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Abstract

Suppose that G is a finite group and H is a subgroup of G. We say that H is s-

semipermutable in G if HGp = GpH for any Sylow p-subgroup Gp of G with (p, |H|) = 1.

We investigate the influence of s-semipermutable subgroups on the structure of finite

groups. Some recent results are generalized.
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1. Úó

©¥¤k�+Ñ�k�+, ¤�9�ÎÒÚâ�Ñ´IO�, �ë� [1]. �G �k�+. ·�

P|G|�+G��, π(G)��Ø|G|�¤k�Ïf¤¤�8Ü. �p ∈ π(G), ·�PGp �+G�Sylow

p- f+.

b�P���p-+, Ù¥p��ê. PM(P )�P�¤k4�f+�¤�8Ü. �dp�p-+P��

�)¤��ê, =pdp = |P/Φ(P )|. 3© [2]¥, �öÚ\
��#8ÜMdp
(P ), Ù�M(P )�f8

�÷v
dp⋂
i=1

Pi = Φ(P ).

N´wÑ, |M(P )| � |Mdp
(P )|. 'X, b�P���p7 �Ð���p-+, K|Mdp

(P )| = 1,

�|M(P )| = 137257.

�H,K�+G�ü�f+. eHK = KH, K¡H�K���. ¡+G�f+H 3G ¥s-��,

XJH�+G �¤kSylow f+���, �ë�© [3]. © [4]?�ÚÚ\
���f+Ús-���f

+�Vg: �H�G �f+. eH �+G �¤k÷v(|H|, |K|) = 1�f+K���, K¡H �G�

���f+; eH�+G�¤k÷v(|H|, |P |) = 1�Sylow f+P���, K¡H �G �s-���f
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+. s-���f+Vg�áÚ
éõÆö�'5, ×�3k�+Ø¥/¤
��ïÄ9:, �ë�©

z [4–9]. d	, 3© [10]¥, �öé�'�K�
XÚ�ã.

�p ∈ π(G), P�G�Sylow p-f+. ^�½^��M(P )¥����x�+�(�3+Ø�ï

Ä¥´��k���K. 'X, Srinivasan © [11] ��: e+G �¤kSylow f+�?¿4�f+Ñ

3G¥�5(½��!½s-��), KG ���)+. 3© [7]¥, �öí2
Srinivasan �(Ø: �G�

+. é+G�?¿Sylow f+P , eMdp
(P )¥z���Ñ3G¥s-���, KG���)+. �©, ·

�ò|^ÛÜz�g�UY&?s-���f+é�+(��K�, e¡�(ØÚ�Úí2
© [7]¥

�(J.

Ì�½n. �G �+, P �G���Sylow p-f+, Ù¥p ∈ π(G). eMdp
(P ) ¥�z���Ñ

3G¥s-���, K�oP �p-�Ì�+, �oG �p-��)+.

2. Ì�Ún

Ún2.1. ( [12]Ún2.1) �G�+.

(1) +G�s-��f+3G¥g�5;

(2) eH ≤ K ≤ G�H3G¥s-��, KH 3K¥s-��;

(3) eH�G�s-��Hallf+, KH EG;

(4) �K EG�K ≤ H. KH3G¥s-����=�H/K3G/K¥s- ��;

(5) eH,K�G�s-��f+, KH ∩K3G¥s-��;

(6) �p ∈ π(G), P�G�p-f+. KP3G ¥s-����=�Op(G) ≤ NG(P ).

Ún2.2. ( [12]Ún2.2) �G�+, H�G�s-���f+. K

(1) eH ≤ K ≤ G, KH3K¥s-���;

(2) �N�G��5f+. eH�p-+, Ù¥p ∈ π(G), KHN/N3G/N¥s- ���;

(3) eH ≤ Op(G), KH3G¥s-��;

(4) �p ∈ π(G). eH�p-+, N�G��5f+, KH ∩N3G¥s- ���.

Ún2.3. ( [5]½nA) �G�+, H�+G�p-f+. eH3G¥s-���, KHG��)+.

Ún2.4. ( [1] I, 17.4) �G�+, N�+G����5f+. �N ≤ M ≤ G�(|N |, |G : M |) = 1.

eN 3M¥kÖ, KN3G¥kÖ.

Ún2.5. ( [13] [Ún2.4]) b�H����ü+. eH�Sylow p-f+�p �Ì�+, Ù¥p��ê,

KH �	gÓ�+Out(H)�p′- +.

3. Ì�(Ø

Ì�½n�y². b�½nØý, �G�4���~. ·�©XeÚ½�¤½n�y².

(1) Op′(G) = 1.
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PN = Op′(G). eN > 1, �Äû+G/N . w,, PN/N�G/N�Sylow p- f+. 5¿

�PN/N ∼= P , Ïd��

Mdp
(PN/N) = {P1N/N,P2N/N, · · · , Pdp

N/N}.

w,, dÚn2.2, PiN/N3G/N¥s-���, Ù¥i ∈ {1, 2, · · · , dp}. ÏdG/N÷v½n�b�. u

´dG�ÀJ, �oPN/N �p- �Ì�+, �oG/N �p-��)+, gñ. ù`²N = Op′(G) = 1.

(2) P��Ì�+.

eP�Ì�+, KΦ(P )�P����4�f+. db�, Φ(P )3G¥s- ���. d [12, ½n3.2],

�oP�p-�Ì�+, �oG �p- ��)+, gñ.

(3) Φ(P )G = 1. ÏdOp(G)�Ð���+.

eÄ, �T ≤ Φ(P )G�T EG. �Äû+G/T . duΦ(P )�¹3P �z�4�f+¥�P/T�P

k�Ó�)¤�êþ, Ïd

Mdp
(P/T ) = {P1/T, P2/T, · · · , Pdp

/T}.

db�9Ún2.2, Pi/T 3G/T¥s-���, Ù¥i ∈ {1, 2, · · · , dp}. Ïd, G/T ÷v½n�b�.

dG�ÀJ, ù`²�oP/T�p-�Ì�+, �oG/T �p-��)+. eP/T�Ì�+, KP½�Ì

�+, gñ. ÏdG/T�p- ��)+, 5¿�p- ��)+a��Ú+X�T ≤ Φ(P )G ≤ Φ(G). u

´G�p-��)+, gñ.

(4) eN�G��¹uP�4��5f+, K|N | = p.

eé?¿Pi ∈Mdp
(P ), N ≤ Pi, K

N ≤
dp

∩
i=1
Pi = Φ(P ),

ùgñu(3). Ïd�3Pi0 ∈ Mdp
(P ) ¦�N � Pi0 . dÚn2.2, Pi0 ∩N 3G¥s-���. u´dÚ

n2.2, Pi0 ∩N 3G ¥s-��. qPi0 ∩N �P ��5f+, dÚn2.1, Pi0 ∩N�G��5f+. ù`

²Pi0 ∩N = 1. 5¿�Pi0�P �4�f+, u´k|N | = p.

(5) +G�¤k4��5f+�¹uOp(G).

b�N�G���4��5f+. eNØ�p-+, Kd(1), p ∈ π(N). �N = N1×N2×· · ·×Ns,

Ù¥Ni�Ó�����ü+, i ∈ {1, 2, · · · , s}.

(5.1) é?¿Pi ∈Mdp
(P ), Pi ∩N = 1, s = 1, =N����ü+.

�Pi ∈Mdp
(P ). dÚn2.2, Pi ∩N�G�s- ���f+. ÏddÚn2.2, Pi ∩N �N�s- ��

�p-f+. u´(Pi∩N)N��)+(ë�½n2.3). ù`²Pi∩N = 1. l|P ∩N | ≤ p,=N = N1�

ü+.

(5.2) Op(G) = 1.

eOp(G) 6= 1, ��H�G��¹uOp(G)�4��5f+. d(4)��, |H| = p. Ïd, HN =
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H ×N .

é?¿Pi ∈ Mdp
(P ), eH ∩ Pi = 1, KHN ∩ Pi = (H ∩ Pi)(N ∩ Pi) = 1. O�HNPi ���

�, w,gñ. ÏdH ∩ Pi 6= 1. u´H ≤ Pi, dPi�ÀJ, w,kH ≤ Φ(P ), gñ.

(5.3) CG(N) = 1.

b�CG(N) 6= 1. �G��¹uCG(N)�4��5f+N∗. Kd(5.1), (5.2), N∗ ����ü+

�N ∩N∗ = 1.

duP1 ∩NN∗ = (P1 ∩N)(P1 ∩N∗) = 1, u´|P1NN
∗|p = p2|P1| > |P |, gñ.

(5.4) �¤(5)�y².

d(5.3)�, CG(N) = 1. ÏdG/N . Aut(N). ù`²|Np| = p�p ∈ π(Out(N)), ùgñuÚ

n2.5.

(6) G = Op(G)oM , |Op(G)| = p.

�N1�G��¹uOp(G)�4��5f+. d(4), N1�p �Ì�+. d(3), N1 ∩ Φ(P ) = 1. Ï

d�3P�4�f+S1¦�N1 ∩ S1 = 1. dÚn2.4, N13G ¥kÖK, =G = N1K�N1 ∩K = 1.

u´Op(G) = N1(Op(G) ∩ K). N´y²Op(G) ∩ K�G��5f+�P ∩ K �K�Sylow p- f

+. eOp(G) ∩K = 1, K(6)w,¤á. Ïd��Op(G) ∩K 6= 1. ·���G��¹uOp(G) ∩K
�4�f+N2. d(4), N2�p �Ì�+��3P �4�f+S2¦�N2 ∩ S2 = 1. u´kP =

N2S2 = S2(Op(G) ∩K) = S2(P ∩K). du|P ∩K : S2 ∩K| = |S2(P ∩K) : S2| = |P : S2| = p, Ï

dS2 ∩K3P ∩K¥kÖN2. A^Ún2.4, N23K¥kÖL. ÏdG = N1K = (N1 ×N2)o L. UY

ù�L§, ·���G = Op(G)oM , Ù¥Op(G) = N1 ×N2 × · · · ×Nr, Ni�G �p��5f+.

(7) ���gñ.

duéG�?¿4��5f+N , kN ≤ Z(P ), ÏdP ≤ CG(Op(G)). qCG(Op(G)) ∩M E

〈Op(G),M〉 = G, d(4)Ú(5), CG(Op(G)) ∩M = 1, u´P ∩M = 1. ù`²P = P ∩Op(G) ∩M =

Op(G)(P ∩M) = Op(G). Ïdd(6), G�p-��)+, ½n�y.

5. �©�öÿÃ{�Ñ��Ø�6k�ü+©a(J�y²�{.

4. eZA^

e¡�ÑÌ�½n��
A^.

�p = minπ(G). d( [1] IV, 2.8)�, eGp �Ì�+, KG�p- �"+. d	, eG�p-��)+,

KG�p-�"+. dÌ�½n��e¡(Ø¤á.

íØ4.1. ( [7]½n3.1) �G�+, p = minπ(G). �P�G�Sylow p-f+. KG�p-�"+��=

�Mdp
(P ) ¥z��Ñ3G¥s- ���.

dp-��)+�½Â�, eG�äkp�Sylow p- f+�p- �)+, KG�p- ��)+. Ïd, e

¡�(Ø¤á.
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íØ4.2. ( [7]½n3.8) �G�p-�)+, Ù¥p ∈ π(G). �P�G �Sylow p-f+. eMdp
(P )¥z

��Ñ3G ¥s-���, KG�p-��)+.

íØ4.3. ( [7]½n3.9)�G�+, p ∈ π(G). �P�G�Sylow p-f+�NG(P )�p-�"+. eMdp
(P )

¥z��Ñ3G ¥s-���, KG�p-�"+.

y dÌ�½n��, �oG�p-��)+, �oP �p�Ì�+. eP�Ì�+, KNG(P ) =

CG(P ). dBurnside �p-�"OK�( [1] IV, 2.6), G �p- �"+, �y. y3b�G �p-��)

+. dup-��)+�p-��õ�1, ÏdPOp′(G) E G. PḠ = G/Op′(G). db�, Ḡ = NḠ(P̄ ) =

NG(P )Op′(G)/Op′(G) �p-�"+. ÏdG �p-�"+.

Ä7�8
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