�. Cc5, A^�ÝÆS5¦)�©�§É��5�õ<�'5ï

Ä [8–10].
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DÚ¦)�©�§��{, Xk��!k��©�, I�?1��y©±9��5�§|�¦

), ¦)JÝ�, O�¤�p, AO´p�¯K, DÚ¦)�{�\(J.��DÂ�{±9gÄ�

©�JÑ� ²�ä¦)�©�§C½
Ä:, 1998cLagaris [11]ò�§¥�Ð>�^��EÑ�

�Á�), ��#�¦)�©�§��{. �5Raissi [12]JÑÄuÔn&E� ²�ä(PINN), Ù

�{´|^ �©�§9Ù>.^��Eí�, ^��í��Ú½Â��¼ê, ,�ÿÐ���5

¯K¿ïÄëY�m�.ÚlÑ�m�.é�§¦)�¡E. 
�H� [13]JÑ
�Ýp[��

{(DRM), ÏLp[�{, �E��¼ê, ò��§�¦)=z�C©/ªe�`z¯K, Ù`:´

ü$¦�gê, ~�$�¤�, ·Üp� �©�§¦). H. Sheng � [14] JÑ�«Ã¨v ²�

ä(PFNN)�{, �±p�/)ûE,AÛþ�a��>�¯K. J. Chen� [15]æ^�AkÛÄ�

�{Ø´�AkÛ�{Cq��¼ê5¦)p� �©�§, �Ñ�AkÛÄ��{`u�Ak

Û�{. J. Taylor � [16]Äu�ÝFp�í���{p�!O(/%C �©�§�). ±þ�«

�{�JÑÄu ²�ääk�Ð�¿1(�!�zUå!��5L�õU�, ¦)�Çp, g·

Ar.

, ²�ä3¦)�©�§���3Û�5, du��¼ê��à5, ØUî��y�{�

Âñ5 [17], ��U�3L[Ü�¹. 3¦^ ²�ä¦)�©�§�, k(½��¦È�{, ,�

�EÑ��¼ê�Cq¼ê, du�È¼ê�äN/ª��, ¦È�{�À��Ø(½, ��3ØÓ

�È©Cq�{. Ïd, �©�éEÜF/¦È!EÜSimpson¦È!n:Gauss¦È±9�AkÛ

¦È�{?1ê�'�©Û. Äk, ·�Ú\
Dirichlet ÚNeumann>.�>�¯K�.. Ùg, �

E ²�ä?1�.Ôö. ,	, �[0�
EÜF/¦È!EÜSimpson¦È!n:Gauss¦È±

9�AkÛ¦È�{. ,�, é�~?1ê�'�©Û, (JL²n:Gauss¦È�{�Ð. ��é

 ²�äëê¯a5�?�ÚïÄ,  ²�ä�°Ý�XÔö8�O�Jp, � ²�êþ��4

�, 2O\ ²�êþ¿ØU²wJp°Ý, O\Ûõ�êþÚ��-¹¼ê¿vk���K�.

�©�{Ü©SüXe: 31�!, ·�Ú\
DirichletÚNeumann>.�>�¯K�.. 31

n!, ·��E
 ²�ä?1�.Ôö. 31o!, ·��[0�
¦È�{. 31Ê!, ·�é

�~?1ê�©Û. 318!, ·�é ²�äëê¯a5?1ïÄ. 31Ô!, ·��Ñ
�
(

Ø5µ5.

2. ¯K�.

½Â>�¯K, Ù¥½Â��Ω ⊂ Rn ,ΓDÚΓN©O�LDirichletÚNeumann >.^�,

ΓD ∪ ΓN = ∂Ω ,ΓD
⋂

ΓN = 0, Ù¥n´ü 	{�þ, �.Xe:

G(x, u(x),∇u(x),∇2u(x)) = f, x ∈ Ω,

u(x) = 0, x ∈ ΓD,

∇u(x) · n = g, x ∈ ΓN . (1)

lRitz�{ [18]Ñu, ��¯K�C©/ªJ =
∫

Ω
Adx +

∫
Ω
Fdx +

∫
ΓN
Bdx, Ù¥B L«�

§(1)¥�>�^�g �'�È©, FL«�§(1)¥�f�'�È©, AL«�§(1)¥�

G(x, u(x),∇u(x),∇2u(x))�'�È©.
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3.  ²�ä

d�§(1)�C©/ªJ5½Â ²�ä���¼êL = 1
2

∫
Ω
Adx +

∫
Ω
Fdx +

∫
ΓN
Bdx, ò

�§(1)¦)C�L���z¯K. ·�Ôö ²�ä¿ÑÑUθ, ,�¢�Dirichlet>.^�

���§(1) �%C)Unn(x, θ), Ù¥θ ´ ²�äëê, L«�Ú �. �ã 1, ¡�¢

�Dirichlet>.^�c�ÔöÜ©, ¿½ÂÔöÜ©�)�Uθ. ¢�Dirichlet>.^���� 

²�ä%C)Unn(x, θ). ·�½ÂΦ(x) ¼ê, ÷v�§(1)�Dirichlet>.^����" [19], �

�Unn = Φ(x)Uθ. òUnn�\��¼ê¥?1O�, ¬�9�¦)�êÚÈ©, |^gÄ�©O��

A�ê, ØÓ�¦È�{¦)È©¯K, e�!ò¬�[0�.

Figure 1. Neural network structure

ã 1.  ²�ä(�

4. ¦È�{

·�^�È¼ê3!:þ¼ê��,«�5|ÜO�È©, /ª�
∫ b
a
f(x)dx ≈

∑n
k=0Akf(xk).

3�©¥, Ì�'5EÜ¦È!Gauss¦È±9�AkÛ¦È.

4.1. EÜ¦Èúª

-f(x)��È¼ê, [a, b]��È«m, ò[a, b]�©�n��«m, �«m�Ýh = b−a
n
�Ú�, ©

:P�xk = a+ kh (k = 0, 1, ...n), fã[xk, xk+1]�¥:�xk+ 1
2
, KEÜF/¦ÈÚEÜSimpson¦
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Èúª [20]

Tn =
h

2
(f(a) + 2

n−1∑
k=1

f(xk) + f(b))

Sn =
h

6
(f(a) + 4

n−1∑
k=0

f(xk+ 1
2
) + 2

n−1∑
k=1

f(xk) + f(b))

é¦Èúª?1Ø�©Û, -I =
∫ b
a
f(x)dx, f(x) ∈ C2[a, b], KEÜF/¦ÈÚEÜSimpson

¦ÈØ�

I − Tn ≈ −h
2

12

∫ a

b

f ′′(x)dx = −h
2

12
(f ′(b)− f ′(a))

I − Sn ≈ − 1

180
(
h

2
)4

∫ a

b

f (4)(x)dx = − 1

180
(
h

2
)4(f (3)(b)− f (3)(a))

4.2. Gauss¦Èúª

Gauss¦Èúª´½Â3«m[-1,1]S, d!:x0, x1, . . . xn�E���.¦Èúª∫ 1

−1

f(x)dx ≈
n∑
k=0

Akf(xk)

äk2n+1g�ê°Ý [20].

XJ«m[a,b]´?¿�, KIÏLC� x = b−a
2
t + a+b

2
, dx = b−a

2
dt, 3[a,b] þ�È©=z

�[-1,1]þ�È©, �
∫ b
a
f(x)dx ≈ b−a

2

∫ 1

−1
f( b−a

2
t+ b+a

2
)dt.

4.3. �AkÛ¦Èúª

1998cCaflisch [21]'u�AkÛ¦È?1
��nã, ò�È¼êÈ©L«¤Ù3�Å:?¼

ê��êÆÏ". �ÄÈ©«��Ω, �È¼ê�f , x ��Å�þ, KkI =
∫

Ω
f(x)dx = E(f(x)),

Ù�A��â²þ��F = 1
n

∑n
i=1 f(xi) , F´È©I �Cq. F´Ã � [22], é?Ûn, Ñ

kE(F ) = I.

�x���«mþ��ÅCþ�, 3«m[a,b], �ÅÀ�n�:, =xi ∈ [a, b], ∀ i = 1, ..., n, ¦È

úª
∫ b
a
f(x)dx ≈ b−a

n

∑n
i=1 f(xi) [23]. 'uØ��O,3α�&Y²e, Ø��|F − I| ≤ ε = λασ√

n
, �

AkÛÈ©�Ø�´±O( 1√
n

) Âñ�.

5. ê�¢�

Ritz ²�ä(ÜØÓ�¦È�{Cq�§�)u(x), �
éØÓ¦È�{?1ê�'�©Û,

·�ò¯K1 Ú¯K2?1ê�¢�, /ÏPytorch �ÝÆSµeO�ê�¯K.
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¯K1

−u′′(x) = sin(x), x ∈ (0, π),

u(0) = 0,

u′(π) = −1 . (2)

d�§�°()´u(x) = sin(x).

¯K2

−u′′(x) = −1, x ∈ (0, 10),

u(0) = 0,

u′(10) = 10 . (3)

d�§�°()´u(x) = x2

2
.

�é�§(2)! (3)kí�C©/ª2½Â��¼ê. Äkò�§(2)! (3)ü>Ó�¦±Á&

¼êv ∈ V, V = H1
0 (Ω), d©ÜÈ©9>.^�, ��C©/ªu ∈ V, ∀v ∈ V, J =

∫
Ω
u′v′dx −∫

Ω
sin(x)vdx−

∫
ΓN

(−1)vdx, J =
∫

Ω
u′v′dx−

∫
Ω

(−1)vdx−
∫

ΓN
10vdx.,�½Â�§ (2)(??(??�3�

��¼êL = 1
2

∫
Ω
u′v′dx−

∫
Ω

sin(x)vdx−
∫

ΓN
(−1)vdx, L = 1

2

∫
Ω
u′v′dx−

∫
Ω

(−1)vdx−
∫

ΓN
10vdx.

¯K1Ú¯K2¦^��Ûõ�¹k10 � ²ü�!Adam `zì!Sigmoid -¹¼ê�

 ²�ä?1Ôö¦), é ²�äÔö)Uθ ¢�Dirichlet>.^�, -Φ(x) = x, K 

²�ä%C)Unn = xUθ. ¯K1 ò«m[0, π] y©�31��å��«m, ��¼ê�L =
1
2

∫
Ω
U ′nnU

′
nndx −

∫
Ω

sin(x)Unndx −
∫

ΓN
(−1)Unndx. ¯K2 ò«m[0, 10] y©�15 ��å��«

m, ��¼ê�L = 1
2

∫
Ω
U ′nnU

′
nndx −

∫
Ω

(−1)Unndx −
∫

ΓN
10Unndx . Ù¥Cq��¼ê?�È©,

æ^�¦È�{´EÜF/¦È!EÜSimpson¦È!n:Gauss ¦È.

Table 1. Problem 1 Relative error of L2, CPU running time and number of iterations under different quadrature
methods

L 1. ¯K1 ØÓ¦È�{e�L2�éØ�!CPU$1�m9S�gê

¦È�{ ‖u− uNN‖L2 �m(s) S�gê

EÜF/ 2.199175× 10−2 183 5054
EÜSimpson 2.238300× 10−4 288 5100
n:Gauss 1.796842× 10−4 102 4126

�L 1ÚL 2, Ð«
¯K1Ú¯K23ØÓ¦È�{e�L2�éØ�!CPU$1�m9S�g

ê. ·�uy3Ó�� ²�ä±9Ôö!:e, n«¦È�{3°Ý!CPU$1�m!S�g

êþ�Ø�Ó. ²wwÑn:Gauss¦È�{�Ç�p, 3�á�$1�mU���p�°Ý, E

ÜSimpson¦È���Ó�°ÝI��õ��m, EÜF/¦È�°Ý�é�$. �ã 2 Úã 3,

Ð«
¯K1 Ú¯K2 ¦^n:Gauss ¦È�{�ê�)Ú%C)�[Ü�¹±9�A��¼ê�

Cz. �AkÛ¦È�éuùn«¦È�{I��õ�¦È!:âU���Ð�°Ý, ·Üp�
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Table 2. Problem 2 Relative error of L2, CPU running time and number of iterations under different quadrature
methods

L 2. ¯K2 ØÓ¦È�{e�L2�éØ�!CPU$1�m9S�gê

¦È�{ ‖u− uNN‖L2 �m(s) S�gê

EÜF/ 1.422728× 10−2 124 2932

EÜSimpson 5.545139× 10−5 172 2008

n:Gauss 3.515455× 10−5 89 2279

Figure 2. Problem 1 Image of loss function value, numerical solution and approximation solution under
three-point Gauss quadrature method

ã 2. ¯K1 n:Gauss¦È�{e��¼ê�Úê�)!%C)�ã�

È©, �vk?1äN'�.

6.  ²�äëê¯a5©Û

 ²�ääk�½�¼ê%CUå, �´ ²�ä%C)¿Ø�U��°(uê�), Ôö8

��Ú ²�ä(�Ñ¬é%C)�)K�. À�Ü·� ²�!Ûõ�êþ±9-¹¼ê�©k

7�, Ø=�±���Z%C�J, �U!�O�¤�. e¡òlÔö8���! ²�ä°Ý9�

ÝÚ-¹¼ê��¡©Û ²�ä°Ý�Cz.

6.1. Ôö8��

�ï�� ²�ä�., UCÔö8��?1Ôö, �L«Ôö8���é ²�ä°Ý

�K�, ^L2 �éØ�L«ê�)Ú%C)�m��C§Ý. k½ÂL2 �ê‖f‖2 = (
∫

Ω
f2dx)

1
2 ,
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Figure 3. Problem 2 Image of loss function value, numerical solution and approximation solution under
three-point Gauss quadrature method

ã 3. ¯K2n:Gauss¦È�{e��¼ê�Úê�)!%C)�ã�

f ∈ C2(Ω). ���©¥L2 �éØ�úª

L2�éØ� =
‖U e − Unn‖2
‖U e‖2

Ù¥U e´¯K�ê�), Unn´ ²�ä�%C).

é¯K1Ú¯K2^�AkÛ¦ÈÚEÜF/¦È�{?1¦), ^��Ûõ�¹k10 � ²ü

�!Adam `zì!Sigmoid -¹¼ê� ²�ä?1Ôö. �AkÛ¦Èe, �.1Ú�.2�g©

O�ÅÀ�100,1000,10000,100000 �:?1ê�¢�; EÜF/¦Èe, �.1 Ú�.2�g©OÀ

�32,64,128,256 �:?1ê�¢�.

Table 3. Relative error of L2 for different N under monte carlo quadrature

L 3. �AkÛ¦ÈeØÓN�L2�éØ�

Ôö:(N) N = 100 N = 1000 N = 10000 N = 100000

¯K1 3.338754× 10−1 4.515734× 10−2 2.085530× 10−2 3.608620× 10−3

¯K2 1.982314× 10−1 3.753440× 10−2 1.212293× 10−2 2.259647× 10−3

Table 4. Relative error of L2 for different N under compound trapezoid quadrature

L 4. EÜF/¦ÈeØÓN�L2�éØ�

Ôö:(N) N = 32 N = 64 N = 128 N = 256

¯K1 4.220813× 10−2 1.212235× 10−3 3.093445× 10−4 2.199953× 10−4

¯K2 2.381799× 10−3 5.128075× 10−4 1.549647× 10−4 5.301916× 10−4

�L 3ÚL 4, Ð«
3ØÓÔö8e¯K1Ú¯K2�L2�éØ�, �XÔö8N����5�

�, TØ�Åì~�. 3ù�ÔöL§¥, Ôö8����±<���, $��±�?¿�, UnØ
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þ5ù, O\Ôö8ò¬Jp°Ý��O\�A�O�¤�, ¿�
 ²�ä�zUå, �'uDÚ

�{�âÑ`:.

6.2.  ²�ä°ÝÚ�Ý

�O\ ²�ä� ²�ÚÛõ�êþ�, �±^5Cq�E,�8I¼ê, d�I�Ôö�

ëê�3Cõ, O\
Ôö�E,5. Äk·��½ ²�ä�ü�Ûõ�, ¯K1�Ôö:�32!

:, ¯K2�16�!:, *	n«¦È�{3ØÓ� ²�e�éØ�òXÛCz.

Table 5. Problem 1 Relative error of L2 for different neurons under three quadrature methods

L 5. ¯K1n«¦È�{eØÓ ²��L2�éØ�

 ²�(q) EÜF/ EÜSimpson n:Gauss

q = 1 2.491040× 10−1 2.505580× 10−1 2.406169× 10−1

q = 2 1.654949× 10−1 1.748590× 10−3 1.655599× 10−3

q = 4 1.755143× 10−2 1.521407× 10−4 2.227213× 10−4

q = 8 1.581488× 10−2 1.483948× 10−4 1.161781× 10−4

q = 16 2.795062× 10−2 2.049432× 10−4 1.176479× 10−4

q = 32 1.818506× 10−2 3.772021× 10−4 2.318206× 10−4

Table 6. Problem 2 Relative error of L2 for different neurons under three quadrature methods

L 6. ¯K2n«¦È�{eØÓ ²��L2�éØ�

 ²�(q) EÜF/ EÜSimpson n:Gauss

q = 1 1.693368× 10−2 1.718070× 10−2 1.793181× 10−2

q = 2 1.600680× 10−2 4.595825× 10−3 4.749406× 10−3

q = 4 1.538911× 10−3 6.090653× 10−5 7.938960× 10−5

q = 8 1.763098× 10−3 3.815646× 10−5 3.137327× 10−5

q = 16 1.812437× 10−3 4.077426× 10−5 3.143023× 10−5

q = 32 1.870956× 10−3 8.203752× 10−5 2.602972× 10−5

�L 5ÚL 6, Ð«
¯K1Ú¯K23ØÓ ²�eL2�éØ��Cz�. lL 5ÚL 6¥�±

wÑ, nÜn«¦ÈúªÚü�¯K(J, �� ²�Øv±ÓP¼ê�E,5, 3 ²�êþ��

�, �X ²�êþúúO\, �êþ��4 �, ê�)Ú%C)�éØ����Z, d�2O\ 

²��êþ¿vk²wü$Ø�.

Ùg·��½ ²�êþ�10, ¯K1�Ôö:�32!:, ¯K2�16�!:, *	n:Gauss¦

È�{3ØÓÛõ�e�éØ�òXÛCz, Ù¦¦È�{�aq.

�L 7, Ð«
¯K1Ú¯K23n:Gauss¦È�{e, UCÛõ�êL2�éØ��Cz, lL

¥�±uy�é�©¯K^���ä´�7��, ¿vkü$Ø�, �3����ä¥é���

¼ê�ÛÜ���V\(J, O\O�¤�. �é�
{ü��., ¦^�E,�äØ�½kõ��
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Table 7. Relative errors of L2 for different hidden layers under three-point Gauss quadrature

L 7. n:Gauss¦ÈeØÓÛõ��L2�éØ�

Ûõ�(K) K = 1 K = 2 K = 3 K = 4 K = 6

¯K1 1.796842× 10−4 8.260422× 10−4 4.171868× 10−4 4.407180× 10−4 2.198020× 10−4

¯K2 3.515455× 10−5 2.705897× 10−5 2.831219× 10−5 2.682122× 10−5 1.625073× 10−5

Ð?, ��� ²�äÒ�±��¤I�°Ý, E,�ä�¬�5L[Ü�ºx. �é�ä(��

?�ÚïÄL², ���ä�U~���ØÐ�ÛÜ��� [24].

6.3. -¹¼ê

-¹¼ê´�ï ²�ä��ëê, -¹¼êI��âïÄ¯K·�À�, k
-¹¼ê·

Ü, k
%Ø·^. 3 ²�ä�ÔöL§¥, ÏLFÝeü`z�{, é��ZÛÜ���, I�

é��¼ê?1¦���DÂ5ØäÔö, ÏdÏ~I�-¹¼ê´ëY��. �©ïÄ¦^�-

¹¼êÌ�´:Sigmoid!Tanh!SiLU!Softplus9Linear.

Table 8. Problem 1 Relative error of L2, CPU running time and iteration times of different activation functions
under compound Simpson quadrature

L 8. ¯K1 EÜSimpson¦ÈeØÓ-¹¼ê�L2�éØ�!CPU$1�m9S�gê

-¹¼ê ‖u− uNN‖L2 �m(s) S�gê

Sigmoid 2.238300× 10−4 288 5100

Tanh 1.405257× 10−4 277 687

SiLU 2.008837× 10−4 285 4126

Softplus 4.274102× 10−4 283 5299

Linear 4.018386× 10−2 282 656

�L 8, Ð«
¯K13ØÓ-¹¼êe�L2�éØ�!CPU$1�m9S�gê. lL??¥�

±�Ñ-¹¼ê3��Ûõ�� ²�ä¥q�¿vkå��K�, �k�5-¹¼êLy�ØW

*, �éuÙ¦-¹¼ê�U��10−2g�. 3��Ø���mS, ���Ó�°Ý�, Tanh-¹¼

êI��S�gê��, SigmoidÚSoftplus-¹¼ê�é�õ.

7. o(

�©ÄuRitz ²�ä¦)�©�§éA«¦È�{?1ê�'�©Û9 ²�äëê¯a5

ïÄ. �é¯K�.^�
~fé«¦È�{?1ê�'�©Û, (JL²n:Gauss¦È�{Ly

��Z, 3�á�mU
���Ð�°Ý. é ²�äëê¯a5ïÄ�Ñ, �Ôö8O�� ²�

ä°Ý�3Jp,  ²�êþ��4�, 2O\ ²�êþ¿ØU²wJp°Ý, O\Ûõ�êþ

Ú��-¹¼ê¿vk���K�, ��¦^����ä�U¬E¤FÝ��9¦þØ¦^�5-
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¹¼ê. �©��
�
���ê��~, �©¥��{��±í2���9±þ�«�, Ó���

ïÄ
A«¦È�{, �k�õ�¦È�{k�&¢.

Ä7�8

B²���ÆÆâ#¢Ä7�8(`�#¢[2021]A05Ò).
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