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Abstract

In this paper, a multilevel Monte Carlo finite element method is used to solve the stochastic
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Cahn-Hilliard-Cook equation with logarithmic potential. To estimate the mild solution of the equa-
tion, the Ciarlet-Raviart finite element method is applied for spatial discretization and the back-
ward Euler scheme is applied for time discretization to obtain the full discrete numerical scheme
of the equation. Numerical simulations were conducted using the multilevel Monte Carlo method,
which enhances computational efficiency compared to the standard Monte Carlo method. The er-
ror estimates for the fully discrete scheme and the total error estimates are provided for the nu-
merical simulations using the standard Monte Carlo method and the multilevel Monte Carlo me-
thod, respectively.
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1. 518

Cahn-Hilliard-Cook 77 ## t Cook 7E[1]H X $2 i, & Cahn-Hilliard 77 F2BENLR A, 52 ZIE 75 I3 o
Da Prato I Debussche [2]&37 T 5 FE 4 R iR AR RIAFLEE . ME— A IE P . SCHR[3]% CHC Jr FE gk i
& CHC J5 2B A BRITUTAAEAT TR SE . SCHR[BTAI[A4]530 AIE ] 1 2 B HICRI 42 B Bl BT 77720 CHC J7 7%
HA RS, ERG HRSOER. Jak, Qi fE[5]FIEN] JiRisk#. Kk CHC TIEHUEN RHE 2
R, WHZHESCER6] [7] [8] [9]-

SERFRVE TR A T BTSSR 1 — Fh e o s 0 1 757 2 RS RI& 7L [1017E S 45 R i%
DIk b, 8 232 A SR Bk A () RIS B), 7R E 20 B A% B i T /D B SR RIS SRR, RO
WIS EIIRFE R, KPR ERIS AR TR ST SR 2 R (B T4, RORBRAIR T T RUAR .
SCHR[LL]ARE T 2 S8R RIS T A A RS B .

A EHEREF T HA X EL Flory-Huggins %% Cahn-Hilliard-Cook 7772, K £ 2% 5245 R A IR 7tk
XF S AT BUE R AR, 7623 (AN (] 143 73] F A PR OG0 ) g BRP A% ST B, 45 LA B moUE A%
X, FHESFHRBHAEM SRR MR ZE M, AR REORZE, BREHORZE, PURGTGhEE)
W
2. MEFHAIA

Cahn-Hilliard-Cook 77 # /2 # A Ht ) (1) Cahn-Hilliard 7772, HIE=R 1T

du—Awdt=dwW, in Dx(0,T],
w=-Au+ f(u), in Dx(0,T],

1
M_w_y, on aDx(0,T], @
on on
u(0)=u,, in D.

Hoep D2 RY(d=1,2,3) A X, n & XA 7 oD A4k g, fif u & —FARER S 1T VR
FERZHR A ue[-11].
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SRR A, ASSCIEEL Flory-Huggins X 534 [12].
F(u)=ulnu +(1—u)|n(1—u)+9(u —uz),

f@):Fﬁozm(fLJ+9@—2®.

SISCHR[AS]AAEZE, T LR (D) 5 e M R B e, HE 0N
dX +( AZX + Af (X))dt=dW, te(0,T], X(0)=X,. )

bt A FOR BRI, RARERER H = 2(D) I AE T 1 W A H e Tl i 2 el
(.7, P.{F}) 1 Q-Wiener i 2.
RSB B, FRATHC(R)'S R F IR 5 )7 L GR T
X (t)=E(t) X, - [, AE(t—s) f (X (s))ds+ [ E(t—s)dW (s). 3)
Sl (E(1),, =]t A RN

B H = L2(D) A priE A () A 8|
Sobolev 7]

BUE L PIH > H O NESHEAT . W (1-P)v=|D[" | vdx & v [t

ENHT A=—A, HoE -

, H ={V€H :IDvdx=O}, Fid H® =H* (D) Jhrit

D(A)Z{Ve H? :@:O on 6D}.
on
MARH EEAZUMEE. B LR &MHE T, BRI H N Av=APVIN, ©EHF 4HIE
T%ﬁ%{(/ﬁ};, ﬁﬁ*ﬁﬁﬁﬁ‘]ﬁ?ﬂﬁ{lj}i WL

O0=ASA <A< <A< <A<, A0,

%éﬁﬁﬁ@ﬁ%ﬁﬁ,%:m FIt (o)} MR H B dLESE,
BHLE ST HORT 30 50 T -

1
v, :[iﬂf (v,go,- )‘ij , aceR

1

M, =(M: v o e

SR 2
|4a:D(A3]:{VEH4qa<w}
H“ :{Ve H,||V||a <oo}.

MHO=H , FE, =|A2v]. HF%50H a=5s>0, H°® SR Sobolev %A, ¥k, %6 T

B -
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XA Hilbert 21 H, 5 L (0 H) ={v: BV, = [ VR 0P (w) <o} LTS MG o, = (EIME |7
Lvel’(QH), MATLLE X [Tv(s)ds, HATHN RSBk R Ror:
t 2 t
B v(s)aw ()] = [Efv(s)f oo @
FiIL(H) %% H b REMFT I, Ly (H) %5 H P A Hilbert-Schmidt 57721, &
LHS(H)={VEL(H):;||V¢J.||Z<oo}.

s N 2 %
FATEHV], ={Z||V‘/’i || } i

BV =D(A o ML =[Av] R[4 E R 6.43 WA, AFAERHLC >0, fHAXTHTH K
te[0,T]HlveV,

[E(t)v|<Clv| (5)
HelfiSiRI6], BT AYE(t) RATR, BA

AE(t)|<Ct ?e®<Ct ?, veH,a>0,t>0, (6)

AE(V ds<C(t, )M, veH, aclol]t,>t >0 )

Je
4

I(E(t)- 1| <cez | an] =cez |, @

BT AT 0<s<t<T flveV
"(E(t)— E(s))v”sC\/t—s"v"V. 9)

B 21%B=HV . BEFLEHEHC,C,>0, HE3XT deB,g,¢ cH KT
[ (@), <C.(2+]e],),
[7(8)- T ()] <Cclld - 4]
Dk £ (u) il 2 Bk k.
G 2.1 (1L R 2.0 O X 2 ) < +o0 TIB)FHE IR X FEZIA L2 (QV ) e K, X
Fifi te[0,T] oL

"X "LZQV _C (1+"X "L2 )

o, C(T) Rl T AL 4.
NTTE G BAER], AL SIS TR AN X AL [A]_EIE R 518
12 2.2 (1WA 2.0 BOLH || X || 2y, <+ MIFEZEHELC(T ) {43 (3) & SUIMIRANE X i 2

(V)

<C(T)Vt- (1+||X IILZQV) 0<s<t<T.

X (t)=X(s)

"L2 QH)

513 2.1, 2.2 FESH[HATIEH, HAAREZAASANXG)~Q)RIA{EH . A 1 _EidEE e B,
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HUAT DA G R A5 A VB 2 TR AR 22 Al HE

3. BEREN
AT 5E X CHC R BRIGIE ML, oy ie a2, B3I AT REQ)ME5ER, K (u,w)e H xH
i3
(u(t +J;(VW Vv)ds=(W (t),v) vveH,
u . (10)
(w,q) =(Vu,va)+(f(u),q)=(Vu,va)+ ( (1_UJ+9(1—2u),q] vqeH.
{Th, },io TR D KRS RN B S = s, T, BIREE KNERIR N
h := max diam(K). (11)

K 45 5 AT LU AN 5 KB, AR RIS by =27y, Sk by BRI = fir
SR KN

B8V, (1 eNo) & H R IIG TR AR, SKT1>0. MEAMD (1eNy) . V c HUREX
F T, MBI, 5 R R 1 5 2 TR

A, B XV, =PV, ,

v, ={v, eV, :J'Dv,dx:O},
DAL (L0) (IR A A PR G 252 SO (U (1), W (1)) eV xV, 545
(u, (t),v,)—(uo,v,)+j0(Vw,(s),Vv,)ds=(W (t).v) Wy eV,

(m,q):(Vq,Vq)+(f(q),q):(Vq,Vq)+(m(I%t{)+6ﬂ—2m)th Vg, eV,

(12)

IR, X CEERERIET A, oV N
(Av,, W) =(Vv,, VW) Wy, eV, VW eV,.

JUES)

Y, €V,.

1 1
vil, =A%y, AR,

=[[vul=

A

HTARAMEET, €V, BiEE. v BRIEE, BEFERY, ERAA ERRE WJO A AR
ASER {2, ) WA

Hrr NV =dim(V) Hog,, =, =|D| 2
Tigh, ENEZHREHET B H -S>V A
(Rv,w)=(v,w,) YveH,vw eV,.
%Emmmz&who,%ﬁiX%ﬁ¥Aﬂ,uaﬁﬂ%%ﬁw*%%%ﬁﬁ;
dX, +(A°X + AR T (X, (t)))dt=Rdw (t), te(0.T] X,(0)=RX,. (13)

DOI: 10.12677/aam.2024.135186 1986 I3RS


https://doi.org/10.12677/aam.2024.135186

FE 5

TIFE(3)H —ANME— IR AR X, 2 LT 2%
X, (t)=E ()R X, — [ AE (t=s)R T (X, (s))ds + [, (t—s)RdW (s). (14)
T ERHEL 8 (0".neNy ) ABK N ot =T2™" (RN HREIFH, M TneN,
0" ={t/ =T2 "k =5t"k, k=0,---,2"}

e H 1o Jig Wi 2 (1) B AT I [ B i, 4538 ) 4 B8 i) AU/ SR BB L AR & X (tk”), 15

Xin (6) = X (t0) + SUATX () + S AR (X, (6)) = RW (80) W (t1).
M5t neN,,0<k<2", 4 BHuLMEN

X, () =EL RX, Zj A,E;nl*lpf( (1] ))ds+ZIle;th*1PdW( ). (15)

Hrp gl =(1 +§t”A12)7

N T IRGHEY, HASINGT B, 1L, i r(2)=(1+2) ", M E!, = r(ét"Af)k - Q[S]FR,
FAERH C Ml ¢, 175
—e?<C?  wvze[0d], (16)

r(2)

r(z)<e  vze[od] (17)

FRWAAER IR, X k=123,

‘r(z)k—e’2k < (r(z)—e’z)kir( ) e <Cke?e Y vze[0,1]. (18)
1=0
4. RESH
SIE 4.1 R T, KIE[SILL T it s
Ef, RY[<CM veH, (19)
AE", va<Ctk‘E V| veH, (20)
l(E)-E% R)v|=c(m o), vev, (21)
H AE(t)—A,E;mR)vHsC(h,Z+ SN ver, (22)
(Iff Ry OIS)ZSCIIVII veH =Lk, (23)
k o (AE(t)-AES, RV sC(h,2+ 5t“)||v|| veH. (24)
-1t '
5E SARHE SR RIS AL T8N -
Ev[Y] :%i\?‘. (25)
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HF NeN, (\?‘,i =1,--~,N) SEBEHLA T Y FBRSL [F) A A RE AT 51 o
B(Y,1eNy) 2 V-EBENAERF A, [H13Y, eV, Wi 1leNy . WX+ 1eNy, Y WERN:

L
Y, = (YI _Yl—l)'

1=0

HrbY =0, RN, e
E[YL] :E[i(\ﬁ _Y|1)} = ZL:E[Yl _Y|71]-

1=0
AT R IE A P S R I 2 AT 3, SRR RIS TS BY, Y AT IE MG T, A
BECAN, , G ATLE L2 5 R RIgAlT 28
EN[Y,] =ZL:ENI [Y, =Y. ] (26)
A7 ERPAETEEE, s LT A R TR, A R sy
4.1. BRFIFRIRIAMN
FIEE 42 [11IFEE NeN MY e Lfg;H) , oL

||E[Y]—EN [Y]||Lz 1 —=Var[Y]?

VY

TERE 4.1 515 4.2 BB L, TIOERBENR R Y TR I A, ZE8E T RIIEMI, X T 1ne N, Al
te@®", AVHTFEHURAMP SR RIS RE, WiE5IE 4.2, HLfh

n ; 1
“E[XI (t)]_EN |:XI (t)] SW| XI (t) L
AN, T =t, BRI 21, 4), (20), (23)FEEL Gronwall A2 [15] A 7521015 B 2.1 (4516

a0l <cmelxil,, |

@7)

H el T — A 15
SUP, g [X, (t):|_ Ey [XI (t)] LfQ;H) ZWC (1+"X " (Q H)j.

REHR 4.1 MR X R@)IEAE, (X010 Ny ) RAS) TSI AMBIHURFFI], B LfAEREC(T),
(AR F AT 1,0 € N, B

sup

te@"

X(0)-X,, (0], <C(T)( + aq@+wﬂ%m}

(QiH)
RN FLneN,, t/e®", REN

“X(t;‘)—x,,n(t;‘)g sH(E( )-E, P)x0 2

(Q:H) Ham)

(AE (12 =) F (X (5)) - AESRT (X, (1)) s

I‘(ZQ:H)

ij:f (E(tk" ~s)-ESIR)dw (s)

=3(I+J+K).
LZ

(QiH)
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P, (1) AT AR
1=|e(y)

_ £k
5,17 1710]], 2

)SC(h,2+ 5tn)"X0”|_2(n,v)‘
55 I0AT AN

Kk u

3 [ (AE( =) (X (5)- AEL R (X, (1))

=1

J:

(QH)

< ,-k_l :Jf_l(AE(tk” ~s)-AESR ) f (X (s))ds

L(ZQ:H)

A1E;t PR (F(X(s)- (X (1])))os

3 JrlP(f (x (1))~ (X,,n(t}‘)))ds

=3(J,+J,+13).

HEX 2.1, (24), HBE 4115

I sc(T)(h,2 + 5t”)

F(X(s))

oy SCo 1 )
iZM(4.2), 512205
J2<czj () ”x )- X (t7)

IR 2.1, (24)7533)

S =10, (22)15

- zk:j" (E(tk" —s)— EXUR )dw (s)

e

L(ZQ:H)
<c(n+ ot )zj . ds

<c(T)(n? +t").

i b, iz HE B Gronwall 5| A5
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“X (t;‘)—X,,n (tk”) .
(@)

c(T)(n + 5t")(1+||X0||LzQ +C(T ZHX (1)

L(2£2:H)

c(r)(h + n@+wng e

SEH 4.2 W X RE)MRAM, (X, IneN
EESFFAA LneN,, NeN gL

E[ X (t)]-Ey[ X, (1) < C(T)(hf +/6t" +%j(1+||xo||%m j

MTEESENEHIA 1 eN, , RN EEHEANNneN,, KERDMPEMBEAN =N .
h=2", BIEM 42 Hot" =h' i, FEREMEERZELFTHE, Bitn=41. R4EEH 4.2 FraiilL
SUEE, HRR T 1 e Ny MBS HAL MR RZE, 7] UEE PR S #se -1

V)

Jre
c()(n+ 5t”)(1+||X I, J,: (1+C(T

o

) 2

RE(15) P I NK U 75, M AFFEREC(T),

SUP gn

(N,)_Ezh,z, resp. N, =h".

4.2. BERFHFRFIE

FEE— /NI EE RS RISTERRZE S, T RAEA/NT PRIE N 2 R RIS I iR 2=
Fto
MR 2 Tl 58 T B 0 SRR I T iU SR AN % A 22 TR -F AT R 4518, (RTINS 18] DX 18] T = [0,T | 556
4y (0',1eN,)
©' ={ty,, =T2*k(1),k(1)=0,-,2"},

RAERT— TS, Fn=4l. fst =T/2" Rl eN, h O S K. BEh=2"1eN,, &
ZRGFRE RIS BB RZE ST, F n= 405475 [0 B SO 0 5 I TR B G ZROM B R ATk, X AR T
[E1) o P 3 5 S

X0 1=0,-,L, FRATGRRH 0T Hh{A -

X|71(tkL(|)):a|X ( )+b X 1( k(1= 1)+1) (28)

a =1—[%‘[%D’b' :%{%}

[ IR . At(28) k8

X (tli_(L)) =8 X (tkL(l))+ R (t||<(|)+1)' (29)
N EP ’
L 1 L 1
=, - iz%mbﬂ b =b., + i:%}zmbi

DOI: 10.12677/aam.2024.135186 1990 I3RS


https://doi.org/10.12677/aam.2024.135186

FE 5

VEREa, +by =1, 1=0, -1 SEIHAAIERRE, o CIEBIE R F 5T £ R ks

@E’]énw,
SEE 4.3 R X IR, (X,,1eNy) Z1A5) TSI NKIBEEM TSI, MAFEFRC(T), 15
XFFHTH Le Ny BOL
L 2 1 S
sup, o [E[ X (0] -E[x. )], <c(r [h Nyl ](unxoum}

E%ﬁLd%,ﬁﬁwqu,%ﬁ%%Mﬁ

HE[X(ﬁﬂJJ‘EL[XLOQu[

I‘(ZQ:H)
<[ (1) % (th0) - +z (B~ )X (80 -0 (80 o

=A+B.
HisE#E 4.1 J ot" = h' £3

‘VOQQ‘MUQJ

sC(T)hf(l+"Xom&m).

Lfﬂ:H)
T B, izH5H 4.2
ZL: (E_ EN, )|:XI (tkL(L))_ X (tkL(L)ﬂ )

1=0 L(Q;H)

< ﬁ”x, (tli'(L))_ X4 (tli_(L))
|
b, b s,

<B, +B,.

=
PNy oy
=
~—

EHER 4.1, 5IF 2.2 f1(29)A 15

a, X, (t||<(|)>+ b X, (t:(u)u)_(aux (tkL(L))+ b X (tkL(L))) 2
(@H)
<lla.. (X| (t:(u))— X (t:((l) )) '-(ZQ;H) -

B (% ()X ),

<L,+L,+L,+L,.

B, <

+

L(zf!:H)

e 4.1,
M+qun@h-&j@4mh)}
Qv
RE5 3 2.2,

L, SC(T) ‘tli(l) k(L ‘(1+||X ||L2(Q,V))<C(T)\/§(1+"X "LZQV )
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“x' (tkL(u)‘ X'fl(tkL(u) o) <C(w (l+||x°"Lfn;v>j'
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NS AT RS

v |-

HE[X (t) )& X (0)] .
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\/_0 1=0 NI Haw)
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