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Abstract

In this paper, we investigate the effects of fear effect and nonlinear predator harvest

in predator-prey interaction models with Holling-II type functional response. Fear

of the predator population increases the survival rate of the prey population and

also greatly reduces the birth rate. The capture of the predator population can not

only obtain economic benefits, but also regulate the quantitative relationship between

predator and prey. In this paper, all viable equilibrium points are studied and the

model parameters of stability of stability of viable equilibrium points are analyzed.

In analysis, we have established that the conversion rate of predator population is

the branch parameter and the model system undergoes transcritical branch, saddle-

node branch and Hopf branch. Considering the diffusion effect of predator and prey

population in space and time, we study the local stability of the positive equilibrium

point, the positive equilibrium point and the Turing of the branch periodic solution

instability, the direction of the Hopf branch and stability of the periodic solution of

the branch.
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1. Úó

g²;� Lotka-volterra�.JÑ±5,$^êÆ�{é)�XÚ�ÄåÆ1��ïÄ®²k


é��{¤.�XïÄ��\uÐ,ïÄ<
JÑ�Ün,�¢^�Ó ö- ��..Éõ«Ï��

K�,Ó ö� ��p�^�ULyÑ�E,�ÄåÆ1�,=¦3)ÔÆ¿Âþé�.?1[�

�N�,Ó ö- ��p�^�ÄåÆ1��¬u)���Cz.

C.S.Holling3éÓ ö- �ÄåÆïÄ¥ÄgÚ\“õU�A”,Ø=^u£ã �«+�ÝC

z�Ó ö�Ñ ��Ý�Cz [1–3], ��Ä
 ��«+�Ý,Ó ö�Ó¼Uå,�à?n�Ç

±9�z�m�'�Ï�.

b�3vkÓ ö�3��¹e, �«+êþUÜ6O�,d� ��Ü6O�knÜ©: 

�«+�Ñ)Ç,k�Ç±9du �«+�«S¿����êþ~�,Ïd �«+�^eªL

« [4]:
dx

dt
= rx− dx− ax2 (1.1)

x(t) ´ t �� ��«+�Ý, r ´ �«+�S�O�Ç, d �L �«+�k�Ç, a �

L ��«S¿����êþ~�.é(1.1)ª�Ääk Holling-II .õU�A�Ó ö- ��

. [5–9],�(1.2)ªXe:
dx

dt
= rx− dx− ax2 − pxy

1 + qx
(1.2)

dy

dt
=

cpxy

1 + qx
−my (1.3)

y(t)´ t��Ó ö�«+�Ý, p, q �L��Ó ÇÚ?n�m, c�Ld ��Ó ö�=z

Ç.duÓ ö«+��3¬é �«+êþ�O��)KK�,·�òù«KK�¡��êÏf,P

� ψ(k, y) = 1
1+ky

.ò�êÏf¦± ��Ñ)���#� �O�Ç,Ù¥ k ´ �éÓ ö��

êY² [10–12], ψ(k, y)÷v:

1. ψ(0, y) = 1; XJ �vk�Ó 1�, @o ��Ñ)ÇÒØ¬ü$.

2. ψ(k, 0) = 1; XJ ��êþ�", @o ��Ñ)Ç�Ø¬ü$.

3. lim
k→∞

ψ(k, y) = 0; XJ ���Ó 1��~�, @o ��Ñ)Ç�ªC� 0.

4. lim
y→∞

ψ(k, y) = 0; XJÓ ö«+êþ�~�, @odu�Ó 1�,  ��Ñ)Ç�ªC

� 0.

5.
∂ψ(k, y)

∂k
< 0; �X�Ó 1��O\,  �«+�O�Çeü.
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6.
∂ψ(k, y)

∂y
< 0;  �«+�O�Ç�Ó ö«+�Ý�O\~�.

3Ó ö- ��.¥,)Ô]�±�Â¼ÚÑÈ,±¢y²L�Ã.Äud�©3Ó ö�

Ú\Â¼�,¦�.l)�Ú²L��Ý�\ÎÜ¢S.Ì�kn«ØÓ�Â¼¼ê.1�«´ð½

Â¼,=ü �mSÂ¼ð½êþ�Ó ö�N.1�«´�5Â¼,ü �mSÂ¼��Nêþ�

���3��Nêþ¤�'.���«´��5Â¼�¡� Michaelis-Menten.Â¼ [13, 14],P�

H(y) = nEy
r1E+r2y

,Ù¥ E ´<�Ï��K�, r1Ú r2´·��~ê.


dx

dt
=

rx

1 + ky
− dx− ax2 − pxy

1 + qx
= f1(x, y)

dy

dt
=

cpxy

1 + qx
−my − nEy

r1E + r2y
= f2(x, y)

(1.4)

é�.(1.4)�ÃþjC�:

τ = rt, u =
a

r
x, v =

y

p
, d∗ =

d

r
, q∗ =

qr

a
, k∗ = kp, c∗ =

cp

a
m∗ =

m

r
, h =

r1E

r2

, n∗ =
nE

r2r
.

ò τ, d∗, q∗, k∗, c∗, m∗, n∗#P� t, d, q, k, c, m, n. �.(1.4)C�
du

dt
=

u

1 + kv
− du− u2 − uv

1 + qu
= f1(u, v)

dv

dt
=

cuv

1 + qu
−mv − nv

h+ v
= f2(u, v)

(1.5)

3g,.¥,Ó öÚ �3�m�mþÑØ´�½ØC�,§��©ÙÉ�¸, ÔøA,G!

�õ«Ï��K�ØäCz.ÏdòÔ«�*Ñ,DÂÚ\Ó ö- ��.U�ý¢��Ag,�

¸¥��µ,�©ò�Äàg Neumann>.^�e�Ó ö- ��..

∂u

∂t
−D1

∂2u

ds2
=

u

1 + kv
− du− u2 − uv

1 + qu
, s ∈ (0, π), t > 0

∂v

∂t
−D2

∂2v

ds2
=

cuv

1 + qu
−my − nv

h+ v
, s ∈ (0, π), t > 0

us(0, t) = us(π, t), t > 0

vs(0, t) = vs(π, t), t > 0

(1.6)

2. ²ï:��35Ú½5

2.1. ²ï:��35

éuXÚ(1.5):

(i)XÚo�3²�²ï: E0 = (0, 0) ;
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(ii)� 1 > d�,¶�ï: E1 = (1− d, 0)�3;

(iii)SÜ²ï: E∗ = (u∗, v∗),d? v∗ =
n+mh+ (nq +mhq − ch)u

u(c−mq)−m
, u´�§

A1u
4 +A2u

3 +A3u
2 +A4u+A5 = 0

���.

- a∗ = c−mq, b∗ = n+mh, c∗ = nq +mhq − ch. A1 = a2
∗q + a∗c∗kq,

A2 = a2
∗ + a∗c∗k + a∗b∗kq + a2

∗dq + 2a∗c∗kdq − 2a∗mq − c∗kmq − a2
∗q,

A3 = a∗b∗k + a2
∗d+ a∗c∗kd+m2q + a∗mq − 2ma∗ − b∗kmq − a∗dmq − kc∗dmq − kc∗ − ka∗b∗q,

A4 = kb∗ + kb∗c∗ + a∗b∗ + a∗md+ kc∗md+m2 + 2a∗m −m2q,

A5 = kb∗m− 2m2 +mb∗ − kb2∗.

2.2. ²ï:�ÛÜ½5

XÚ(1.5)3 (u, v) ?� JacobianÝ
Xe:

JE =

(
f1u f1v

f2u f2v

)

d? f1u =
1

1 + kv
− d− 2u− v

1 + qu
+

quv

(1 + qu)2
, f1v = − ku

(1 + kv)
2 −

u

1 + qu
.

f2u =
cv

(1 + qu)2
, f2v =

cu

1 + qu
−m− n

h+ v
+

nv

(h+ v)2
.

½n 1²�²ï: E0 = (0, 0) ´��Q:,´Ã^�Ø½�.

y²XÚ(1.5)3²ï: E0 ?� JacobianÝ
�

JE0
=


1− d 0

0 −m− n

 .

Ý
 JE0
�A��� λ1 = 1− d > 0, λ2 = −m− n < 0.Ïd, ²�²ï: E0´Ø½�.

½n 2XJ c < c∗�,¶�²ï:E1 = (1−d, 0)´½�, c > c∗ �,¶�²ï:E1 = (1−d, 0)

´Ø½�,d? c∗ =
m(1 + q − d)

1− d
+

n(1 + q(1− d))

(1− d)(h+ 1− d)
.

y²XÚ(1.5)3²ï: E1?� JacobianÝ
�

JE1
=


−(1− d) −(1− d)(k(1 + q(1− d)) + 1)

1 + q(1− d)

0 (c− c∗) 1− d
1 + q(1− d)

 .
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Ý
 JE1
�A��� λ1 = −(1− d) < 0, λ2 = (c− c∗) 1− d

1 + q(1− d)
,� c < c∗ � λ2 < 0,¤±

¶�²ï: E1 = (1− d, 0)´ìC½�.

½n 3XJ C1 > 0, C2 > 0�,SÜ²ï: E∗ = (u∗, v∗) ´½�;ÄK, E∗ = (u∗, v∗)´Ø

½�.

y²XÚ(1.5)3²ï: E∗(u
∗, v∗) ?� JacobianÝ
�:

JE∗ =


a11 a12

a21 a22

 .

a11 =
1

1 + kv∗
− d− 2u∗ − v∗

1 + qu∗
+

qu∗v∗

(1 + qu∗)2
, a12 = − ku∗

(1 + kv∗)
2 −

u∗

1 + qu∗
, a21 =

cv∗

(1 + qu∗)2
,

a22 =
cu∗

1 + qu∗
−m− n

h+ v∗
+

nv∗

(h+ v∗)2
.

JE∗�A��§´

λ2 + C1λ+ C2 = 0 (2.1)

d? C1 = −(a11 + a22), C2 = a11a22 − a12a21.

� C1 > 0, C2 > 0�,A��§(2.1)��ÑkK�¢ÜÜ©,¤±S²ï: E∗(u
∗, v∗)´ÛÜì

C½�.XJ C2 < 0 ,KA��§(2.1) ��äk���ÎÒ,¤± E∗(u
∗, v∗)´Q:.

3. ©|©Û

3.1. ª�.©|

½n 4� c = c∗�,XÚ(1.5)3¶�²ï: E1(1− d, 0)?u)ª�.©|.

y²� c = c∗,3: E1(1 − d, 0)?� JacobianÝ
�A��� −(1 − d) Ú 0.duü�A�

�,���K,��� 0,ÏdÃ{��½�Ä�(Ø. - J(E1)Ú J(E1)τ éAA���"A�=

zÏf� V = (0, 1)τ Ú G = (0, 1)τ .dª�.©|� Sotomayor½n [15]��:

(i) W τFc(E1) = 0,

(ii) W τ [DFc(E1)G] =
1− d

1 + q(1− d)
6= 0,

(iii) W τ [D2Fc(E1)(G,G)] =
2n

h2
6= 0.

E1(1− d, 0)÷vª�.©|^�,�XÚ(1.5)3 E1(1− d, 0)?u)ª�.©|.

3.2. Q(©|

½n 5 XJ÷v 2a21a
2
22e12 + a12a

2
22e21 + a12a

2
21e23 6= a3

22e11 + a2
21a22e13 + 2a12a21a22e22, K

c = c[SN ]�,XÚ(1.5)3SÜ²ï: E∗(u
∗, v∗)?u)Q(©|.
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y²3 c = c[SN ]�,÷v JE∗ ���A��� 0 ,�â Sotomayor½n,�ÄXe�§ F (U, c) =

[f1(u, c), f2(u, c)]τ ,d? U = (u, v).

DF (U, c)|E∗ = JE∗ =


a11 a12

a21 a22

 .

- G = (G11, G12)τ ,W = (W11,W12)τ .

Ù¥ G11 = −a22, G12 = a21, W11 = −a22, W12 = a12.

(i) W τFc(E∗) = a12
u∗v∗

1 + qu∗
6= 0,

(ii) W τ [D2Fc(E∗)(G,G)] = (−a22, a12)


a2

22e11 − 2a21a22e12 + a2
21e13

a2
22e21 − 2a21a22e22 + a2

21e23

 6= 0.

�� 2a21a
2
22e12 + a12a

2
22e21 + a12a

2
21e23 6= a3

22e11 + a2
21a22e13 + 2a12a21a22e22.

e11 = −2 +
2qv∗

(1 + qu∗)2
− 2q2u∗v∗

(1 + qu∗)3
, e12 = − k

(1 + kv)2
− 1

1 + qu
+

qu

(1 + qu)2
.

e13 =
2k2u∗

(1 + kv∗)3
, e21 =

cqv∗

(1 + qu∗)2
− cqv∗ − cq2u∗v∗

(1 + qu∗)3
, e22 =

c

1 + qu∗
− cqu∗

(1 + qu∗)2
,

e23 =
2n

(h+ v)2
− 2nv∗

(h+ v)3
.

3.3. Hopf©|

?ØSÜ²ï: E∗(u
∗, v∗)?�Hopf©|,¿�òÓ ö�=�Ç��©|ëê^5�yî�

^�.

½n 6 3 c = c[HB] ?,XJ C1 = 0, C2 > 0 ¿� C ′1 | c = c[HB] 6= 0,KXÚ(1.5)¬3:

E∗(u
∗, v∗)?u) Hopf©|.

y²b�A��§(2.1)éuëê c�,��.�3SÜ²ï: E∗(u
∗, v∗)?k�éXJ�,K

C1 = 0, C2 > 0.

A��§(2.1)�z{�.

λ2 + C2 = 0

)þª��,3 c = c[HB] ? λ1,2 = ±
√
C2. ����~��6Ä ε > 0, �3���� (c[HB] −

ε, c[HB] + ε)¦�é?Û c ∈ (c[HB] − ε, c[HB] + ε)A��§����� λ1,2 = ω1(c) + iω2(c),r

λ1(c)�\(2.1)ª,¿©l¢Ü�JÜ.
ω2

1(c)− ω2
2(c) + C1ω1(c) + C2 = 0

2ω1(c)ω2(c) + C1ω2(c) = 0
(3.1)
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é(3.1)ªü>Ó�¦�©
2ω1(c)ω′1(c) + C1(c)ω′1(c)− 2ω2(c)ω′2(c) + C ′1(c)ω1(c) + C ′2 = 0

2ω′1(c)ω2(c) + (2ω1(c) + C1(c))ω′2(c) + C ′1(c)ω2(c) = 0
(3.2)

)�:

ω′1(c) = −2ω2
2(c)C ′1(c) + ω1(c)(2C ′2(c) + 2ω1(c)C1(c) + C1(c)C ′1(c)) + C1(c)C ′2(c)

4ω2
2(c) + (2ω1(c) + C1(c))2

3�.� c = c[HB]? C1(c[HB]) = 0, ω1(c[HB]) = 0, ω2(c[HB]) =
√
C2.

)(3.2)ª�:
dω1(r)

dc
|c=c[HB]= −

1

2
C ′1(c) |c=c[HB] 6= 0.

nþ Hopf ©|�î�5^��±�y.

3.4. Hopf©|�½5

�!æ^¥%6/½n¦) Hopf©|���,ÄkéXÚ(1.5)� u = u′ + u1, v = v′ + v1C�

¿Ðm.

du

dt
= a11u+ a12v + a13u

2 + a14uv + a15v
2 + a16u

3 + a17u
2v + a18uv

2 + a19v
3 + · · · ,

dv

dt
= a21u+ a22v + a23u

2 + a24uv + a25v
2 + a26u

3 + a27u
2v + a28uv

2 + a29v
3 + · · · ,


du

dt

dv

dt

 = JE∗

(
u

v

)
+

(
g1(u, v)

g2(u, v)

)
. (3.3)

Ù¥

g1(u, v) = a13u
2 + a14uv + a15v

2 + a16u
3 + a17u

2v + a18uv
2 + a19v

3 + · · · ,
g2(u, v) = a23u

2 + a24uv + a25v
2 + a26u

3 + a27u
2v + a28uv

2 + a29v
3 + · · · ,

a13 = −1 +
qv

(1 + qu)
2 −

q2uv

(1 + qu)
3 , a14 = − k

(1 + kv2)
− 1

(1 + qu)
+

qu

(1 + qu)2
.

a15 =
k2u

(1 + kv)
3 , a16 = − q2v

(1 + qu)3
+

q3uv

(1 + qu)4
, a17 =

q

(1 + qu)2
− q2u

(1 + qu)3
.

a18 =
k2

(1 + kv)3
, a19 = − k3u

(1 + kv)4
, a23 = − cqv

(1 + qu)2
+

cq2uv

(1 + qu)3
, a24 =

c

(1 + qu)
− cqu

(1 + qu)2
,

a25 =
n

(h+ v)2
− nv

(h+ v)3
. a26 =

cq2v

(1 + qu)3
− q3uv

(1 + qu)4
. a27 = − cq

(1 + qu)2
+

cq2u

(1 + qu)3
,

a28 = 0, a29 =
n

(h+ v)3
+

nv

(h+ v)4
.

DOI: 10.12677/aam.2024.137287 3022 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.137287


oá

XÚ(3.3)Ø�Ä4�9±þÜ©����:

U̇ = JE∗U + Λ(U) (3.4)

d? JE∗ =

(
a11 a12

a21 a22

)
, Λ(U) =

(
g1(u, v)

g2(u, v)

)
.

3 c = c[HB]?� jocabianÝ
äkXJ�,ÙA�� iω2éA�A��þ� x̄ = (a12, iω2 − a11)
τ
.

P = (Re(X̄) + Im(X̄)) =

(
a11 0

−a11 −ω2

)
.

ÏLC� U = PX,U = (u, v)τ , X = (x, y)τ ,XÚ(3.4)C�:

Ẋ = (P−1J(E∗)P )X + P−1Λ(PX)

òdª��: (
ẋ

ẏ

)
=

 0 −ω2

a11a22 − a21a12

ω2

a11 + a22

( x

y

)
+

(
g1(x, y)

g2(x, y)

)
. (3.5)

g1(x, y) =
1

a12

G1(x, y), g2(x, y) = − 1

ω2a12

(a11G1(x, y) + a12G2(x, y)).

G1(x, y) = (a12a13 − a11a12a14 + a2
11a15)x2 + (2a11a15ω2 − a12a14ω2)xy + a15ω

2
2y

2

+ (a3
12a16 − a11a

2
12a17 + a2

11a12a18 − a3
11a19)x3 + (2a11a12a18ω2 − a2

12a17ω2

− 3a2
11ω2 − 3a2

11a19ω2)x2y + (a12a18ω
2 − 3a11a19ω

2
2)xy2 − a19ω

3
2y

3.

G2(x, y) = (a11a23 − a11a12a24 + a2
11a25)x2 + (2a11a25ω2 − a12a24ω2)xy + a25ω

2
2y

2

+ (a3
12a26 − a11a

2
12a27 − a3

11a29)x3 − (a2
12a27ω2 + 3a2

11ω2 + 3a2
11a19ω2)x2y

− 3a11a29ω
2
2xy

2 − a29ω
3
2y

3.

O�1� LyapunovXê,¿�âXê�ÎÒ5�ä±Ù;��½5�Ø½5.1� Lyapunov

Xê�¦)Xe:

Θ =
1

16
{g1xxx + g1xyy + g2xxy + g2yyy}

+
1

16ω2

{g1xy(g1xx + g1yy)− g2xy(g2xx + g2yy)− g1xxg2xx + g1yyg2yy}.

XJ Θ < 0 KXÚ(1.5)äk½�4�±Ï�¿� Hopf©|´��.�;XJ Θ > 0 KX

Ú(1.5)Øäk½�4�±Ï�¿� Hopf©|´æ�.�. � Θ = 0XÚ(1.5)3SÜ²ï:�3

2Â Hopf©|.
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4. �A*ÑXÚ

�!?Ø�� (0, π)� Neumann>.^�e� PDE �.:

∂u

dt
−D1

∂2u

∂s2
=

1

1 + kv
− du− u2 − uv

1 + qu
, s ∈ (0, π), t > 0

∂v

dt
−D2

∂2v

∂s2
=

cuv

1 + qu
−mv − nv

h+ v
, s ∈ (0, π), t > 0

∂u

∂s
=
∂v

∂s
= 0, s ∈ ∂(0, π), t > 0

xs(0, t) = xs(π, t), ys(0, t) = ys(π, t), t > 0

(4.1)

4.1. �²ï:� TuringØ½5

- 0 = µ1 < µ2 < µ3 < · · · < µn →∞´ý��f −∆ 3 Ω þ�Auàg Neumann>.^�

�¤kA��. Γ(µn) ´�A µn 3H1(Ω) ¥�A��m. � Υ´ (C1(Ω̄))2 3 (H1(Ω))2 ¥�4�,

{φns : s = 1, 2, · · ·,dim Γ(µn)} ´ Γ(µn) �IO��Ä. ¿½Â Υns = {cφns : c ∈ R2}, K:

Υ =

+∞⊕
n=1

Υn, Υn =

dim Γ(µn)⊕
s=1

Υns.

½n 7b�½n3¤á, � d1 ≤ −
a11

a22

d2 K�.(4.1)��²ï: E∗(u
∗, v∗)´ÛÜ��ìC

½�.

y²- D∗ = diag(d1, d2), E = (u, v)τ , L = D∗∆ + JE∗ , K(4.1)3²ï: E∗ ?��5zXÚ

�

Et = LE. (4.2)

éuz�� n ≥ 1, �f L�A��´Ý
 −µnD∗ + JE∗ �A��, −µnD∗ + JE∗ �A��§�:

gn(λ) , |λI + µnD∗ − JE(Ē)| = λ2 +Mnλ+Nn,

Ù¥

Mn = (d1 + d2)µn + C1, Nn = d1d2µ
2
n − (a11d2 + a22d1)µn + C2.

½n3¤á¿�X a11 < 0, �� d1 ≤ −
a11

a22

d2 �, Mn > 0, Nn > 0. Ïd, gn(λ) = 0 �ü��

λn,1 Ú λn,2 þkK¢Ü.

e¡y²�3�~ê δ̄ ¦�

Re{λn,1}, Re{λn,2} ≤ −δ̄, ∀n ≥ 1. (4.3)
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- λ = µn%, K

gn(λ) = µ2
n%

2 +Mnµn%+Nn , ḡn(%).

du n→∞ � µn →∞, ¤±

lim
n→∞

ḡn(%)

µ2
n

= %2 + (d1 + d2)%+ d1d2 , ḡ(%).

5¿��§ ḡn(%) = 0 �ü��þkK¢Ü: −d1, −d2. dëY5, �3 n0 ¦�é¤k�

n ≥ n0, �§ ḡn(%) = 0 �ü� %n,1, %n,2 ÷v:

Re{%n,1}, Re{%n,2} ≤ −
d̂

2
, d̂ = min{d1, d2}.

�k Re{λn,1}, Re{λn,2} ≤ − d̂
2
, ∀n ≥ n0.

�

max
1≤n≤n0

{Re{λn,1},Re{λn,2}} = −$,

K $ > 0. l(4.3)é δ = min{$, d̂
2
}¤á. � E∗(u

∗, v∗)ÛÜ��ìC½.

�f φ → φ′′ 3 (π, t) >.þ÷v φ′(0) = φ′(π) = 0, ��fkA�� µ0 = 0, µk =

k2, k = 1, 2, 3, ...,ÙIOzA��§� φ0(s) =

√
1

π
, φk(s) =

√
2

π
cos (ks). XÚ(4.1)3SÜ²

ï: E∗(u
∗, v∗)?ke�/ª:(

u̇

v̇

)
= L

(
u

v

)
= D

(
∆u

∆v

)
+ JE∗

(
u

v

)
, (4.4)

JE∗ ´3SÜ²ï: E∗(u
∗, v∗)?� JacobianÝ


D =

(
D1 0

0 D2

)

L ´��'uDL = XC = X
⊕
iX = {x1 + ix2, x1, x2 ∈ X} ��5�f, d?X := {(x, y) ∈

H2[(0, π)]×H2[(0, π)] : x′(0) = x′(π) = y′(0) = x′(π)}. ´��¢� Sobolev�m.

�Ä�f L�A��§

L

(
φ

ψ

)
= µ

(
φ

ψ

)

- (φ(s), ψ(s))τ ´��f LéA�A��,K µ�A��§�(
φ

ψ

)
=

+∞∑
n=1

(
ak

bk

)
cos(ks)

d? ak, bk ´Xê.
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P

Jk = JE∗ − k2D =

(
a11 − k2D1 −a12

−a21 a22 − k2D2

)
.

�f L�A�Ý
d Jk �A���Ñ, Jk �A��§�

Zk(λ) = λ2 − Tkλ+Dk = 0. (4.5)

d?

Tk = a11 + a22 − k2(D1 +D2), Dk = (a11 − k2D1)(a22 − k2D2)− a12a21.

d½n3�,� C1 > 0, C2 > 0�,SÜ²ï: E∗(u
∗, v∗)ìC½.

ÏL©Û(4.5)ª��©Ù��. E∗(u
∗, v∗) ´XÚ(1.5)�ÛÜìC½²ï:,XJ Tk <

0, Dk > 0� E∗(u
∗, v∗)´XÚ(4.1)�ÛÜìC½).

d Tk < 0, Dk > 0�:

H1 : D2 ≤ −
a22

a11

D1

H2 : D2 ≥ a22

y² Äk, Tk := a11 + a22 − k2(D1 +D2) = −C1 − k2(D1 +D2) ≤ 0, ´w,�.

�e5 Dk = (a11 − k2D1)(a22 − k2D2) − a12a21 = D1D2k
4 − k2(a22D1 + a11D2) + C2 ≥ 0, K

a22D1 + a11D2 ≤ 0 �� D1 ≥ −
a11

a22

D2. Ó�, Tk = (a11 − k2D1)(a22 − k2D2)− a12a21 ≥ 0��÷

v a22 − k2D2 ≤ 0,�Ò´ a22 ≤ k2D2?�Ú� a22 ≤ D2.

½n 8XJ C1 > 0 , C2 > 0. K�3��Ø½«�.

U = {(D1, D2) : a22 ≥ D2 ≥ −
a22

a11

D1; D1, D2 > 0}

é?¿(D1, D2) ∈ U,Ñk E∗(u
∗, v∗)´ TuringØ½�.

4.2. �mÙg±Ï)�½5

3 c = c[HB]NC?Ø�mÙg±Ï)�½5,~�XÚ(1.5)� �XÚ(4.1)3Ó�:�½

5k�U�Ó��UØÓ.XJ φ(t)3~�XÚ¥´Ø½),K3 �XÚ¥�´Ø½�. φ(t)

3~�XÚ¥½,K3 �XÚ¥�Ø�½½.

L∗´ L��Ý�f

L∗(s)

(
u

v

)
= D

(
∆u

∆v

)
+ J∗(E∗)

(
u

v

)
. (4.6)

d? J∗E∗
= JτE∗

, DL∗ = XC .
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-

θ =

(
a0

b0

)
=

 1
iω2 − a11

a12

 , θ∗ =

(
a∗0

b∗0

)
=

1

2πω2

(
ω2 − a22i

a12i

)
.

w,,é?¿� γ ∈ DL∗ , β ∈ DL k〈L∗γ, β〉 = 〈β, Lγ〉.Ù¥〈γ, β〉 =
∫ π

0
γ̄τβ dr¿P� L2[(0, π)] ×

L2[(0, π)]�SÈ. Lθ = iω2θ, L
∗θ∗ = −iω2θ

∗, 〈θ∗, θ〉 = 1, 〈θ∗, θ̄〉 = 0.

òX = XC ⊕ XS ©). XC := {zθ + z̄θ̄ : z ∈ C}, XS := {w ∈ X : 〈 θ∗, w〉 = 0}, é?¿�
(u, v) ∈ X, �3z ∈ C, w = (w1, w2) ∈ XS ¦�:

(u, v)τ = zθ + z̄θ̄ + (w1, w2)τ , z = 〈θ∗, (x, y)τ 〉. u = z + z̄ + w1

v = z(
iω2 − a11

a12

) + z̄(
−iω2 + a22

a12

) + w2

(4.7)

3 〈z, w〉�IX¥ 
dz

dt
= iω2z + 〈θ∗, g̃〉

dw

dt
= Lw +H(z, z̄, w)

(4.8)

Ù¥ g̃ = (g1, g2)τ , H(z, z̄, w) = g̃ − 〈θ∗, g̃〉θ − 〈θ̄∗, g̃〉θ̄. �â±þ½ÂØJ�Ñ:

〈θ∗, g̃〉 =
1

2ω2

[ ω2g1 + (a22g1 − a12g2)i ]

〈θ̄∗, g̃〉 =
1

2ω2

[ ω2g1 − (a22g1 − a12g2)i ]

〈θ∗, g̃〉θ =
1

2ω2

 ω2g1 + (a22g1 − a12g2)i

[ ω2g1 + (a22g1 − a12g2)i ]
iω2 − a11

a12

)



〈θ̄∗, g̃〉θ̄ =
1

2ω2

 ω2g1 − (a22g1 − a12g2)i

[ ω2g1 − (a22g1 − a12g2)i ]
−iω2 − a11

a12


nþ�� H(z, z̄, w) = g̃ − 〈θ∗, g̃〉θ − 〈θ̄∗, g̃〉θ̄ = (0, 0)τ

P

w =
w20

2
z2 + w11zz̄ +

w20

2
z̄2 + o(|z|3).

�â¥%éò�� (2iω2 −L)w20 = 0, −Lw11 = 0,±9 w02 = w̄20. ù�`² w20 = w02 = w11 = 0.

dz

dt
= iω2z +

1

2
g20z

2 + g11zz̄ +
1

2
g02z̄

2 +
1

2
g21z

2z̄ + o(|z|4). (4.9)

g20 = 〈θ∗, (c0, d0)τ 〉, g11 = 〈θ∗, (e0, f0)τ 〉, g21 = 〈θ∗, (g0, h0)τ 〉.
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c0 = f1uua
2
0 + 2f1uva0b0 + f1vvb

2
0 = 2a13 + 2a14b0 + 2a15b

2
0.

d0 = f2uua
2
0 + 2f2uva0b0 + f2vvb

2
0 = 2a23 + 2a24b0 + 2a25b

2
0.

e0 = f1uu|a0|2 + f1uv(a0b̄0 + ā0b0) + f1vv|b0|2 = 2a13 + a14(b0 + b̄0) + 2a15|b0|2.

f0 = f2uu|a0|2 + f2uv(a0b̄0 + ā0b0) + f2vv|b0|2 = 2a23 + a24(b0 + b̄0) + 2a25|b0|2.

g0 = f1uuu|a0|2a0 + f1uuv(2|a0|2b0 + a2
0b̄0) + f1uvv(2a0|b0|2 + ā0b

2
0) + f1vvv|b0|2b0.

= 6a16 + 2a17(2b0 + b̄0) + 2a18(2|b0|2 + b20) + 6a19|b0|2b0.

h0 = f2uuu|a0|2a0 + f2uuv(2|a0|2b0 + a2
0b̄0) + f2uvv(2a0|b0|2 + ā0b

2
0) + f2vvv|b0|2b0.

= 6a26 + 2a27(2b0 + b̄0) + 6a29|b0|2b0.

dd�±�Ñ:

g20 = {a13 −
2a11(a15a22 − a12a25)

a2
12

}

+
i

ω2

{a13a22 − a12a23 +
a14(ω2

2 − a11a22)

a12

+
(a2

11 − ω2
2)(a15a22 − a12a25)− 2a11a15ω

2
2

a2
12

}.

g11 = {a13 −
a11a14

a12

+
(a2

11 + ω2
2)a15

a2
12

}

+
i

ω2

{a13a22 − a12a23 + a11a24 +
a11a14a22

a12

+
(a2

11 + ω2
2)(a15a22 − a12a25)

a2
12

}

g21 = {3a16 + a27 −
a17(3a11 + a22)

a12

+
a18(3a2

11 + ω2
2 + 2a11a22)

a2
12

.

− 3(a2
11 + ω2

2)a19(a11 + a22)− a12a29

a3
12

}

+
i

ω2

{3(a16a22 − a12a26 + a11a27) +
a17(ω2

2 − 3a11a22)

a12

+
a18(a22(3a2

11 + ω2
2)− 2a11ω

2
2)

a2
12

+
(a2

11 + ω2
2)(3a19ω

2
2 − a11(a19a22 − a12a29)

a3
12

}.

�âHassard et al. [16] (1981)

Re(c1 ) = Re{ i

2ω2

(g20g11 − 2 |g11 |2 −
1

3
|g02 |2 ) +

1

2
g21}

= − 1

2ω2

{Reg20 Img11 + Img20Reg11}+
1

2
Reg21 .

b�½n 3¤á, KXÚ(4.1)3 C1 = 0�u) Hopf©|.

(i) XJ Re(c1) < 0, @o Hopf©|�©|±Ï)´;�ìC½��©|��´æ�.�.

(ii) XJ Re(c1) > 0, @o Hopf©|�©|±Ï)´Ø½��©|��´��.�.

5. (Ø

3�©�ïÄ¥�éÓ öÓ¼Ç½�êÏf�����, �«+�Ñ)Çé$�,ü�«+
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Ñò«ý;�éÓ öÓ¼Ç½�êÏf�����,XÚLyÑØÓa.�E,ÄåÆ:�Ñ)Ç�

p�,XÚLyÑV½5,��´ÃÓ ö²ï:,,��´��²ï:.

À�d ��Ó ö�=zÇ c�ëê, � c O\��.� c[HB] �, XÚ(1.5) 3�²ï: E∗

NC�)Hopf©|. d1n!�(ØL²: À�·�Ð©^�Úëê��, XÚ(1.5)¬�)4��.

?�Ú§�ÄÓ ö� �3�m�*Ñ�A,3�A*ÑXÚ¥SÜ²ï: E∗�ÛÜ��ì

C½5� TuringØ½5���y.d¥%éònØ,À�·��ëê�,��äk�m±Ï�ª

��A*ÑXÚ� Hopf©|��35,��5±9©|±Ï)�½5.XÚ(4.1)¬�)4��=

�.kÓ ö� �êþ�±Ï5���), üö�êþ¥y±Ï5����.
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