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A^ì´Ún, �©ïÄ Kirchhoff-PoissonXÚ{
−(a+ b

∫
R3 |∇u|2dx)∆u+ u+K(x)φu = P (x)|u|p−1u, x ∈ R3,

−∆φ = K(x)u2, x ∈ R3,

�²�)��35, Ù¥ a, b > 0, 3 < p < 5, P (x) ∈ C(R3,R) � lim|x|→∞ P (x) = P∞ < 0 ,

K(x) ∈ C(R3,R)� K(x) ∈ L2(R3).
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Abstract

By using mountain pass theorem, we are concerned with the existence of nontrivial

solution of Kirchhoff-Poisson system in this paper: −(a+ b
∫
R3 |∇u|2dx)∆u+ u+K(x)φu = P (x)|u|p−1u, x ∈ R3,

−∆φ = K(x)u2, x ∈ R3,

where a, b > 0, 3 < p < 5, P (x) ∈ C(R3) is a sign-changing function with lim|x|→∞ P (x) =

P∞ < 0, k(x) ∈ C(R3) ∩ L2(R3).
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1. Úó

3�©¥§�ÄXe Kirchhoff-PoissonXÚ −(a+ b
∫
R3 |∇u|2dx)∆u+ u+K(x)φu = P (x)|u|p−1u, x ∈ R3,

−∆φ = K(x)u2, x ∈ R3,
(1)

�²�)��35, Ù¥ a, b > 0, 3 < p < 5, P (x)´�CÒ�ëY¼ê, K(x)´�K�ëY¼ê.

�K(x) = 0�¯K (1)uXe� Kirchhoff�§

−(a+ b
∫
R3 |∇u|2dx)∆u = f(x, u). (2)

g Lions�k°5ó� [1]±5, NõÆö?Ø
 Kirchhoff¯K [2]½aq¯K�Ä�), åP�

), �²;�)��35!õ)5�¯K, �±ë�©z [2–5].,, â·�¤�éu�kCÒ��
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Kirchhoff�§�²�)��35�ïÄ'��. XieÚ Chen3©z [6]¥�Ä
e¡� Kirchhoff

�§ 
−M(

∫
Ω
|∇u|2dx)∆u = Qλ(x)|u|q−2u+K(x)|u|2∗−2u, x ∈ Ω,

u = 0, x ∈ ∂Ω,

(3)

Ù¥ Ω´ RN (N ≥ 3)¥�k.1w«�, 1 < q < 2, M(s) = a+ bsβ, β > 0, a, b > 0, Qλ(x), K(x)

´ëY�CÒ�. Xie� Chen|^ Nehari6/!n�N�!Ljusternik-Schnirelmann�Æ!ì´

ÚnÚ EkelandC©�n��{, y²
�§ (3)���3ü��)½ön��)��35.

3©z [7]¥, Xu�<�Ä
e¡� Kirchhoff�§
−(a(x) + b(x)

∫
Ω
|∇u|2dx)∆u = λm(x)u+ h(x)up, x ∈ Ω,

u = 0, x ∈ ∂Ω,

(4)

Ù¥ Ω´ RN (N = 2, 3)¥�k.«��´ C2�, a, b, m, h ∈ L∞(Ω), é x ∈ Ωk a(x), b(x) > 0.

� mÚ h�CÒ�, �öïÄ
�§ (4)�)8�ÛÜÚ�Û©
(�, ¿��
�§ (4)�)�

�35Úõ5(J.

·�5¿�, ©z [6, 7]¥Ì��é
k.«�þ��kCÒ�� Kirchhoff�§. ,, éu

��mþ�kCÒ���²�)�ïÄ%é�. 3©z [8]¥, Yu�Ä
��mþ� Schrödinger-

PoissonXÚ 
−∆u+ u+ φu = a(x)|u|p−1u, x ∈ R3,

−∆φ = k(x)u2, x ∈ R3,

Ù¥ 3 ≤ p < 5, k(x) ∈ L2(R3) ∩ C(R3), a(x)´��ëY�CÒ¼ê� lim
|x|→∞

a(x) = a∞ < 0. �ö

|^ì´ÚnØy
T�§���3���²�).

�C, � K(x) = 0� P (x)´�CÒ�ëY¼ê�, É©z [8]�éu, Chen3 [9] ¥�Ä
X

e� Kirchhoff�§

−(a+ b

∫
R3

|∇u|2dx)∆u+ u = V (x)|u|p−1u, x ∈ R3,

Ù¥ a, b > 0, 3 < p < 5, V (x)´��ëY�CÒ�. �ö|^ì´ÚnÚ SobolevØ�ªy²
T

�§���3���²�).

É±þ©z�éu, �©�Ä��mþ Kirchhoff-PoissonXÚ (1)�²�)��35.

�©�Ì�(J�Xe½n:

½n1.1. b� P (x)ÚK(x)÷v

(A1) P (x) ∈ C(R3,R)�÷v P∞ = lim|x|→∞ P (x) < 0,

(A2) K(x) ∈ C(R3,R), K(x) ≥ 0�K(x) ∈ L2(R3),

K Kirchhoff-PoissonXÚ (1)���3���²�).
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2. ½n1.1�y²

H1(R3)´ Sobolev�m, ÙSÈÚ�ê½ÂXe

(u, v) =

∫
R3

∇u∇v + uvdx, ‖u‖ = (u, u)
1
2 .

-

P (x) = P+(x)− P−(x),

Ù¥

P+(x) =

P (x), XJP (x) ≥ 0,

0, XJP (x) < 0,
(5)

Ú

P−(x) =

0, XJP (x) ≥ 0,

−P (x), XJP (x) < 0.
(6)

éu�½� u ∈ H1(R3), ½Â D1,2(R3)þ��5�f

Lu(v) =

∫
R3

K(x)u2vdx,

@oÒk

|Lu(v)| ≤
∫
R3

K(x)u2|v|dx

≤ (

∫
R3

K(x)2dx)
1
2 (

∫
R3

u6dx)
1
3 (

∫
R3

v6dx)
1
6

≤ C‖K(x)‖L2(R3)‖u‖2H1(R3)‖v‖D1,2(R3).

Ïdd RieszL«½n��, �3��� φu ∈ D1,2(R3), ¦�

〈φu, v〉D1,2(R3) = Lu(v), ∀v ∈ D1,2(R3),

= ∫
R3

∇φu∇vdx =

∫
R3

K(x)u2vdx, ∀v ∈ D1,2(R3),

�Ò´` φu´ (1)¥1���§�f). ò φu�\1���§Ò��

− (a+ b

∫
R3

|∇u|2dx)∆u+ u+K(x)φuu = P (x)|u|p−1u. (7)
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Ïd¦)�§ (1)�du¦)�§ (5). �§ (5)éAUþ�¼

Ψ(u) =
1

2

∫
R3

a|∇u|2 + u2dx+
b

4
(

∫
R3

|∇u|2dx)2 +
1

4

∫
R3

K(x)φuu
2dx

− 1

p+ 1

∫
R3

P (x)|u|p+1dx, u ∈ H1(R3)

��.:.

½Â Φ: H1(R3)→ D1,2(R3)� Φ(u) = φu, Kke¡Ún.

Ún2.1

(i) ΦëY.

(ii) Φòk.8N�k.8.

(iii) e {un}3 H1(R3)¥k.� un ⇀ u , @ok

∫
R3

K(x)φunu
2
ndx→

∫
R3

K(x)φuu
2dx.

y: dÚn�y²��©z [8], �
ÖöBu�Ö3d�Ñ�[y². (i) é?¿� u ∈ H1(R3), k

|Lu| = ‖φu‖D1,2(R3) = ‖Φ(u)‖D1,2(R3)

¤á. Ïd, �
y² ΦëY, �e5�I�y²: u 7→ Lu´ëY�.

|Lun(v)− Lu(v)| ≤
∫
R3

K(x)|v||u2
n − u2|dx

≤ C‖K‖L2(R3)‖v‖D1,2(R3)‖u2
n − u2‖L2(R3)

du v´?¿�, K� n→∞�, k |Lun(v)− Lu(v)| → 0.

(ii) du ‖φu‖D1,2(R3) = |Lu| ≤ C‖K‖L2(R3)‖u‖2H1(R3), ¤± (ii)¤á.

(iii) �â©z [8], e¡=I�y²∫
R3

K(x)φunu
2
ndx→

∫
R3

K(x)φuu
2dx.

du φun ⇀ φu, K ∫
R3

K(x)(φun − φu)u2dx→ 0. (8)

e¡y² ∫
R3

K(x)φun |u2
n − u2|dx→ 0. (9)
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du K(x) ∈ L2(R3)�ëY, Ïdé?¿� ε > 0, �3ρ = ρ(ε) > 0, ¦�� |x| ≥ ρ� K(x) ≤ ε,

l ∫
|x|≥ρ

K(x)φun |u2
n − u2|dx ≤ ε[

∫
|x|≥ρ

φunu
2
ndx+

∫
|x|≥ρ

φunu
2dx]

≤ εC‖φun‖D1,2(R3)(‖un‖2 + ‖u‖2)

≤ Cε.

qdu H1(R3) ↪→ L2(R3), K∫
|x|≤ρ

K(x)φun |u2
n − u2|dx

≤ ‖K‖L∞(R3)[

∫
|x|≤ρ

φun |u2
n − u2|dx]

≤ ‖K‖L∞(R3)C‖φun‖D1,2(R3)[

∫
|x|≤ρ

|u2
n − u2| 65 dx]

5
6

→ 0.

ù�Òy²
 (7). nÜ (6)Ú (7), ·���
∫
R3 K(x)φunu

2
ndx→

∫
R3 K(x)φuu

2dx.

Ún2.2. �¼ Ψ÷v(PS)^�.

y: � un ⊂ H1(R3)�÷v |Ψ(un)| ≤ cÚ Ψ′(un)→ 0, =∫
R3

a|∇un|2 + u2
ndx+ b(

∫
R3

|∇un|2dx)2 +

∫
R3

K(x)φunu
2
ndx−

∫
R3

P (x)|un|p+1dx = o(1)‖un‖ (10)

1

2

∫
R3

a|∇un|2 + u2
ndx+

b

4
(

∫
R3

|∇un|2dx)2 +
1

4

∫
R3

K(x)φunu
2
ndx−

1

p+ 1

∫
R3

P (x)|un|p+1dx ≤ c.

(11)

(Ü (8)Ú (9)��

[
a

2
− a

p+ 1
]

∫
R3

|∇un|2dx+ [
1

2
− 1

p+ 1
]

∫
R3

u2
ndx+ [

b

4
− b

p+ 1
](

∫
R3

|∇un|2dx)2

+ [
1

4
− 1

p+ 1
]

∫
R3

P (x)φunu
2
n ≤ c+ o(1)‖un‖.

�Ä� p > 3, Kk (
1

2
− 1

p+ 1

)
min{a, 1}‖un‖2 ≤ c+ o(1)‖un‖.

ù¿�X {un}´k.�. Ïd� un ⇀ uÚ

‖∇un‖22 → A2, n→∞.
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�e5y² un → u. d(3), (4)9 (8), k

a‖∇un‖22 + b‖∇un‖42 + ‖un‖22 +

∫
R3

K(x)φunu
2
ndx+

∫
R3

P−(x)|un|p+1dx =

∫
R3

P+(x)|un|p+1dx+ o(1).

qd Ψ
′
(un)→ 0��

a

∫
R3

∇u · ∇vdx+ bA2

∫
R3

∇u · ∇vdx+

∫
R3

uvdx+

∫
R3

K(x)φuu
2dx+

∫
R3

P−(x)|u|p−1uvdx

=

∫
R3

P+(x)|u|p−1uvdx+ o(1).

- v = u, k

a‖∇u‖22 + bA2‖∇u‖22 + ‖un‖22 +

∫
R3

K(x)φuu
2dx+

∫
R3

P−(x)|u|p+1dx =

∫
R3

P+(x)|u|p+1dx+ o(1).

Ï� lim|x|→∞ P (x) = P∞ < 0 , ¤± P+(x)k;|8. lA^¢Ë�Åi\½n���∫
R3

P+(x)|un|p+1dx =

∫
R3

P+(x)|u|p+1dx+ o(1).

=k

a‖∇un‖22 + b‖∇un‖42 +

∫
R3

u2
ndx+

∫
R3

K(x)φunu
2
ndx+

∫
R3

P−(x)|un|p+1dx

=a‖∇u‖22 + bA2‖∇u‖22 +

∫
R3

u2dx+

∫
R3

K(x)φuu
2dx+

∫
R3

P−(x)|u|p+1dx+ o(1). (12)

�e5äó ∫
R3

P−(x)|u|p+1dx ≤ lim inf
n→∞

∫
R3

P−(x)|un|p+1dx. (13)

¯¢þ, du ∫
R3

P−(x)
∣∣|un|p+1 − |u|p+1 − |un − u|p+1

∣∣ dx
≤ ‖P (x)‖L∞(R3)

∫
R3

∣∣|un|p+1 − |u|p+1 − |un − u|p+1
∣∣ dx

= o(1),

K�� ∫
R3

P−(x)|un|p+1dx =

∫
R3

P−(x)|u|p+1dx+

∫
R3

P−(x)|un − u|p+1dx+ o(1).

XJ un 9 u, @o ‖u‖+ o(1) < ‖un‖, le¡üª��k��´¤á

‖u‖L2 + o(1) < ‖un‖L2
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Ú

‖∇u‖L2 + o(1) < ‖∇un‖L2 .

2dÚn2.1 (iii)Ú (11)�

a‖∇un‖22 + b‖∇un‖42 +

∫
R3

u2
ndx+

∫
R3

K(x)φunu
2
ndx+

∫
R3

P−(x)|un|p+1dx

> a‖∇u‖22 + bA2‖∇u‖22 +

∫
R3

u2dx+

∫
R3

K(x)φuu
2dx+

∫
R3

P−(x)|u|p+1dx+ o(1).

�â (10) , ����gñ, Ïd un → u.

½n1�y²: Äky², �3 α, ρ > 0¦� Ψ∂Bρ > α > 0. ¯¢þ, d¢Ë�Åi\½nÚ p > 3

��

Ψ(u) ≥ 1

2
min{a, 1}‖u‖2 − C‖P‖L∞‖u‖p+1

Lp+1(R3),

l�3 ρ > 0, ¦� Ψ∂Bρ > α > 0.

�e5y², �3 ϕ ∈ H1(R3), ‖ϕ‖ > ρ, ¦� Ψ(ϕ) < 0. ¯¢þ, À�¼ê η ∈ H1(R3), ¦�

suppη ⊂ suppP+, k

Ψ(sη) =
as2

2
‖∇η‖22 +

s2

2
‖η‖22 +

s4b

4
‖η‖42 +

s4

4

∫
R3

K(x)φηη
2dx− sp+1

p+ 1

∫
R3

P (x)|η|p+1dx.

Ï� p > 3, K�â (A1) Ú (A2) ��3 s0 ¦� Ψ(s0η) < 0. Ïd§�¼ Ψ ÷vì´AÛ(

� [10, 11], ?�âÚn 2.2��XÚ (1)���3���²�).

3. o(

�©ïÄ�´�a�CÒ� Kirchhoff-PoissonXÚ�²�)��35, �©Ì�´ÏL�¼ Ψ

÷v (PS)^���S� un �3rÂñ�f�, ?|^ì´½ny²
�²�)��3. Ó©

z [8]�', �©ïÄ�é�´Q�k Kirchhoff�f�XÚ, q�k Poisson�¤éA��ÛÜ�,

duõ��ÛÜ���3, �ïÄ�Ø©¥�¯KO\
�½�JÝ. 3�©¥, ·�?Ø
��m

þ P (x)´�CÒ�ëY¼ê� K(x)´�K�ëY¼ê�^�e, XÚ (1)���3���²�

). 8�, ·�ò�Ä3��mþ K(x)´�CÒ�ëY¼ê� P (x)´�K�ëY¼ê��¹e,

XÚ (1)���3���²�)��35.
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