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Abstract

In this paper, we prove the multiplicity of solutions for the following p-Kirchhoff elliptic

equation

M(‖u‖p)(−∆pu+ V (x)|u|p−2u) = λH(x)|u|m−2u+ µK(x)|u|q−2u, x ∈ RN

where 1 < p < N , 1 < m, q < p∗ = pN
N−p , M(t) = a + ctτ . V (x), H(x), K(x) are weight

functions which may be unbounded or decaying to zero at infinity. By the methods of

Fountain Theorem and Dual Fountain Theorem, we prove that above problem admits

infinitely many solutions.
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1. Úó

�©,·�ïÄXe�ap-Kirchhoff ý�¯K{
M(‖u‖p)(−∆pu+ V (x)|u|p−2u) = λH(x)|u|m−2u+ µK(x)|u|q−2u, x ∈ RN

u(x)→ 0, |x| → ∞,
(1.1)

Ù¥∆p = div(|∇u|p−2∇u) ´p− Laplacian�f,1 < p < N .T�§�(1.1)u3©z [1]¥JÑ�

��Í¶Ôn�..

Cc5§Kirchhoff�§)��35Úõ)5ïÄ®²��
2�'5.3k.�þ§�ë

� [2–5], 3Ã.�±9��mRNþ, �ë� [6–9] 9�'©z. 3©z [10] ¥§ÆöïÄXe�k
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��5>.�ý��§{
−div(a(x)|∇u|p−2∇u) + |u|p−2u = λg(x)|u|r−2u, ∈ Ω

a(x)|∇u|p−2∂vu+ b(x)|u|p−2u = 0, on∂Ω.
(1.2)

Ù¥Ω ´��kC1,δ>.�k.«�3��m(R)Nþ�	Ö§w,Ω ´Ã.«�,3·��^�b

�e,|^�.:nØÚ��Ún [11]) ���p ≤ q < r < p∗�§éu?¿�λ > 0,�§(1.2)�3

¿�ÙUþ�¼÷vJ(uk) → ∞ ,�1 < r < p Ú1 < q < p�§�§(1.2)�3Ã¡õ�)uk ,¿

�ÙUþ�¼÷vJ(vk) → 0 .5¿�^�p ≤ q < r < p∗ ¿�X�¼���5�´��5�§^

�1 < r < pÚ1 < q < p¿�X�¼¥���5�´g�5�.É�©z [10] �éu§�©·�}Á

?Ø�a3��m(R)N þ�kg�5�q�k��5�^�£{¡]à�¤�p-Kirchhoff�§Ã

¡õ)��35. Cc5'u|^��½n��¹kp− Laplacian�f�ý��§Ã¡õ)��§
�ïÄ®²kØ��©z§Ü©�ë� [10, 12–14]§,�3þã�©�¥§Ï~I�b���5�

÷v,«aqudÍ¶ÆöAmbrosetti ÚRabinowitzJÑ�£AR¤^� [15]^�,

(AR): �3µ > p,¦�

0 < µF (x, t) ≤ tf(x, t), t 6= 0.

(AR)^���¡�y
)S��k.5§,��¡T^�¿�Xù��5�f(x, u)´��5�.

�©�¤ïÄ��§�k]à��5�Ø÷v(AR) ^�.

duRN ´Ã.«�, Ï~i\½n�;5"�, ÏdÉ�©z [16,17]�éu, ·�I�é�¼

êV (x), H(x), K(x)��
b�§¦�i\½n�;5�±.�Br = Br(0) ´RN���¥¡§Ù�
»�r > 0 , Bc

r = RN \ B̄r, ±9k

(A1) ��K�¼êV (x), H(x),K(x) ∈ L∞loc(RN \ {0}).

(A2) éu1 < m < p, �3H1(x) > 0 x ∈ RN ¦�∫
RN

Hσ(x)H1−σ
1 (x)dx <∞, sup

x∈RN
(H1(x)V −1(x)) <∞.

±9 sup
x∈Bcr

(H1(x)V −1(x))→ 0, r →∞, Ù¥σ = p/(p−m).

(A3) éup < q < p∗ , b�

sup
x∈RN

(K(x))p∗−p(V (x))q−p∗ <∞.

±9 sup
x∈Bcr

(K(x))p∗−p(V (x))q−p∗ → 0, r →∞.

�ÑXe�Í¶Sobolev Ø�ª [1]

S(

∫
RN
|u|p∗)

1
p∗ ≤ (

∫
RN
|∇u|pdx)

1
p , ∀u ∈ C∞0 (RN ), (1.3)
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1 < p < N , S ´����~ê.

�©�Ì�(JXe.

½n1.1. b�1 < m < p < p(τ + 1) < q < p∗ ±9(A1)− (A3) , @o,

(i) éu¤k�λ ∈ R, µ > 0, ¯K(1.1)3Xþ�3Ã¡õ�)uk ,¿�ÙUþ�¼÷vJ(uk) →
∞ , k →∞.

(ii) éu¤k�λ > 0, µ ∈ R, ¯K(1.1)3Xþ�3Ã¡õ�)uk ,¿�ÙUþ�¼÷vJ(vk)→ 0

, k →∞.

51.2. ÷v(A1)− (A3) ��¼êäN~f�ë�©z [16, 17].��5¿�´³¼êV (x)3Ã¡�

?�±òz�"½öÃ..,	1 < m < p < p(τ + 1) < q < p∗ ¿�Xmà���5�´]à�. â

·¤�, 'u��mþRN þ�k��5]à�±9E,�¼ê�p-Kirchhoff ý��§Ã¡õ)�

ïÄ����.

3�ã", ·��Ñ�©�µe: 312Ü©,�éü«�¹1 < m < pÚp < q < p§Äky²


ü��A�;i\½n,,�313Ü©·��Ñ
½n1.1�y².

2. ý�ó�

·�Ï~½ÂD1,p(RN )�C∞0 (RN )����m§Ù�ê�

||u||D1,p(RN ) = (

∫
RN
|∇u|pdx)1/p. (2.1)

±9½Â���V���mLs(RN , V ) §Ù��ê�

‖u‖s,V = (

∫
RN

V (x)|u|sdx)1/s.

�
ïÄ¯K(1.1)§Ï~��¼�m�X = D1,p(RN ) ∩ Lp(RN , V )§Ù�ê�

||u|| = ||u||X = (

∫
RN

(|∇u|p + V (x)|u|p)dx)
1
p . (2.2)

ÙX´g��©�nBâ�m. ·�`u ∈ X ´¯K�(1.1)f)��=�v ∈ E÷v

(a+c‖u‖pτ)
∫
RN
|∇u|p−2∇u∇v + V (x)|u|p−2uvdx=

∫
RN

(λH(x)|u|m−2u+µK(x)|u|q−2u)vdx. (2.3)

´�¯K(1.1) äkC©(�, =ÙUþ�¼J(u) : X → R½Â�

J(u) =
a

p
‖u‖p +

c

p(τ + 1)
‖u‖p(τ+1) − λ

m
‖u‖mm,H −

µ

q
‖u‖qq,K . (2.4)
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J áu�mC1(X,R) ±9éu?¿�v ∈ X, ÙGateaux �ê�½Â�

J ′(u)v=M(‖u‖p)
∫
RN
|∇u|p−2∇u∇v+V (x)|u|p−2uvdx

−
∫
RN

(λH(x)|u|m−2u+ µK(x)|u|q−2u)vdx.

(2.5)

w,, ¯K�(1.1)�f)éAù�¼3J3XS��.:.

�e5, éu1 < m < p and p < q < p∗ ü��/©Oïá�A�;i\½n.

Ún2.1. �1 < m < p�, �^�(A1) Ú(A2) ÷v, Ki\X ↪→ Lm(RN , H) ´ëY�;�.

y²: |^Hölder Ø�ª±9^�Ú(A1), (A2) �

‖u‖mm,H =

∫
RN

H(x)|u|mdx =

∫
RN

(V (x)|u|p)
m
p (H(x)

p
p−mH

−m
p−m
1 )

p−m
p (V (x)−1H1)

m
p dx

≤ (

∫
RN

V (x)|u|pdx)
m
p (

∫
RN

H(x)
m
p−mH1(x)

p
p−m dx)

p−m
p ( sup

x∈RN
(H1(x)V −1(x)))

m
p

≤ C‖u‖m

(2.6)

(1.2) ¿�Xi\X ↪→ Lm(RN , H) ´ëY�.

�e5y²Ti\´;�. ½ÂY = Lm(RN , H) ÚBr = {x ∈ RN ||x| < r}. -X(Ω)

ÚY (Ω) ´½Â3Ωþ��¼�m. �{un}´XS�k.�,@o{un} 3X(Br) Sk.. N´�

�Ti\X(Br) ↪→ Y (Br) éu?¿�r > 0 ´;�, @o�3u ∈ Y (Br) Ú�fS�{unk} ¦
�‖unk − u‖Y (Br) → 0 ( k →∞), Ø���5, ·��‖un − u‖Y (Br) → 0, n→∞. ·�òy²

lim
n→∞

sup
u∈X\{0}

‖u‖Y (Bcr)

‖u‖X
= 0 (2.7)

¯¢þ, aqu(2.6), k

‖u‖mY (Bcr)
≤ ‖u‖mX(

∫
Bcr

H(x)
m
p−mH1(x)

p
p−m dx)

p−m
p ( sup

x∈Bcr
(H1(x)V −1(x)))

m
p

±9d(A2)�

‖u‖Y (Bcr)

‖u‖X
≤ (

∫
Bcr

H(x)
m
p−mH1(x)

p
p−m dx)

p−m
p ( sup

x∈Bcr
(H1(x)V −1(x)))

m
p

→ 0, as n→∞.
(2.8)

�(2.7)¤á,u´éu?¿�ε > 0, �3rε ¦�

‖un‖Y (Bcrε )
≤ D−1ε‖un‖X ≤ ε, for n = 1, 2, . . . , (2.9)
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ùp·��‖un‖X ≤ D. dui\X(Br) ↪→ Y (Br) éu?¿�r > 0 ´;�,·�k

lim
n→∞

‖un − u‖Y (Brε )
= 0, as n→∞. (2.10)

u´,�3N1 > 0, ¦�

‖un − u‖Y (Brε )
< ε.

þã��O¿�X

‖un − u‖Y ≤ ‖un‖Y (Brε )
+ ‖u‖Y (Brε )

+ ‖un − u‖Y (Brε )
≤ 3ε,

u´i\X ↪→ Y ´;i\. ù�·��¤Ún2.1�y².

Ún2.2. éup < q < p∗, �(A1)Ú(A3) ÷v, @oi\X ↪→ Lq(RN ,K) ´ëYÚ;�.

y²: dHölder Ø�ªÚ(1.3),·�k

‖u‖qq,K =

∫
RN

K(x)|u|qdx =

∫
RN

(V (x)|u|p)
1
λ1 (V (x)1−λ2Q(x)λ2 |u|p

∗
)

1
λ2

≤ ( sup
x∈RN

((V (x))1−λ2(K(x))λ2)
1
λ2 (

∫
RN

V (x)|u|pdx)
1
λ1 (

∫
RN
|u|p

∗
dx)

1
λ2

≤ (S−1)
q
λ1 ( sup

x∈RN
((V (x))1−λ2(K(x))λ2)

1
λ2 ‖u‖qX = C1‖u‖qX ,

(2.11)

Ù¥λ1 = p∗−p
p∗−q , λ2 = p∗−p

q−p , µ1 = p(p∗−q)
p∗−p S 31.3 ¥�Ñ. @o(2.11) ¿�Xi\X ↪→ Lq(RN ,K)

´ëY�. �e5�y²aqu2.1, u´i\X ↪→ Lq(RN ,K) ´;�§u´·��¤
Ún2.2�

y². �

3. ½n1.1�y²

Äk�Ñ(PS)c ^�Ú(PS)∗c^��½Â,T^�3½ny²¥åX���^.

½Â3.1. �J ∈ C1(X,R1) and c ∈ R1. ¡�¼J ÷v(PS)c^�XJ�S�{un} ⊂ X ÷v

J(un)→ c, J ′(un)→ 0 in X∗ as n→∞. (3.1)

Ù3X�¹��Âñ�fS�. ?�Ú/,XJéu¤k�c ∈ R1, J þ÷v(PS)c^�,·�`J ÷

vPalais-Smale ^�,£{¡(PS) ^�¤.

½Â3.2. �J ∈ C1(X,R1) ±9c ∈ R1. �¼J ÷v(PS)∗c ^�(�Au(Yn))�c=�{unj} ⊂ Ynj

¦�

J(un)→ c, J |′Ynj (unj )→ 0 in X∗ as nj →∞. (3.2)

3X�¹�Âñf�.
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�e5·�k±eÚn.

Ún3.1. �¼J(u) 3X¥÷v(PS)c^�.

y²: -{un} ´�¼J(u) 3Xþ���(PS)c S�,@o

J(un)→ c, J ′(un)→ 0 in X∗ as n→∞. (3.3)

·�Äky{un} 3Xþk.. ¯¢þ,duq > p(τ + 1), @o�n¿©��k

c+1+‖un‖X ≥ J(un)−µ
q
J ′(un)un

= a(
1

p
− 1

q
)‖u‖pX + c(

1

p(τ + 1)
− 1

q
)‖u‖p(τ+1)

X − λ(
1

m
− 1

q
)‖u‖mm,H

≥ a(
1

p
− 1

r
)‖u‖pX − λ(

1

m
− 1

q
)b1‖un‖mX ,

(3.4)

Ù¥b1 ´��~ê. dup > 1, @o{un} 3Xþk..duX ´g��©�Banach �m, @odÚ

n2.1ÚÚn2.2 ��3S�{un}�fS�(E½Â{un})Úu ¦�

un ⇀ u, in X; un → u, in Lm(RN , H) ∩ Lq(RN ,K); un → u a.e in RN . (3.5)

/Ïu(1.15),�±wÑ

(J ′(un)− J ′(u))(un − u) = An +Bn − Cn −Dn, (3.6)

Ù¥

An = (a+ c‖u‖pτX )

∫
RN

(|∇un|p−2∇un − |∇u|p−2)∇(un − u)dx

+V (x)(|un|p−2un − |u|p−2u)(un − u)dx; (3.7)

Bn = c(‖un‖pτX − ‖u‖
pτ
X )

∫
RN
|∇u|p−2∇u∇(un − u) + V (x)|u|p−2u(un − u)dx; (3.8)

Cn = λ

∫
RN

H(x)(|un|m−2un − |u|m−2u)(un − u)dx; (3.9)

Dn = µ

∫
RN

K(x)(|un|q−2un − |u|q−2u)(un − u)dx. (3.10)

w,(J ′(un) − J ′(u))(un − u) → 0 , n → ∞.,��¡§dHölder Ø�ªÚun → u uLm(RN , H),

·�k

|Cn| = |λ|
∫
RN

H(x)(|un|m−2un − |u|m−2u)(un − u)dx

≤ |λ|
∫
RN

H(|un|m−1 + |u|m−1)|un − u|dx

≤ |λ|(‖un‖m−1m,H + ‖u‖m−1m,H )‖un − u‖m,H → 0 as n→∞.

(3.11)
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aq�·�k|Dn| → 0 , n→∞. y3�Äg : X → R ½Â�

g(ω) =

∫
RN
|∇u|p−2∇u∇ω + V (x)|u|p−2uωdx. (3.12)

du|g(ω)| ≤ 2‖u‖p−1X ‖ω‖X , í�g3XþëY. |^un ⇀ u ÚS�{un} 3Xþ�k.5, (

Ü(3.6)�

|Bn| ≤ (‖un‖pτX + ‖u‖pτX )|g(un − u)| → 0, as n→∞, (3.13)

�âþã��O·�kAn → 0 as n→∞.u´|^RN þ�IOØ�ª§Xe�Ñ

〈|x|p−2x− |y|p−2y, x− y〉 ≥ Cp|x− y|p, p ≥ 2,

〈|x|p−2x− |y|p−2y, x− y〉 ≥ Cp|x− y|p

(|x|+ |y|)2−p
, 2 > p > 1,

(3.14)

Ù¥〈·, ·〉 ´RN»�SÈ. ·�k‖un − u‖X → 0 as n→∞§y.. �

�
½n�1.1�y², ·��I�Xe�½n.

Ún3.2. ½Â

βk = sup
u∈Zk,u 6=0

‖u‖q,K
‖u‖X = sup

u∈Zk,‖u‖X=1

‖u‖q,K (3.15)

σk = sup
u∈Zk,u 6=0

‖u‖m,H
‖u‖X = sup

u∈Zk,‖u‖X=1

‖u‖m,H (3.16)

@o

‖u‖q,K ≤ βk‖u‖X , ‖u‖m,H ≤ σk‖u‖X , ∀u ∈ Zk, (3.17)

±9βk → 0, σk → 0 as k →∞.

y²: w,0 < βk+1 < βk , u´βk+1 → β ≥ 0, k → ∞. �X, ·�òw�β = 0. dβk�½

Â, �3uk ∈ Zk �‖uk‖X = 1 ¦�é¤k�k ≥ 1,−1
k
≤ βk − ‖uk‖q,K ≤ 1

k
. u´�3{uk}�fS

�(E½Â�uk) ¦�u ⇀ u ±9é¤k�j ≥ 1,k〈u, e∗j 〉 = lim
k→∞
〈uk, e∗j 〉 = 0 Ù¥e∗j ∈ Z∗. ù¿�

Xu = 0 ±9uk ⇀ 0 .Ï�i\X ↪→ Lq(RN ,K) ´;�, @ouk → 0 in Lq(RN ,K) Úβ = 0. aq

�, ·�kσk → 0 as n→∞. �

�X ´g��©�Banach�m.u´�3ej ∈ X and e∗j ∈ X(j = 1, 2, ...) ¦�

(i) 〈ei, e∗j 〉 = δij , where δij = 1 for i = j and δij = 0 for i 6= j,

(ii) X = span{e1, e2, ..., }, X∗ = span{e∗1, e∗2, ..., }.
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��Bå�§·�P

Xj = span{ej}, Yk =
k⊕
j=1

Xj , Zk =

∞⊕
j=k

Xj , j, k=1, 2, · · · . (3.18)

�
y²¯K1.1Ã¡õ)��35, ·�òÚ^��ÚnÚéó��Ún [11].

Ún3.3. (��Ún [11]) �J ∈ C1(X,R1)´�ó�¼.XJéu¤k�k ∈ N, �3ρk > γk > 0¦

�

(B1) ak= inf
u∈Zk,‖u‖X=γk

J(u)→∞ as k →∞,

(B2) bk= sup
u∈Yk,‖u‖X=ρk

J(u) ≤ 0,

(B3) éuz��c > 0,�¼J ÷v(PS)c^�.

@o�¼J äkk���.:ªuÃ¡���)S�.

Ún3.4. (éó��Ún [11]) �J ∈ C1(X,R1)´�ó�¼.XJ∃k0 > 0, éu¤k�k ≥ k0, �

3ρk > γk > 0 ¦�

(C1) ak=infu∈Zk,‖u‖X=ρk J(u) ≥ 0,

(C2) bk=supu∈Yk,‖u‖X=γk
J(u) < 0,

(C3) ak=infu∈Zk,‖u‖X≥ρk J(u)→ 0, as k →∞,

(C4) éu¤k�c ∈ [dk0 , 0),J÷v(PS)∗c ^�.

@o�¼J äkk���.:ªu"��)S�.

y3·��Ñ1.1�y².

½n1.1�y²éu(Ø(i),·�I�yÚn3.3�^�(B1)− (B3) . ^�(B3)�±lÚn3.1�

��y.�Yk ÚZk X(3.18) ¥�½Â§±9u ∈ Yk, u´·�k

J(u) =
a

p
‖u‖pX +

c

p(τ + 1)
‖u‖p(τ+1)

X − λ

m
‖u‖mm,H −

µ

q
‖u‖qq,K . (3.19)

duk���mYk�þ��ê�d, ¤±b�1 < m < p < p(τ + 1) < q < p∗ ¿�Xéu¿©�

�ρk > 0 Ú‖u‖X = ρk,^�(B2) ÷v

·�y3�y(B1),�â(3.15) Ú(3.17) �

J(u) ≥ c

p(τ + 1)
‖u‖p(τ+1)

X − µ

q
βqk‖u‖

q
X − S

−mp
1

|λ|
m
‖u‖mX . (3.20)
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Ù¥S1 ´��~�§�½Â�

S1 = inf
u∈X\{0}

∫
RN (|∇u|p + V (x)|u|p)dx

(
∫
RN H(x)|u|mdx)

p
m

(3.21)

�e5·�-‖u‖X = t ¦�

c

4p(τ + 1)
tp(τ+1) ≥ |λ|

m
S
−mp
1 tm,

c

4p(τ + 1)
tp(τ+1) ≥ 1

q
βqkt

q. (3.22)

�

t ≥
(4|λ|p(τ + 1)

mc
S

−m
p

1

) 1
p(τ+1)−m , (3.23)

±9

t ≤
(4p(τ + 1)

qc

) 1
p(τ+1)−q β

q
p(τ+1)−q
k ≡ γk →∞, as k →∞. (3.24)

�γk =
(
4p(τ+1)

qc

) 1
p(τ+1)

−q
β

q
p(τ+1)−q
k ,·���XJu ∈ Zk Ú‖u‖X = γk, u´d(3.24) �

J(u) ≥ c

2p(τ + 1)

(4p(τ + 1)

qc

) p(τ+1)
p(τ+1)−q β

qp(τ+1)
p(τ+1)−q
k →∞, as k →∞. (3.25)

ùÒ�y
(B1). u´dÚn3.3, ·��éu¤k�λ ∈ R¯K(1.1) �3Ã¡õ�)uk ∈ X ¦
�J(uk)→∞, k →∞.

�e5, ·��Ñ½n1.11��(Ø�y², dÚn3.4, ¤±·�I��y(C1)− (C4).·�b

½λ > 0, u´d(3.16) Ú(3.17) �

J(u) ≥ a

p
‖u‖pX −

λ

m
σmk ‖u‖mX −

|µ|
q
S
− qp
2 ‖u‖

q
X . (3.26)

Ù¥S2 ´��~ê§½Â�

S2 = inf
u∈X\{0}

∫
RN |∇u|

p + V (x)|u|pdx
(
∫
RN K(x)|u|qdx)

p
q

(3.27)

Ï�q > p,�À�·���R > 0 ¦�

a

2p
‖u‖pX −

|µ|
q
S
− qp
2 ‖u‖

q
X ≥ 0. (3.28)

¤±éu?¿�u ∈ X ±9‖u‖X ≤ R, ·�k

J(u) ≥ a

2p
‖u‖pX −

λ

m
σmk ‖u‖mX , for any u ∈ Zk, ‖u‖X ≤ R. (3.29)
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Ï�σk → 0, k → ∞ ,¤±�ρk = ( 2λσmk
a

)
1

p−m .dÚn3.2 �ρk → 0, k → ∞. u´�3k0 ¦�

�k ≥ k0 �kρ ≤ R . u´éuk ≥ k0 Ú‖u‖X = ρk, ·�kJ(u) ≥ 0, ùÒ�y
Ún3.4¥�^

�(C1) .

du3k���mYkþ�¤k�ê�d,@o�âm < p < p(τ + 1) < q§éuz��¿©�

�γk > 0,^�(C2) ÷v. d(3.29)±9σk → 0, k →∞�,�3k ≥ k0 ∈ N ,¦�éuk ≥ k0, u ∈ Zk,
‖u‖X ≤ ρkk,J(u) ≥ λ

m
σmk ‖u‖mX , u´(C3) ½÷v.

��, ·�y²(PS)∗c ^�. �Ä�S�{unj} ⊂ X ¦�nj → ∞, unj ∈ Ynj , J(unj ) → c,

J |′Ynj (unj ) → 0 ∈ X∗ . Úc��(Øy²��, ·�U
y�{unj} 3Xþk., Ø���5§·

��b½unj ⇀ u ∈ X , aquÚn3.1�y²g´, �unj → u ∈ X ÚJ ′(u) = 0. u´d(3.4)�¯

K(1.1) �3Ã¡õ�)vk ∈ X ¦�J(vk)→ 0 , k →∞.y..
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