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Abstract

This paper studies the Cauchy problem for a system of mixed fractional Schrödinger

equations with non-gauge nonlinearities. By introducing an effective test function,

we derive an ordinary differential inequality on the weighted integral of the solution,

prove that the solution will blow-up in finite time by using the properties of ordinary

differential equations, and obtain an upper estimate of the lifespan of the solution.
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1. Úó

��5Å½��§|(NLSEs)´�«~��êÆÔn�., ~^u£ãNõE,Ôn|¥âf

Å��p�^�üz(� [1–6]). �©¥�Ääk�5��.��5�Ú·Ü©ê��f�XeÍÜ

Å½��§|: 
i∂tu+ (−4)

α
2 u = λ1|u|p + λ2|u||v|p−1 (x, t) ∈ RN × R,

i∂tv + (−4)
β
2 v = λ2|u|p−1|v|+ λ3|v|p (x, t) ∈ RN × R,

(u, v)(x, 0) = (u0, v0)

(1)

ùpα, β ∈ (0, 2].λ1, λ2Úλ3 ∈ C \ {0},(−4)
α
2 := F−1|ξ|αF ,d?FL«Fp�C�, ½Â�µ

(Ff)(ξ) = f̂(ξ) :=
1

(2π)N/2

∫
RN

e−ixξf(x)dx.

ù�XÚ
gu��Vò�1n¥ü� �©þ�Xe5�.��5Å½��§|(� [7])µ
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
i∂tu+ (−4)

α
2 u = (a|u|p−1 + b|v|p−1)u (x, t) ∈ RN × R,

i∂tv + (−4)
β
2 v = (b|u|p−1 + c|v|p−1)v (x, t) ∈ RN × R,

(u, v)(x, 0) = (u0, v0)

(2)

Ù¥a, b, c ∈ R, u, v : RN ×R→ CN , N ≥ 1. 'u(2),XJ-u(x) = eiω1tu1(x), v(x) = eiω2tv1(x),§

ò=����ÍÜ�ý�XÚ, ÏdÉ�éõÆö�'5. ~X�α = β = 2 �, BartschÚWang [8]

ïÄ
(2)3N ��/e(N ≤ 3)��Ä�)�3ÚØ�3�¿©7�^�. Cipolatti,Zumpichiatti

[9]ïÄ
��NLSEs7Å��35Ú­½5(AO´¤¢�Ä�)). Lopes [10, 11]ïÄ
NLSEs

��áÅ�­½5. Nguyen, Wang [12] y²
(2) 3N = 1, p = 2 ��áÅ��35Ú­½5

�a, b, c �'X. Cely, Goloshchapova [13]ÄgïÄ
�p = 3 �, �§|(2) 3(ãþ�C©5Ú

­½5. d	, Chen� [14]�Ñ���/e�§|(2)¬�δ ¼ê���». ?�Ú [15]¥ïÄ


3N ≤ 2, p = 3, α = 2 �, )��»�J5. �C3©z [16]¥�öí2T(Ø�n��/, y²


UþE(u0, v0) < 0 �, �§|)(u, v) ��»A5.

3ÀÚ-OÏd"và¥, Ï~I��Ä)3�mÃ¡�?��"~ê��C§Ý. 3ù«�

¹e,XJ·�ÏLu = u′ + C(C �~ê)Ú\#�ÄåCþu′, ¿3�§¥Ðm, Ò¬Ñy��5

�|u′|p( [17,18]),
ù���Ñy3é�§Ýþ¬K��§|)�5�ïÄ.�XFujiwaraÚOzawa

3©z [19]¥éü�Å½��§�Ñ�@�, 3���m¥�α = 1 �, XJ��5��|u|p−1u, �

§ò3p ∈ (1, 3)��3�Û), 
e��5�C�|u|p, )ò3p ∈ (1, 2] �^�e�».

��u(2), �§|(1)Ø2Pk�UÅðá5, Ïdcã'u(2)�ïÄ�{Ú(Øé(1)¿Ø·

^. �©¥·�à�uXÚ(1) ��»á5, ÏLÚ\ÿÁ¼ê, (ÜgñØyy²(1)¬3k��m

S�». ùp�'�3uÀJ��Ü·�ÿÁ¼ê5�Ñ·Ü©ê��fÚÍÜ���5��5�

(J. Ød�	, ·����
�»)�3�m�þ.�O.

©Ù¥, òf ≤ Cg ��f . g, òf . g . f��f ∼ g, Ù¥C´���~ê, �©Ù¥z��C

���UÑ¬ØÓ.e¡, ·�50��©�Ì�(Ø.

½n1.1. -u0, v0 ∈ L2(Rn), ÷v

MR(0) + (LR(0)− 2Cn,p,ρ,λR
n−γ/p > 0,

Ù¥λ = min{|<(λ1 + λ2)|,<(λ3 + λ2)|},R > 0, ρ ∈ C ¿��<(λ1λ2) > 0,<(λ3λ2) > 0 ÷v

<(ρλ1 > 0);<(ρλ3 > 0),


�<(λ1λ2) < 0,<(λ3λ2) < 0�,I�?�Ú÷v

<(ρ(λ1 + λ2 > 0),<(ρ(λ3 + λ2) > 0,

Ù¥MR(0), LR(0)�Cn,p,ρ,λ½ÂXe

MR(0) = −=(ρ

∫
Rn
u0(x)ψR(x)dx); LR(0) = −=(ρ

∫
Rn
v0(x)ψR(x)dx),
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Cpn,p,ρ,λ = 21+q/pp−q/pq−1<(ρ(λ1 + λ2))−q/pAqn,γ(

∫
ψ(x)dx)p;

K�Ð�(u(0), v(0)) = (u0, v0)�T > Tn,p,λ,α,β �, (1)3�mX(T )¥Ã), Ù¥

Tn,p,λ,α,β =(MR(0) + LR(0)− 2Cn,p,ρ,λR
n−γ/p)1−p

· ((p− 1)Dn,p,λ,ρR
−n(p−1))−1,

Dn,p,λ,ρ = 2−1<(ρ(λ)|ρ|−p(
∫
Rn
ψ(x)dx)−p+1(

p∑
j=0

p!

j!(p− j − 1)!
)−1,

X(T ) = C([0, T );L2(Rn)) ∩ C1([0, T ), H−β(Rn)) ∩ C1([0, T ), H−α(Rn)) ∩ L∞(0, T ;Lp(Rn)).

2. y²¤I½Â�Ún

½Â2.1. [20] -α ∈ (0, 2). -X´��½Â3RNþ�¼ê8Ü. KRN¥�©ê�Laplace�

f(−4)
α
2´���ÛÜ�f, ½ÂXe:

(−4)
α
2 : v ∈ X → (−4)

α
2 v := CN,αP.V

∫
RN

v(x)− v(y)

|x− y|N+α
dy (3)

P.V.L«�ÜÌ�, CN,αL«�6N,α�~ê.

½Â2.2. XJu, v ∈ L1
loc(0, T ;L2(RN )) ∩ L1

loc(0, T ;Lp(RN )) �e¡��ª



∫ T

0

(u, i∂tϕ+ (−4)
α
2 ϕ)dt =

∫ T

0

(λ1|u|p + λ2|u||v|p−1, ϕ)dt+ i(u0, ϕ0) (4)

∫ T

0

(v, i∂tϕ+ (−4)
β
2 ϕ)dt =

∫ T

0

(λ2|u|p−1|v|+ λ3|v|p, ϕ)dt+ i(v0, ϕ0) (5)

é?¿�ÿÁ¼êϕ ∈ C([0, T ];Hm(RN )) ∩ C1([0, T ];L2(RN )),m ≥ max{α, β}, ϕ(T, x) = 0 3x ∈
RNþ¤á, ·�¡(u, v)´�§|(1)�f). ùp�(·, ·)´L2�SÈ, ½Â�(f, g) =

∫
RN f(x)g(x).

Ún2.1. -〈x〉 = 3
√

1 + (|x| − 1)3, �γ = min{α, β}, -ψ(x) ´��ëY©ã¼ê, ½ÂXe:

ψ(x) =


1 |x| ≤ 1

〈x〉−N−γ |x| ≥ 1

(6)

Ké?¿�x ∈ RN , ψ ∈ C2(RN ), �3��=�6uN,α��~êAN,α ¦�(−4)
α
2 ψ÷v±eÅ:

�O

|(−4)
α
2 ψ| ≤ AN,αψ(x) (7)
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y: �
�B, ·�-r := |x|, ¿�Äψ(x)��ê:

Oψ(x) =
x

r
ψ′(x) =

0, r ≤ 1

−(N + γ)(r − 1)2 x
r
〈x〉−N−γ−3, r ≥ 1

(8)

Ú

4ψ(x) =
N − 1

r
ψ′(x) + ψ′′(x) =



0, r ≤ 1

−(N + γ)(r − 1)2N−1
r
〈x〉−N−γ−3

−2(N + γ)(r − 1)〈x〉−N−γ−3

+(N + γ)(N + γ + 3)(r − 1)4〈x〉−N−γ−6, r ≥ 1

(9)

N´�yψ(x) ∈ C2(RN )�|4ψ(x)| ≤ 〈x〉−N−α.Ïd, ·��I��Ä0 < α < 2. Ød�	, ÏLþ

ãO�, ·��±��‖ψ‖, ‖∂2
xψ‖L∞ <∞, ù�±¦·��KÈ©3�:�Ì�. �â½Â(2.1) ¿

|^CþO���:

(−4)
α
2 ψ(x) = −CN,α

2
P.V.

∫
RN

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy

= −CN,α
2

P.V. lim
σ→0+

∫
σ≤|y|≤1

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy

= −CN,α
2

P.V.

∫
|y|≥1

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy

(10)

éψ����VÐm��:

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
.
‖∂2

xψ‖L∞

|y|N+α−2
(11)

ÏLþã�OÚα ∈ (0, 2), ·��±ÏL�ØÈ©3�:�Ì�5��Xe(Ø:

(−4)
α
2 ψ(x) = −CN,α

2
P.V.

∫
RN

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy (12)

�
��·�Ï��(J, e¡·�©O?Ø|x| ≤ 2Ú|x| ≥ 2��/. éu|x| ≤ 2, ·�òÈ©«�

©�üÜ©:

Γ1 = {(x, y) : |y| ≤ 1},Γ2 = {(x, y) : |y| ≥ 1}.

3Γ1ÚΓ2þ, ©OkXe�O:∫
Γ1

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy . ‖∂2

xψ‖L∞

∫
Γ1

1

|y|N+α−2
. 1 (13)

∫
Γ2

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy . ‖ψ‖L∞

∫
Γ2

1

|y|N+α
. 1 (14)
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éu|x| ≥ 2, ·�òÈ©«�©¤nÜ©:

Γ3 = {(x, y) : |y| ≥ 2|x|},Γ4 = {(x, y) :
1

2
|x| ≤ |y| ≤ 2|x|},Γ5 = {(x, y) : |y ≤ 1

2
|x|}.

¯¢þ, �|x| ≥ 2�, k〈x〉 ∼ |x| − 1 ∼ |x|.
3Γ3þ,·�uy|x±y| ≥ |y|−|x| ≥ |x| ≥ 2.dψ�üN5��: ψ(x±y) ≤ ψ(x) = 〈x〉−N−γ .d

d, ·��±�ÑXe�O:∫
Γ3

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy . 4ψ(x)

∫
|y|≥2|x|

1

|y|N+α
dy

. 〈x〉−N−γ
∫
|y|≥2|x|

1

|y|1+α
d|y|

. 〈x〉−N−γ |x|−α

. 〈x〉−N−γ−α

(15)

3Γ4þ, d|y| ∼ |x|ÚΓ4 ∈ {y ∈ RN : |x± y| ≥ 2}��:∫
Γ4

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy

. |x|−N−α(

∫
|x+y|≤3|x|

ψ(x+ y)dy +

∫
|x−y|≤3|x|

ψ(x− y)dy + 2ψ(x)

∫
1
2 |x|≤|y|≤2|x|

1dy)

. 〈x〉−N−α(

∫
|x+y|≤3|x|

ψ(x+ y)dy + 〈x〉−N−γ |x|N )

. 〈x〉−N−α(|x|−γ + 1)

. 〈x〉−N−γ

(16)

ùp·�¦^
Xe�O:∫
|x−y|≤3|x|

ψ(x− y)dy =

∫
|x+y|≤3|x|

ψ(x+ y)dy

=

∫
2≤|x+y|≤3|x|

ψ(x+ y)dy +

∫
|x+y|≤2

ψ(x+ y)dy

.
∫ 3|x|

2

(1 + (r − 1)3)−(N+γ)/3rN−1dr +

∫ 2

0

rN−1dr

.
∫ 3|x|

2

r−γ−1dr +

∫ 2

0

rN−1dr

. 1

(17)

�e5·�?nΓ5þ�È©. |^ψ����VÐm��:∫
Γ5

ψ(x+ y) + ψ(x− y)− 2ψ(x)

|y|N+α
dy .

∫
Γ5

max
δ∈[0,1]

∂2
xψ(x± δy)

1

|y|N+α−2
dy (18)
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e¡·��Ä'u∂2
xψ(x± δy)��O, -r = |x+ δy|, δ ∈ [0, 1], k:

|∂2
xψ(x± δy)| .


0, r ≤ 1,

(r−1)2

r
〈r〉−N−γ−3 − (r − 1)〈r〉−N−γ−3 + (r − 1)4〈r〉−N−γ−6, r ≥ 1.

.


0, r ≤ 1,

〈r〉−N−γ−2, r ≥ 1.

(19)

d|x± δy| ≥ |x| − δ|y| ≥ |x| − |x|/2 ≥ 1Úþã�O��:

|∂2
xψ(x± δy)| . 〈x± δy〉−N−γ−2.

XJ|x± δy| ≥ 2, K〈x± δy〉 ∼ |x± δy| ≥ |x|/2 & 〈x〉. dd��:

〈x± δy〉−N−γ−2 . 〈x〉−N−γ−2

XJ|x ± δy| ≤ 2, K|x|/2 ≤ |x ± δ|y| ≤ 2, ù`²2 ≤ |x| ≤ 4. Ïd·��±��〈x ± δy〉 ∼ |x| ∼
1Ú〈x± δy〉−N−γ−2 ∼ 〈x〉−N−γ−2, Keªé¤k�δ ∈ [0, 1] Ñ¤á

|∂2
xψ(x± δy)| . 〈x〉−N−γ−2.

d(18)��: ∫
Γ5

|ψ(x+ y) + ψ(x− y)− 2ψ(x)|
|y|N+α

dy . 〈x〉−N−α−2

∫
Γ5

1

|y|N+α−2
dy

. 〈x〉−N−γ−2

∫ |x|/2
0

1

|y|α−1
d|y|

. 〈x〉−N−γ−2|x|−α+2

. 〈x〉−N−γ−α.

(20)

(Ü(13)-(16)Ú(20)��eªé¤k�x ∈ RNÑ¤á.

|(−4)
α
2 ψ| ≤ 〈x〉−N−γ (21)

y.. �

Ún2.2. [21] -0 < α ≤ 2, x ∈ (RN ),ψ ´��÷v∂2
xψ ∈ L∞(RN )�1w¼ê. é?¿

�R > 0, -ψR(x) = ψ(x/R). Ké¤k�x ∈ RN , (−4)
α
2 ψR(x) kXe5�:

(−4)
α
2 ψR(x) = R−α((−4)

α
2 ψ)(x/R)
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3. ½n1.1�y²

�XÚ(1)�3�|)(u, v) ∈ X(T ), Ù¥T > Tn, p, λ, ρ. -

MR(T ) = −=(ρ

∫
RN

u(x)ψR(x)dx); LR(T ) = −=(ρ

∫
RN

v(x)ψR(x)dx),

KdÚn2.1ÚÚn2.2��

d

dt
MR(t) = <(ρ

∫
RN

i∂tu(t, x)ψR(x)dx)

= <(

∫
RN

(ρλ1|u(t, x)|p + ρλ2|u||v|p−1)ψR(x)dx

−R−α<(ρ

∫
RN

u(t, x)((−∆)α/2ψR(x)dx)

≥ <
∫
RN

(ρλ1|u(t, x)|p + ρλ2|u||v|p−1)ψR(x)dx

−AN,γR−α|ρ|
∫
RN
|u(t, x)|ψR(x)dx.

(22)

Ón��

d

dt
LR(t) ≥ <

∫
RN

(ρλ1|v(t, x)|p + ρλ2|u||v|p−1)ψR(x)dx

−AN,γR−β|ρ|
∫
RN
|v(t, x)|ψR(x)dx.

(23)

�<(λ1λ2) < 0,<(λ3λ2) < 0�, |^YoungØ�ª¿(Ü(22)Ú(23)��

d

dt
LR(t) +

d

dt
MR(t) ≥ <

∫
RN

(ρ(λ1 + λ2)|u(t, x)|pψR(x)dx

+ <
∫
RN

(ρ(λ3 + λ2)|v(t, x)|pψR(x)dx

−AN,γR−β|ρ|
∫
RN
|v(t, x)|ψR(x)dx

−AN,γR−α|ρ|
∫
RN
|u(t, x)|ψR(x)dx.

(24)
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¦^¿��Ø�ªÚYoungØ�ª��

AN,γR
−α|ρ|

∫
RN
|u(t, x)|ψR(x)dx

≤ AN,γ |ρ|R−α
(∫

RN
ψR(x)dx

)1/q (∫
RN
|u(t, x)|pψR(x)dx

)1/p

≤ AN,γ |ρ|RN/q−α
(∫

RN
ψ(x)dx

)1/q (∫
RN
|u(t, x)|pψR(x)dx

)1/p

≤ p−q/pq−12q/p<((ρ(λ1 + λ2)))−q/p|ρ|qAqN,γRN−qα
∫
RN

ψ(x)dx

+ 2−1<(ρ(λ1 + λ2))

∫
RN
|u(t, x)|pψR(x)dx,

(25)

Ú

|MR(t)| =
∣∣∣∣=(ρ∫

RN
u(t, x)ψR(x)dx

)∣∣∣∣
≤ |ρ|RN/q

(∫
RN

ψ(x)dx

)1/q (∫
RN
|u(t, x)|pψR(x)dx

)1/p

.

(26)

^�Ó��{��

AN,γR
−β|ρ|

∫
RN
|v(t, x)|ψR(x)dx

≤ p−q/pq−12q/p<((ρ(λ3 + λ2)))−q/p|ρ|qAqN,γRN−qβ
∫
RN

ψ(x)dx

+ 2−1<(ρ(λ3 + λ2))

∫
RN
|v(t, x)|pψR(x)dx,

(27)

Ú

|LR(t)| =
∣∣∣∣=(ρ∫

RN
v(t, x)ψR(x)dx

)∣∣∣∣
≤ |ρ|RN/q

(∫
RN

ψ(x)dx

)1/q (∫
RN
|v(t, x)|pψR(x)dx

)1/p

.

(28)

éá(24)-(28),¿¦^XeØ�ª

(a+ b)p ≤
p∑
j=0

(p− 1)!

j!(p− j − 1)!
(ap + bp),
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·���
d

dt
LR(t) +

d

dt
MR(t)

≥ 2−1<(ρ(λ1 + λ2))|ρ|−p
(∫

RN
ψ(x)dx

)−p+1

R−N(p−1)MR(t)p

+ 2−1<(ρ(λ3 + λ2))|ρ|−p
(∫

RN
ψ(x)dx

)−p+1

R−N(p−1)LR(t)p

− p−q/pq−12q/p<((ρ(λ1 + λ2)))−q/p|ρ|qAqN,γRN−qα
∫
RN

ψ(x)dx

− p−q/pq−12q/p<((ρ(λ3 + λ2)))−q/p|ρ|qAqN,γRN−qβ
∫
RN

ψ(x)dx

≥ 2−1<(ρ(λ)|ρ|−pR−N(p−1)

(∫
RN

ψ(x)dx

)−p+1

· ((MR(t)p − CpN,p,ρ,λR
Np−qα) + (LR(t)p − CpN,p,ρ,λR

Np−qβ))

≥ 2−1<(ρ(λ)|ρ|−pR−N(p−1)

(∫
RN

ψ(x)dx

)−p+1

R−N(p−1)

· ((MR(t)− CN,p,ρ,λRN−α/(p−1))p + (LR(t)− CN,p,ρ,λRN−β/(p−1))p)

(29)

≥ DN,p,λ,ρR
−N(p−1)((MR(t)− CN,p,ρ,λRN−α/(p−1))

+ (LR(t)− CN,p,ρ,λRN−β/(p−1)))p.

(30)

ÏL)~�©�§��

d

dt
(LR(t) +MR(t))

≥ {((MR(0)− CN,p,ρ,λRN−α/(p−1)) + (LR(0)− CN,p,ρ,λRN−β/(p−1)))1−p

− (p− 1)DN,p,λ,ρR
−N(p−1)t}−1/(p−1)

> 0,

(31)

K(31)ªm>¬3t = TN,p,λ,α,β ?�», LR(t),MR(t)����». Ï�

MR(t) ≤ ‖u‖L2(RN )‖ψR(x)‖L2(RN );

LR(t) ≤ ‖v‖L2(RN )‖ψR(x)‖L2(RN ),

K(31)ª�(1)3C(0, T ;L2(RN )), T > TN,p,λ,α,β �m¥k)�gñ.
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�<(λ1λ2) > 0,<(λ3λ2) > 0�, ·��±¦^�Ó��{5���q�(J, ¤±·��ÑÙ

y²L§. y..

4. o(

�©ÏLÚ\ÿÁ¼ê, í�Ñ'u)�\�È©�~�©Ø�ª, |^~�©�§�5�y

²
)¬3k��mS�». ù��{�±�*�Ð«)��»1�, �²;�ÍÜÅ½��§

|(2) �', �©Ú\
·Ü©ê��f, ���5�u)UC, ù¦��©ïÄ��§|Ø2ä�

�UÅðá5, ïÄ�{�k
�A�UC. ¦+�©®ÏLÿÁ¼ê{k�/&Ä
�§|)�

�»A5Ú�3�m�O, �é�»)¿vk���\�ïÄ. �5�ïÄ��òà�u�«)�

�»�Ç. ¿|^ê��[, 5��ß/Ð«)��»1�.
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