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Abstract

In this paper, we try to study the global attractors for a Kirchhoff-type plate equation

with strong damping and memory. Consequently, we introduce to prove the existence

of a bounded absorbing set and asymptotic compactness of the semigroup by combining

the prior estimate with the contraction function. Ultimately, we obtain the existence

of the global attractors.
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1. Úó

�©Ì�ïÄäkPÁ�Úr{Z� Kirchhoff.��§

utt + ∆2u−M(‖∇u‖2)∆u−∆ut + k(0)∆2u+
∫∞

0
k′(s)∆2u(t− s)ds

+δf(ut) = g(u) + h(x), x ∈ Ω, t > 0,

u(x, t) = ∆u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, t) = u0(x, t), ut(x, t) = ∂tu0(x, t), x ∈ Ω, t 6 0

(1)

�ÛáÚf��35, Ù¥ Ω ⊂ Rn ´äk1w>. ∂Ω�k.m«�, −∆ut �r{Z�, k(·) ÷
vk(0) > 0, k(∞) > 0, δf(ut)(0 < δ < 1)�6Ä�, g(u) ´����5¼ê, h(x) ∈ L2(Ω).

¼êM(·), f(·), g(·)©O÷vXeb�
(1) ¼êM(·)÷v: é?¿� s ∈ R+, k

M(s) = s
m
2 , ∀m ≥ 1. (2)
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(2) ¼ê f(·) ∈ C1(R)¿� f(·)î�üN4O, ÷v:

f(0) = 0, (3)

lim inf
|s|→∞

f ′(s) > 0, (4)

|f(s)| ≤ C1(1 + |s|p), (5)

Ù¥� n ≥ 5�, 0 < p < n+4
n−4

, � n ≤ 4�, p = 0.

(3) ¼ê g(·) ∈ C1(R), ÷v:

(a) O�5^�

|g′(s)| 6 C2(1 + |s|q−1), (6)

Ù¥� n 6 4�, q = 1; � n > 4�, 1 6 q 6 n+4
n−4

.

(b) ÑÑ5^�

lim sup
|s|→∞

g(s)

s
< λ1, (7)

Ù¥λ1´ ∆2�1���A��.

�âë�©z [1], �XeC�

ηt(x, s) = u(x, t)− u(x, t− s). (8)

b� µ(s) = −k′(s)¿� k(∞) = 1, K¯K (1)=z¤

utt + 2∆2u− ‖∇u‖m∆u−∆ut +

∫ ∞
0

µ(s)∆2ηt(x, s)ds+ δf(ut) = g(u) + h(x) (9)

Ú

ηt = −ηs + ut. (10)

éA±e�Ð>�^�

u(x, t) = 0, x ∈ ∂Ω, t ≥ 0

ηt(x, s) = 0, (x, s) ∈ ∂Ω× R+, t ≥ 0

u(x, 0) = u0(x), x ∈ Ω

ut(x, 0) = u1(x), x ∈ Ω

η0(x, s) = η0(x, s), (x, s) ∈ ∂Ω× R+,

(11)

Ù¥ 
u0(x) = u0(x, 0),

u1(x) = ∂tu0(x, t) |t=0,

η0(x, s) = u0(x, 0)− u0(x,−s).
(12)
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(9)ª¥PÁØ¼ê µ(·)÷ve�b�

µ(s) ∈ C1(R+) ∩ L1(R+), (13)

µ(s) ≥ 0, µ′(s) ≤ 0, (14)∫ ∞
0

µ(s)ds = δ1 > 0, (15)

µ′(s) + δ2µ(s) ≤ 0. (16)

¯K (1)
u�§Ê�5nØ, §£ã
äk$�6Ä�o�Ê�5�, ¿��[
{¤�m

¥���*Ð�5��î��Ä, ù«/ª� Kirchhoff.�´dWoinowsky-Krieger3©z [2]J

Ñ�, �öïá��Ý� l, üà�½� u X−¶þ��*Ðù�êÆ�.Xe

utt +
EI

ρ
uxxxx −

(H
ρ

+
EA

2ρl

∫ l

0

|ux|2dx
)
uxx = 0,

Ù¥ H = EA4
l

, E L«
¼�þ, AL«î�¡È, 4L«\�ó�üàÏLÝ
�C�þ, I L

«î�¡���åÝ, ρL«�Ý, H L«�^3ùþ�¶�å, XJ H > 0, KL«Üå. ùa¯

K)��N�359ìC5�ïÄ©u Ball3©z [3]¥'u�5ù�§­½5�?Ø. ��, ©

z [4]ïÄ
þãù�§÷v�½Ð>�^��)�·½5.

'uäkPÁ��Kirchhoff .ÅÄ�§§2011c§LAZO3© [5]Äk$^²;�Galerkin �

{y²
äkPÁ��Kirchhoff �§�Nf)��35

utt −M(‖∂u‖2)∆u+

∫ T

0

g(t− τ)∆u(x, τ)dτ = 0.

©z [6]ïÄ
äkPÁ�Ú��5{Z�, ={Z�±��5gêO��/e�ÅÄ�§��N

áÚf��35

utt + a(x)g(ut) + λu−K0∆u−
∫ ∞

0

K ′(s)∆u(t− s)ds+ f(u) = h(x).

�C, © [7]ïÄ
±e�kr{ZÚPÁ�� KirchhoffÅ�§�ÛáÚf��35±9�K5

utt −M(‖∇u‖2)∆u−∆ut − k(0)∆u−
∫ ∞

0

k′(s)∆u(t− s)ds+ δf(ut) = g(u) + h(x),

Ù¥M(s) = s
m
2 (m ≥ 1).

þãïÄÑ´'uÅ�§�, e¡0� Kirchhoff.��§��'(J. ©z [8]?Ø
±eä

kPÁ�Ú��5{Z� Kirchhoff.��§�ÛáÚf��35.

utt + α∆2u+ g(ut) + λu−
∫ ∞

0

µ(s)∆2u(t− s)ds+
(
p− β

∫
Ω

|∇u|2dx
)

∆u+ f(u) = h(x)

Ù¥, ��5{Z¼ê g ÷v |g(s)| ≤ k1(1 + |s|q), � N ≤ 4 �, 1 ≤ q < ∞, � N > 5 �,

1 ≤ q ≤ N+4
N−4

; ��5� f ÷v |f ′(s)| ≤ k0(1 + |s|ρ), � 1 ≥ N ≤ 4 �, ρ > 0, � N > 5 �,

1 ≤ q ≤ 4
N−4

.
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Éþãë�©z�éu, �©ïÄäkPÁ�Úr{Z� Kirchhoff.��§�ÛáÚf��

35. �©�J:3u, Äk, Kirchhoff��Xêd©z [8]¥��5¼êC���5¼ê M(·),
ùé)�·½5�OÚO��5
JÝ. Ùg, ¯K (1)¥Ø=¹k6Ä� δf(ut), �kr{Z�

−∆ut , '± ��
©Ù�\�¡, ��\E,.

�©(�äNXe: 1�Ü©, 0��©�'�ý��£, 1nÜ©^Ø ¼ê{y²
�Ûá

Úf��35.

2. ý�ó�

� Lp = Lp(Ω), Hk = Hk(Ω), H = V0 = L2(Ω), V1 = H1
0 (Ω), V2 = H2(Ω) ∩ H1

0 (Ω), Ù¥

p > 1, k > 0, Hk ´ Sobolev�m, Hk
0 ´ C∞0 (Ω) 3 Hk ¥�4�.

�m H ¥�SÈÚ�ê©O^ (·, ·)Ú ‖ · ‖L«, V2 �éó�m V−2 L«, éó�m�m�é

óÈ^ 〈·, ·〉L«.

½Â�fA : V2 → V−2,

〈Au, v〉 = 〈∆u,∆v〉, ∀u, v ∈ V2,

D(A) = {u ∈ H2(Ω) ∩H1
0 (Ω)|Au ∈ L2(Ω)},

K A´�mH ¥�g��f, �3�m V2¥´î���. ½Â�f A���� As(s ∈ R), u´�

m Vs = D(A
s
4 )´ Hilbert�m, ÙSÈÚ�êL«Xe

(u, v)s = (A
s
4u,A

s
4 v) =

∫
Ω

A
s
4u ·A s

4 vdx,

‖u‖2s = (u, u)s = ‖A s
4u‖2.

w,

‖u‖v1 = ‖u‖1 = ‖A 1
4u‖ = ‖∇u‖,

‖u‖v2 = ‖u‖2 = ‖A 1
2u‖ = ‖∆u‖.

½Â

L2
µ(R+;Vi) = {η : R+ → Vi|

∫ ∞
0

µ(s)‖η(s)‖2i ds <∞}, i = 0, 1, 2,

§´ Hilbert�m, ��éA�SÈÚ�ê©O�

(η1, η2)µ,i =

∫ ∞
0

µ(s)
(
η1(s), η2(s)

)
i
ds,

‖η‖2µ,i = (η, η)µ,i =

∫ ∞
0

µ(s)‖η(s)‖2i ds.

?�Ú, ½Â��mH = V2 × L2 × L2
µ(R+;V2), ÙéA�ê�

‖(u, ut, ξ)‖2H = ‖∆u‖2 + ‖ut‖2 + ‖ξ‖2µ,2.
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d PoincaréØ�ª��

‖∇u‖2 > λ
1
2
1 ‖u‖2, ∀u ∈ V1,

Ù¥ λ1 > 0´ A�1��A��.

½Â 2.1 [9] [10]¡÷v±e^��üëêN�x{S(t) : X → X}t≥0���Ýþ�m(X, d) þ

��+µ

(1)S(0) = I;

(2)S(t+ s) = S(t)S(s),∀t, s ≥ 0.

½Â 2.2 [9] [11]� X ´���Ýþ�m, {S(t)}t≥0 ´ X þ�ëY�+, ¡ X ¥�f8 A´
{S(t)}t≥0��ÛáÚf, e A÷ve�^�:

(1)(;5) A´��;8;

(2)(ØC5) S(t)A = A,∀t ≥ 0;

(3)(áÚ5)éu X ¥�?¿k.8 B,Ñk dist(S(t)B,A)→ 0 (t→∞),

Ù¥ dist(A,B)L« A,B� Hausdorff �ål, ½Â� dist(A,B) = sup
x∈A

inf
y∈B

dist(x, y).

½Â2.3 [11] �X ´��Banach�m, B´X þ�k.f8, ¡½Â3X ×X þ�¼ê Φ(·, ·)
� B ×B þ���Ø ¼ê. XJé?¿�S� {xn}∞k=1, �3fS� {xnk

}∞k=1 ⊂ {xn}∞n=1, ¦�

lim
k→∞

lim
l→∞

ΦT (xnk
, xnl

) = 0.

d	, ¤k B ×B þ�Ø ¼ê^ C(B)L«.

Ún 2.4 [11] � {S(T )}t≥0´X ¥����+, ¿�k��k.áÂ8 B0, ?�Úb�é?¿

�~ê ε > 0, �3 T (B0, ε) ≤ tÚ Φ(·, ·) ∈ C(B), ¦�

‖S(T )x− S(T )y‖X ≤ ε+ ΦT (x, y), ∀x, y ∈ B0,

K {S(T )}T≥0 3 X ¥ìC;, =é?¿k.8 {yn}∞n=1 ⊂ X Ú {tn}(→∞), {S(tn)yn}∞n=1 3 X ¥

´;�.

3. Ì�(J

¯K (1)�)�·½5±9)éÐ��ëY�65, �d Faedo-Galerkin%C�{¼�, ùp

Ø2�ã, ·����Ñe¡�(J.

½n 3.1 b�(2)-(10)¤á, Ké?¿Ð� z0 =
(
u0, u1, η0

)
∈ H0, ¯K (1) k���)

z =
(
u(t), ut(t), η

)
÷v z ∈ C([0, T ];H).

d½n3.1��, ¯K (1)3�mHþ�±�)��uÐ�+ S(t). ½Â

S(t) : H → H, S(t)(z0) = z(t), t > 0.

Ù¥z(t) ´Ð� z0éA�f). Ïd, S(t) : H → H´ëY�.
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½n 3.2 b�(2)-(10)¤á, K¯K (1)¤�)��+ {S(t)}t≥03H¥k��k.áÂ8.

y² 3 L2(Ω)¥ò (9)ª� ut�SÈ¿|^ (10)ª�

d

dt

(
1

2
‖ut‖2 + ‖∆u‖2 +

1

m+ 2
‖∇u‖m+2 +

1

2
‖η‖2µ,2 −

∫
Ω

(G(u) + hu)dx

)
+ ‖∇ut‖2 + (η, ηs)µ,2 + δ(f(ut), ut) = 0.

(17)

Ù¥G(u) =
∫ u
o
g(s)ds.

d (16)��

(η, ηs)µ,2 =

∫ ∞
0

µ(s)

∫
Ω

∆η∆ηsdxds = −1

2

∫ ∞
0

µ′(s)‖∆η‖2ds

≥ δ2

2

∫ ∞
0

µ(s)‖∆η‖2ds =
δ2

2
‖η‖2µ,2.

(18)

-

E(t) =
1

2
‖ut‖2 + ‖∆u‖2 +

1

m+ 2
‖∇u‖m+2 +

1

2
‖η‖2µ,2 −

∫
Ω

(G(u) + hu)dx. (19)

Kò (18)Ú (19)�\ (17)ª��

d
dt
E(t) + ‖∇ut‖2 + δ2

2
‖η‖2µ,2 + δ(f(ut), ut) ≤ 0. (20)

2ò (20)ªl 0� tÈ©�

E(t) +

∫ t

0

‖∇us‖2ds+

∫ t

0

δ2

2
‖η‖2µ,2ds+

∫ t

0

δ(f(us), us)ds ≤ E(0). (21)

ÏL f �b�^���δ(f(ut), ut) > 0, dd�íÑ∫ t

0

‖∇us‖2ds+

∫ t

0

δ2

2
‖η‖2µ,2ds+

∫ t

0

δ(f(us), us)ds > 0. (22)

(Ü (21)Ú (22), é?¿� t > 0, Ñk

E(t) ≤ E(0). (23)

�â (7)ª, �3~ê λÚ C3 > 0 , ¦�

|(g(u), u)| < λ1‖u‖2 <
λ

2
‖u‖2 + C3|Ω| (24)

Ú ∫
Ω

G(u)dx <
λ1

2
‖u‖2 < λ

4
‖u‖2 + C3|Ω|. (25)

Ù¥ λ1 < λ < 3
2
λ1, |Ω|� Ω�ÿÝ.
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d YoungØ�ª��, �3~êε > 0,¦�

∣∣ ∫
Ω

hudx
∣∣ ≤ ε‖u‖2 +

1

4ε
‖h‖2. (26)

aq�, �3~ê λ÷v 0 < λ+ 4ε < 2λ1Ú~ê C4 > max{C3,
1
4ε
}, ¦�

E(0) ≥ E(t) ≥ 1

2
‖ut‖2 +

1

2
‖∆u‖2 +

1

m+ 2
‖∇u‖m+2 +

1

2
‖η‖2µ,2 − C4(|Ω|+ ‖h‖2). (27)

ò (9)üà� v = ut + εu3 L2(Ω)þ�SÈ¿(Ü (18)��

d

dt

(
1

2
‖v‖2 − ε2

2
‖u‖2 + ‖∆u‖2 +

1

m+ 2
‖∇u‖m+2 +

ε

2
‖∇u‖2 +

1

2
‖η‖2µ,2 −

∫
Ω

(G(u) + hu)dx

)
−ε‖ut‖2 + 2ε‖∆u‖2 + ε‖∇u‖m+2 + ‖∇ut‖2 +

δ2

2
‖η‖2µ,2 + ε(η, u)µ,2 − ε(g(u), u)− ε(h, u) ≤ 0.

(28)

-

A(t) =
1

2
‖v‖2 − ε2

2
‖u‖2 + ‖∆u‖2 +

1

m+ 2
‖∇u‖m+2 +

ε

2
‖∇u‖2 +

1

2
‖η‖2µ,2 −

∫
Ω

(G(u) + hu)dx (29)

Ú

B(t) = −ε‖ut‖2 + 2ε‖∆u‖2 + ε‖∇u‖m+2 + ‖∇ut‖2 +
δ2

2
‖η‖2µ,2

+ε(η, u)µ,2 − ε(g(u), u)− ε(h, u) ≤ 0.

(30)

K(Ü (28)-(30)k

d

dt
A(t) +B(t) ≤ 0. (31)

Äk�O A(t), ¦^ YoungØ�ªÚ PoincaréØ�ªk

| ε
∫

Ω

hudx |≤ ε

2
‖h‖2 +

ε

2λ1

‖∆u‖2. (32)

(Ü (25) (32)¿A^ PoincaréØ�ª, �±íÑ�3 ε÷v − ε2

2λ1
− λ

4λ1
− 1

2λ1
+ 1 > 1

2

¿� C5 > max{C3,
1
2
}�, k

A(t) ≥ 1

2
‖v‖2 +

1

2
‖∆u‖2 +

1

m+ 2
‖∇u‖m+2 +

ε

2
‖∇u‖2 +

1

2
‖η‖2µ,2 − C5(|Ω|+ ‖h‖2). (33)

e¡m©�OB(t), ¦^ YoungØ�ªÚ (15)��

| ε(η, u)µ,2 |≤
δ1

4
‖η‖2µ,2 + ε2‖∆u‖2. (34)
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ò (24)Ú (34)�\ (30), K�3��� C3, ε, hk'�~ê C4 > 0,¦�

B(t)

C4

≥ −ε‖ut‖2 + (−ελ1

2
− ε

2
)‖u‖2 + (2ε− ε2)‖∆u‖2 + ε‖∇u‖m+2 + ‖∇ut‖2 +

δ1

4
‖η‖2µ,2. (35)

d	, ò (31)ªl 0� tÈ©, k

A(t) +

∫ t

0

B(s)ds ≤ A(0). (36)

ò (33)Ú (35)�\ (36)��

1

2
‖v‖2 +

1

2
‖∆u‖2 +

1

m+ 2
‖∇u‖m+2 +

ε

2
‖∇u‖2 +

1

2
‖η‖2µ,2

+ C4

∫ t

0

(−ελ1

2
− ε

2
)‖u(s)‖2ds− εC4

∫ t

0

‖us‖2ds+ C4

∫ t

0

‖∇us‖2ds

+ C4(2ε− ε2)

∫ t

0

‖∆u(s)‖2ds+ C4

∫ t

0

‖∇u(s)‖m+2ds+
C4δ1

4

∫ t

0

‖η‖2µ,2ds

≤ 1

2
‖v0‖2 +

1

2
‖∆u0‖2 +

1

m+ 2
‖∇u0‖m+2 +

ε

2
‖∇u0‖2 +

1

2
‖η0‖2µ,2.

(37)

5¿�

1

m+ 2
‖∇u‖m+2 +

ε

2
‖∇u‖2 + C4

∫ t

0

‖∇u(s)‖m+2ds+
C4δ1

4

∫ t

0

‖η‖2µ,2ds > 0. (38)


�v
�� ε÷v ε2 + ( 1
2λ1
− 3

2
)ε ≤ 0Ú 0 < ε < λ

1
2
1 ,2$^ PoincaréØ�ª�±íÑ

C4

∫ t

0

(−ελ1

2
− ε

2
)‖u(s)‖2ds− εC4

∫ t

0

‖us‖2ds

+C4

∫ t

0

‖∇us‖2ds+ C4(2ε− ε2)

∫ t

0

‖∆u(s)‖2ds ≥ 0.

(39)

KÏL (38)Ú (39)��

1

2
‖v‖2 +

1

2
‖∆u‖2 +

1

2
‖η‖2µ,2 ≤

1

2
‖v0‖2 +

1

2
‖∆u0‖2 +

1

m+ 2
‖∇u0‖m+2 +

ε

2
‖∇u0‖2 +

1

2
‖η0‖2µ,2. (40)

d YoungØ�ªÚ PoincaréØ�ª, �3~ê R1 > 0¦�

1

2
‖v0‖2 +

1

2
‖∆u0‖2 +

1

m+ 2
‖∇u0‖m+2 +

ε

2
‖∇u0‖2 +

1

2
‖η0‖2µ,2 ≤ R1. (41)

Ïd, �3~ê C5 > max{2, 2ε2

λ1
+ 1}¦�

‖ut‖2 + ‖∆u‖2 + ‖η‖2µ,2 ≤ C5(‖v‖2 + ‖∆u‖2 + ‖η‖2µ,2) ≤ R1. (42)
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4d#

w,, B1 = {(u0, u1, η0) ∈ H | ‖∆u0‖2 + ‖u1‖2 + ‖η0‖2µ,2 ≤ R1}´¯K (1)�f)¤�)��

+ {S(t)}t≥0�k.áÂ8, ?�Ú B = ∪t≥0S(t)B1�´k.áÂ8. y..�

½n 3.3 b�^�(2)-(10)¤á, K¯K(13)-(15) ¤�)��+ {S(t)}t≥0 3 Hk����Û
áÚf A.

y² é?¿� t ∈ R, � (u(t), ut(t), η
t(t))� (v(t), vt(t), χ

t(t))�¯K (1)�6u (u0, u1, η0(·))
� (v0, v1, η0(·))�ü�f). - w(t) = u(t)− v(t), ξt(·) = ηt(·) +χt(·), K w(t), ξt(·)÷ve��§.

wtt + 2∆2w − ‖∇u‖m∆u+ ‖∇v‖m∆v −∆wt +

∫ ∞
0

µ(s)∆2ξt(x, s)ds

+ δf(ut)− δf(vt) = g(u)− g(v)

(43)

Ú

ξtt = −ξts + ωt. (44)

½Â

Γω(t) =
1

2
‖∆ω(t)‖2 +

1

2
‖ωt(t)‖2 +

1

2
‖ξt‖2µ,2. (45)

^ w� (43)3 L2þ�SÈ, ¿l 0� T È©, k∫ T

0

∫
Ω

wttwdxdr +

∫ T

0

∫
Ω

2∆2wwdxdr −
∫ T

0

∫
Ω

‖∇u‖m∆uwdxdr +

∫ T

0

∫
Ω

‖∇v‖m∆vwdxdr

−
∫ T

0

∫
Ω

∆wtwdxdr +

∫ T

0

∫
Ω

∫ ∞
0

µ(s)∆2ξt(x, s)wdsdxdr +

∫ T

0

∫
Ω

(δf(ut)− δf(vt))wdxdr

=

∫ T

0

∫
Ω

(g(u)− g(v))wdxdr.

(46)

ÏL (46)��

2

∫ T

0

‖∆w‖2dr = −
∫

Ω

wt(T )w(T )dx+

∫
Ω

wt(0)w(0)dx+

∫ T

0

‖wt‖2dr

−
∫ T

0

‖∇u‖m‖∇w‖2dr −
∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wdxdr −
∫ T

0

(ξt, w)µ,2dr

−1

2
‖∇w(T )‖2 +

1

2
‖∇w(0)‖2 −

∫ T

0

∫
Ω

(δf(ut)− δf(vt))wdxdr +

∫ T

0

∫
Ω

(g(u)− g(v))wdxdr.

(47)

ÏL (15)Ú YoungØ�ª, �±íÑ�3��~ê α0 > 0,¦�

∣∣∣∣∫ T

0

(ξt, w)µ,2dr

∣∣∣∣ ≤ α0

∫ T

0

‖ξt‖2µ,2dr + δ1

∫ T

0

‖∆w‖2dr. (48)
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4d#

ò (48)ª�\ (47)k

2

∫ T

0

‖∆w‖2dr ≤ −
∫

Ω

wt(T )w(T )dx+

∫
Ω

wt(0)w(0)dx+

∫ T

0

‖wt‖2dr + δ1

∫ T

0

‖∆w‖2dr

−
∫ T

0

‖∇u‖m‖∇w‖2dr −
∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wdxdr + α0

∫ T

0

‖ξt‖2µ,2dr

−1

2
‖∇w(T )‖2 +

1

2
‖∇w(0)‖2 −

∫ T

0

∫
Ω

(δf(ut)− δf(vt))wdxdr +

∫ T

0

∫
Ω

(g(u)− g(v))wdxdr.

(49)

d	, ^ wt� (43)3 L2þ�SÈ��

d

dt

(
1

2
‖wt‖2 + ‖∆w‖2 +

1

2
‖ξt‖2µ,2

)
+ (ξt, ξts)µ,2 + ‖∇wt‖2

+

∫
Ω

‖∇u‖m 1

2

d

dt
(∇w)2dx+

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdx

+

∫
Ω

(δf(ut)− δf(vt))wtdx−
∫

Ω

(g(u)− g(v))wtdx = 0.

(50)

ò (18)�\ (50)2(Ü (45)k

d

dt
Γw(t) +

δ2

2
‖ξt‖2µ,2 + ‖∇wt‖2 +

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdx

+

∫
Ω

‖∇u‖m 1

2

d

dt
(∇w)2dx+

∫
Ω

(δf(ut)− δf(vt))wtdx−
∫

Ω

(g(u)− g(v))wtdx ≤ 0.

(51)

ò (51)l s� T È©��

Γw(T ) +
δ2

2

∫ T

s

‖ξt‖2µ,2dτ +

∫ T

s

‖∇wt‖2dτ +

∫ T

s

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdτ

+
1

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx− m

2

∫
Ω

∫ T

s

‖∇u‖m−1∇ut(∇w)2dτdx− 1

2

∫
Ω

‖∇u(s)‖m(∇w(s))2dx

+

∫ T

s

∫
Ω

(δf(ut)− δf(vt))wtdxdτ −
∫ T

s

∫
Ω

(g(u)− g(v))wtdxdτ ≤ Γw(s).

(52)

ò (52)l 0� T È©��

TΓw(T ) +
δ2
2

∫ T

0

∫ T

s

‖ξt‖2µ,2dτdr +

∫ T

0

∫ T

s

‖∇wt‖2dτdr +

∫ T

0

∫ T

s

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdτdr

+
1

2

∫ T

0

∫
Ω

‖∇u(T )‖m(∇w(T ))2dxdr − m

2

∫ T

0

∫
Ω

∫ T

s

‖∇u‖m−1∇ut(∇w)2dτdxdr

− 1

2

∫ T

0

∫
Ω

‖∇u(s)‖m(∇w(s))2dxdr +

∫ T

0

∫ T

s

∫
Ω

(δf(ut)− δf(vt))wtdxdτdr

−
∫ T

0

∫ T

s

∫
Ω

(g(u)− g(v))wtdxdτdr ≤
∫ T

0

Γw(s)dr.

(53)
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4d#

w,

1

2

∫ T

0

∫
Ω

‖∇u(T )‖m(∇w(T ))2dxdr +
δ2

2

∫ T

0

∫ T

s

‖ξt‖2µ,2dτdr +

∫ T

0

∫ T

s

‖∇wt‖2dτdr ≥ 0. (54)

ÏL(3)-(5) ��, �3~êCδ,L > 0, ¦�∫ T

0

∫ T

s

∫
Ω

(δf(ut)− δf(vt))wtdxdτdr ≥ Cδ,L
∫ T

0

∫ T

s

∫
Ω

w2
tdxdτdr ≥ 0. (55)

(Ü (53)-(55), ��

TΓw(T ) ≤
∫ T

0

Γw(s)dr +
1

2

∫ T

0

∫
Ω

‖∇u(s)‖m(∇w(s))2dxdr +
m

2

∫ T

0

∫
Ω

∫ T

s

‖∇u‖m−1∇ut(∇w)2dτdxdr

−
∫ T

0

∫ T

s

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdτdr +

∫ T

0

∫ T

s

∫
Ω

(g(u)− g(v))wtdxdτdr.

(56)

d	, ò 51ªl 0� T È©k

Γw(T ) +
δ2

2

∫ T

0

‖ξt‖2µ,2dr +

∫ T

0

‖∇wt‖2dr +

∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdr

+
1

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx− m

2

∫
Ω

∫ T

0

‖∇u‖m−1∇ut(∇w)2drdx− 1

2

∫
Ω

‖∇u(0)‖m(∇w(0))2dx

+

∫ T

0

∫
Ω

(δf(ut)− δf(vt))wtdxdr −
∫ T

0

∫
Ω

(g(u)− g(v))wtdxdr ≤ Γw(0).

(57)

ÏL (3)-(5), ���3~êC̃δ > 0, ¦�∫ T

0

∫
Ω

(δf(ut)− δf(vt))wtdxdr ≥ C̃δ +

∫ T

0

‖wt‖2dr. (58)

ò (58)ª�\ (57)�

Γw(T ) +

∫ T

0

‖wt‖2dr +
δ2

2

∫ T

0

‖ξt‖2µ,2dr +

∫ T

0

‖∇wt‖2dr

≤ −
∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdr − 1

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx

+
m

2

∫
Ω

∫ T

0

‖∇u‖m−1∇ut(∇w)2drdx+
1

2

∫
Ω

‖∇u(0)‖m(∇w(0))2dx

− C̃δ −
∫ T

0

∫
Ω

(g(u)− g(v))wtdxdr + Γw(0).

(59)
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4d#

d Γw(T ) +
∫ T

0
‖∇wt‖2dr ≥ 0�£59¤ª��, �3 C̃2,δ > 0,¦�

2

∫ T

0

‖wt‖2dr + δ2

∫ T

0

‖ξt‖2µ,2dr

≤ −C̃2,δ

∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdr − C̃2,δ

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx

+
mC̃2,δ

2

∫
Ω

∫ T

0

‖∇u‖m−1∇ut(∇w)2drdx+
C̃2,δ

2

∫
Ω

‖∇u(0)‖m(∇w(0))2dx

+ C̃2,δ

∫ T

0

∫
Ω

(g(u)− g(v))wtdxdr − C̃2,δC̃δ + C̃2,δΓw(0).

(60)

(Ü (45), (49)� (60), �±íÑ∫ T

0

Γw(t)dr ≤ (2− δ1)

∫ T

0

‖∆w‖2dr +

∫ T

0

‖wt‖2dr + (1− α0)

∫ T

0

‖ξtµ,2‖2dr

≤ −C̃2,δ

∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdr − C̃2,δ

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx

+
mC̃2,δ

2

∫
Ω

∫ T

0

‖∇u‖m−1∇ut(∇w)2drdx+
C̃2,δ

2

∫
Ω

‖∇u(0)‖m(∇w(0))2dx

+ C̃2,δ

∫ T

0

∫
Ω

(g(u)− g(v))wtdxdr − C̃2,δC̃δ + C̃2,δΓw(0)−
∫ T

0

‖∇u‖m‖∇w‖2dr

−
∫

Ω

wt(T )w(T )dx+

∫
Ω

wt(0)w(0)dx−
∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wdxdr

− 1

2
‖∇w(T )‖2 +

1

2
‖∇w(0)‖2 −

∫ T

0

∫
Ω

(δf(ut)− δf(vt))wdxdr +

∫ T

0

∫
Ω

(g(u)− g(v))wdxdr.

(61)

$^ HölderØ�ª, 2(Ü (5)ªÚ (22)ª, ��

∣∣∣∣∫ T

0

δf(ut)wdxdr

∣∣∣∣ ≤ δ(∫ T

0

∫
Ω

|f(ut)|
p+1
p dxdr

) p
P+1

(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

≤ δCp1
(∫ T

0

∫
Ω

(1 + |f(ut)||ut|)dxdr

) p
p+1
(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

≤ C̃δ,p1Cp1Cβ1

(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

.

(62)

Ón ∣∣∣∣∫ T

0

δf(vt)wdxdr

∣∣∣∣ ≤ C̃δ,p1Cp1Cβ1

(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

. (63)
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4d#

ÏL (62)Ú (63), k

∣∣∣∣∫ T

0

∫
Ω

(δf(ut)− δf(vt))wdxdr

∣∣∣∣ ≤ 2C̃δ,p1Cp1Cβ1

(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

. (64)

ò (64)ª�\ (61)ª��∫ T

0

Γw(t)dr ≤ −C̃2,δ

∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdr

+
mC̃2,δ

2

∫
Ω

∫ T

0

‖∇u‖m−1∇ut(∇w)2drdx+
C̃2,δ

2

∫
Ω

‖∇u(0)‖m(∇w(0))2dx

+ C̃2,δ

∫ T

0

∫
Ω

(g(u)− g(v))wtdxdr − C̃2,δC̃δ + C̃2,δΓw(0)−
∫ T

0

‖∇u‖m‖∇w‖2dr

−
∫

Ω

wt(T )w(T )dx+

∫
Ω

wt(0)w(0)dx−
∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wdxdr

− 1

2
‖∇w(T )‖2 +

1

2
‖∇w(0)‖2 − C̃2,δ

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx

+ 2C̃δ,p1Cp1Cβ1

(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

+

∫ T

0

∫
Ω

(g(u)− g(v))wdxdr.

(65)

5¿� 0 < s < t < T ,Ïd(Ü (56)Ú (65)�±íÑ

TΓw(T ) ≤ −C̃2,δ

∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdr

+
mC̃2,δ

2

∫
Ω

∫ T

0

‖∇u‖m−1∇ut(∇w)2drdx+
C̃2,δ

2

∫
Ω

‖∇u(0)‖m(∇w(0))2dx

+ C̃2,δ

∫ T

0

∫
Ω

(g(u)− g(v))wtdxdr − C̃2,δC̃δ + C̃2,δΓw(0)−
∫ T

0

‖∇u‖m‖∇w‖2dr

−
∫

Ω

wt(T )w(T )dx+

∫
Ω

wt(0)w(0)dx−
∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wdxdr

− 1

2
‖∇w(T )‖2 +

1

2
‖∇w(0)‖2 − C̃2,δ

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx

+ 2C̃δ,p1Cp1Cβ1

(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

+

∫ T

0

∫
Ω

(g(u)− g(v))wdxdr

1

2

∫ T

0

∫
Ω

‖∇u(s)‖m(∇w(s))2dxdr +
m

2

∫ T

0

∫
Ω

∫ T

s

‖∇u‖m−1∇ut(∇w)2dτdxdr

−
∫ T

0

∫ T

s

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdτdr +

∫ T

0

∫ T

s

∫
Ω

(g(u)− g(v))wtdxdτdr.

(66)
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4d#

d (66)��

Γω(t) 6 CΓ + ΦT

((
u0, u1, η0(·)

)
,
(
v0, v1, χ0(·)

))
. (67)

Ù¥

CΓ = − C̃2,δ

2

∫
Ω

‖∇u(T )‖m(∇w(T ))2dx+
C̃2,δ

2

∫
Ω

‖∇u(0)‖m(∇w(0))2dx

− C̃2,δC̃δ + C̃2,δΓw(0)−
∫

Ω

wt(T )w(T )dx

+

∫
Ω

wt(0)w(0)dx− 1

2
‖∇w(T )‖2 +

1

2
‖∇w(0)‖2

(68)

Ú

ΦT

((
u0, u1, η0(·)

)
,
(
v0, v1, χ0(·)

))
= −C̃2,δ

∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdr

+
mC̃2,δ

2

∫
Ω

∫ T

0

‖∇u‖m−1∇ut(∇w)2drdx−
∫ T

0

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wdxdr

+ C̃2,δ

∫ T

0

∫
Ω

(g(u)− g(v))wtdxdr −
∫ T

0

‖∇u‖m‖∇w‖2dr

+ 2C̃δ,p1Cp1Cβ1

(∫ T

0

∫
Ω

|w|p+1dxdr

) 1
P+1

+

∫ T

0

∫
Ω

(g(u)− g(v))wdxdr

1

2

∫ T

0

∫
Ω

‖∇u(s)‖m(∇w(s))2dxdr +
m

2

∫ T

0

∫
Ω

∫ T

s

‖∇u‖m−1∇ut(∇w)2dτdxdr

−
∫ T

0

∫ T

s

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdτdr +

∫ T

0

∫ T

s

∫
Ω

(g(u)− g(v))wtdxdτdr.

(69)

d½n3.2 ��, �3 ε > 0,¦�
2Γw
T
≤ ε (T →∞). (70)

(ÜÚn2.4, y�Iy ΦT (·, ·)´��Ø ¼ê, �d, - (un, u
′
n, ηn)´¯K (13)-(15)éAuÐ�

(un0 , un1 , ηn0 )∈ H�), u´�â Alaoglu [15]½n, Ø���5, ·��±3d�ÑXeb�

un3�m L2(0, T ;V2)¥f ∗Âñu u, (71)

∂tun3�m L2(0, T ;L2)¥f ∗Âñu ∂tu, (72)

un3�m L2(0, T ;L2)¥rÂñu u, (73)

un3�m Lp+1(0, T ;Lp+1)¥rÂñu u, (74)

Ù¥ V2 ↪→↪→ Lp+1.
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e¡�O (69)¥�z��. Äk, �â (71)-(74)��

lim
n→∞

lim
m→∞

∫ T
0

∫
Ω
‖∇un‖m−1(∇∂tun)(∇un −∇um)2dxdr = 0, (75)

lim
n→∞

lim
m→∞

∫ T
0

∫
Ω

(‖∇un‖m − ‖∇um‖m)∇um(∇∂tun −∇∂tum)dxdr = 0, (76)

lim
n→∞

lim
m→∞

∫ T
0

∫
Ω
‖∇un‖m(∇un −∇um)2dxdr = 0, (77)

lim
n→∞

lim
m→∞

∫ T
0

∫
Ω

(‖∇un‖m − ‖∇um‖m)∇um(∇un −∇um)dxdr = 0. (78)

d	, ÏL (73)-(74)�±�Ñ

lim
n→∞

lim
m→∞

(∫ T

0

∫
Ω

|um − un|p+1dxdr

) 1
p+1

= 0. (79)

(Ü (6) (7)Ú (72)��

lim
n→∞

lim
m→∞

∫ T

0

∫
Ω

(g(un)− g(um))(∂tun − ∂tum)dxdr = 0 (80)

Ú

lim
n→∞

lim
m→∞

∫ T

0

∫
Ω

(g(un)− g(um))(un − um)dxdr = 0. (81)

éuz��½� t, ÏLlebesgue ��Âñ½n [16], ��

lim
n→∞

lim
m→∞

∫ T

0

∫ T

s

∫
Ω

(g(un)− g(um))(∂tun − ∂tum)dxdτdr

=

∫ T

0

(
lim
n→∞

lim
m→∞

∫ T

s

∫
Ω

(g(un)− g(um))(∂tun − ∂tum)dxdτ

)
dr = 0.

(82)

Ón

lim
n→∞

lim
m→∞

∫ T

0

∫ T

s

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdτdr

=

∫ T

0

(
lim
n→∞

lim
m→∞

∫ T

s

∫
Ω

(‖∇u‖m − ‖∇v‖m)∇v∇wtdxdτ

)
dr = 0

(83)

Ú

lim
n→∞

lim
m→∞

∫ T

0

∫ T

s

∫
Ω

‖∇u‖m−1∇ut(∇w)2dxdτdr

=

∫ T

0

(
lim
n→∞

lim
m→∞

∫ T

s

∫
Ω

‖∇u‖m−1∇ut(∇w)2dxdτ

)
dr = 0.

(84)

nþ¤ã, �±�� ΦT (·, ·) �Hþ�Â ¼ê.

l
d½n2.4 ���, ¯K (1)éA�ÄåXÚ (H, S(t))3H¥�3�ÛáÚf.y..�
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