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Á �

� H1 Ú H2 ´Ã¡��©� Hilbert �m, PM =

(
A C

0 B

)
� H1

⊕
H2 þ�þn�.�fÝ


. �©Äu�m©){, |^Ý
� A, B, C ���Ú"�m5�ïÄ
�fÝ
 M ���

45, ¿�Ñ
 ρcr(M) = ρcr(A)
⋂
ρcr(B) ¤á�^�, Ù¥ ρcr(M) = {λ ∈ C : R(M − λI) =

R(M − λI)}.
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Abstract

Let H1 and H2 be infinite dimensional separable Hilbert spaces and M =

(
A C

0 B

)
be a 2 × 2 upper triangular operator matrix acting on H1

⊕
H2. In this paper, the

closedness of the range R(M) is described by using the range and the null spaces of A,

B, C and the spatial decomposition method. In addition, the conditions under which

ρcr(M) = ρcr(A)
⋂
ρcr(B) holds are given, where ρcr(M) = {λ ∈ C : R(M−λI) = R(M − λI)}.
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1. Úó

�fÝ
nØ´�fnØ¥��¹��ïÄ+���. ¯¤±�, �fÝ
´±�f����

Ý
. lnØþ5`, eM ´Hilbert�mH �4f�m� T ´Hilbert�mH þ�k.�5�

f, K H = M
⊕
M⊥��f T äkÝ
/ª

T =

(
T11 T12

T21 T22

)
: M

⊕
M⊥ →M

⊕
M⊥.

AO/, eM ´ T ��²��ØCf�m, K T21 = 0 , l T äkþn�.�fÝ
/ª [1].

d�, �f T �ïÄ¯KÑ�±=z¤�fÝ
�¯K. ,��¡, �fÝ
��45´�f�

�5���, Hilbert�m¥k.�5�f��4��=�§äkMoore − Penrose2Â_, 

Moore− Penrose2Â_3¦)�5�§|�¡kXÕA�`³. � A ∈ Cm×n, b ∈ Cm, K�5
�§| Ax = bk)�¿©7�^�´

AA+b = b
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�k)�

x = A+b+ (I −A+A)y.

Ù¥A+´A�Moore−Penrose2Â_, y ∈ Cn´?¿� [2]. Ïd,�fÝ
��45´�fï

Ä¥�~É'5��K, §´?�ÚïÄ�fÝ
�_5�Moore − Penrose2Â_, Fredholm

5, Kato�ÛÉ5�5��¤I�)û����¯K.8cïÄþn�."��fÝ
��45

��'?Ø'�õ.~X, 3©z [3]¥ïÄ
 2 × 2þn�"��fÝ
�4��ÌÖ¯K. 3©

z [4]¥ïÄ
 3× 3þn�"��fÝ
�4��Ì¯K. d	, <�é'u"��fÝ
�4�

�?1
�«ïÄ [5–8]. �'uþn�.�fÝ
��45�?Ø�'��. Ïd,�©�Ì�8

�´|^�m©){, �é©)Ñ��fÝ
, /ÏÙA5?Ø
��fÝ
���45, ¿�Ñ




ρcr(M) = ρcr(A)
⋂
ρcr(B)

¤á�^�,Ù¥ ρcr(M) = {λ ∈ CR(M − λI) = R(M − λI)}.

2. ý��£

� H1 Ú H2 ´Ã¡��©� Hilbert�m. B(Hi, Hj)(i, j = 1, 2, 3)L«l Hi � Hj �¤k

k.�5�f�¤� Banach�ê. B(Hi, Hi){P�B(Hi). e T ∈ B(Hi, Hj), ^ T ∗, N(T )Ú

R(T )L«�f T ��Ý�f,"�mÚ���m.^ n(T )Ú d(T )©OL« N(T )Ú R(T )⊥ ��

ê, = n(T ) = dimN(T ), d(T ) = dimR(T )⊥. éu T ∈B(Hi, Hj),-

ρcr(T ) = {λ ∈ C : R(T − λI) = R(T − λI)};

ρd(T ) = {λ ∈ C : d(T − λI) <∞};

ρn(T ) = {λ ∈ C : n(T − λI) <∞}.

� A ∈B(H1), B ∈B(H2)Ú C ∈B(H2, H1)��½�f,^M L« 2× 2þn�.�fÝ


M =


A C

0 B

 : H1

⊕
H2 → H1

⊕
H2.

�y²�©�Ì�(J, k�ÑXe½Â9Ún.

½½½ÂÂÂ 1. � T ∈ B(H1), ¡

γ(T ) =

 min{‖Tx‖ : dist(x,N(T )) = 1} , T 6= 0

0 , T = 0

� T ��z4��.

555 1. [8] γ(T ) > 0��=� R(T )4.
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ÚÚÚnnn 1. [9] XJM ∈B(H1

⊕
H2)äkÝ
/ª

M =

(
A C

0 B

)
: H1

⊕
H2 → H1

⊕
H2,

� A���3 H1 ¥È�, B 6= 0, K γ(M) 6 γ(B).

|^Ún 1,N´�Ñe¡�Ún 2.

ÚÚÚnnn 2. � A ∈ B(H1) , B ∈ B(H2)Ú C ∈ B(H2, H1)��½�f, R(A) = H1.XJ R(M)4,

K R(B)4.

y² R(M)4��=� γ(M) > 0,dÚn 1�� γ(B) > 0,Ïd R(B)4.

ÚÚÚnnn 3. [10,11] éu�5�f T, S, A ∈B(H1),ke�(Ø¤á;

(1)XJ A´k���f, K R(T +A)4��=� R(T )4;

(2)XJ S Ú A´�_�f, K R(STA)4��=� R(T )4;

(3)XJ n(S) <∞,� A´�_�f, K R(SAT )4��=� R(T )4.

ÚÚÚnnn 4. [10] � X Ú Y ´ Banach�m, T ∈ B(X,Y ), F ⊂ Y ´k��f�m. XJ R(T ) + F

´4�, K R(T )´4�.

3. Ì�(J9Ùy²

½½½nnn 1. �M =

(
A C

0 B

)
´ H1

⊕
H2 þ� 2 × 2 k.þn�.�fÝ
, XJ B ´��

Fredholm�f, K R(M)� R(A)�45��.

y² M ��l N(A)
⊕
N(A)⊥

⊕
N(B)

⊕
N(B)⊥ � R(A)

⊕
R(A)⊥

⊕
R(B)

⊕
R(B)⊥ �

�f, kXeÝ
/ª

M =


0 A1 C1 C2

0 0 C3 C4

0 0 0 B1

0 0 0 0

 :


N(A)

N(A)⊥

N(B)

N(B)⊥

→


R(A)

R(A)⊥

R(B)

R(B)⊥

 .

R(M)� R(M1)45��. Ù¥

M1 =


A1 C1 C2

0 C3 C4

0 0 B1

 .

N´�� B1�_, Ïd�3 R(A)
⊕
R(A)⊥

⊕
R(B)þ��_�f

E =


I 0 −C2B

−1
1

0 I −C4B
−1
1

0 0 I
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¦�

E


A1 C1 C2

0 C3 C4

0 0 B1

 =


A1 C1 0

0 C3 0

0 0 B1

 .

|^ E ��_5, R(M1)� R(M2)45��. Ù¥

M2 =

(
A1 C1

0 C3

)
.

5¿� n(B) < ∞, �� R(C3)´4�. M2 3�m©) N(A)⊥
⊕
N(C3)

⊕
N(C3)

⊥⋂N(B)�

R(A)
⊕
R(C3)

⊕
R(C3)

⊥⋂R(A)⊥ekXeÝ
/ª

M2 =


A1 C11 C12

0 0 C31

0 0 0

 :


N(A)⊥

N(C3)

N(C3)
⊥⋂N(B)

→


R(A)

R(C3)

R(C3)
⊥⋂R(A)⊥

 .

C31 �_, Ïd R(M2) � R(
(
A1 C11

)
) �45��. �Ä� C11 ´k���f, dÚn 3,

R(M2)� R(A1)�45��. Ïd R(M)� R(A)�45��.�

½½½nnn 2. �M =

(
A C

0 B

)
´ H1

⊕
H2 þ� 2 × 2 k.þn�.�fÝ
, XJ A ´m�

Fredholm�f, K R(M)� R(B)45��.

y² �½n 1y²aq. �

½½½nnn 3. �M =

(
A C

0 B

)
´H1

⊕
H2þ� 2× 2k.þn�.�fÝ
, C �_, XJ R(M)Ø

4, K dimR(B) =∞.

y² �y{. b� dimR(B) < ∞, M ��l N(A)
⊕
N(A)⊥

⊕
N(C)

⊕
N(C)⊥ �

R(C)
⊕
R(C)⊥

⊕
R(B)

⊕
R(B)⊥��f, kXeÝ
/ª

M =


0 A1 0 C1

0 A2 0 0

0 0 B1 B2

0 0 0 0

 :


N(A)

N(A)⊥

N(C)

N(C)⊥

→


R(C)

R(C)⊥

R(B)

R(B)⊥

 .

d� A2 Ú B1 �w�´"�f. N´�� C1 �_, �� R(M)� R(−B2C
−1
1 A1)45��. �Ä

� dimR(B) <∞, Ïd R(−B2C
−1
1 A1)´4�. u´ R(M)4, ù� R(M)Ø4gñ. �

555 2. ½n 3¥ R(M)4�, R(B)��ê�U´k�, ��U´Ã¡.  R(M)Ø4�, R(B)�

�ê7L´Ã¡.

½½½nnn 4. �M =

(
A C

0 B

)
´ H1

⊕
H2 þ� 2× 2k.þn�.�fÝ
, XJ÷ve�^�µ

(i) ρcr(B) ⊂ ρd(A);
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(ii) 0 ∈ ρcr(C3)%¹ 0 ∈ ρn(C3)
⋂
ρn(C∗3 ).

K ρcr(M) = ρcr(A)
⋂
ρcr(B).

Ù¥ C3 = P |R(A−λI)⊥ C |N(B−λI), C
∗
3 = P |N(B−λI) C

∗ |R(A−λI)⊥ .

y² ky ρcr(A)
⋂
ρcr(B) ⊂ ρcr(M). � λ ∈ (ρcr(A)

⋂
ρcr(B)), ´�R(A−λI)4�R(B−λI)

4. M −λI ��lN(A−λI)
⊕
N(A−λI)⊥

⊕
N(B−λI)

⊕
N(B−λI)⊥�R(A−λI)

⊕
R(A−

λI)⊥
⊕
R(B − λI)

⊕
R(B − λI)⊥��f, kXeÝ
/ª

M − λI =


0 A1λ C1 C2

0 0 C3 C4

0 0 0 B1λ

0 0 0 0

 :


N(A− λI)

N(A− λI)⊥

N(B − λI)

N(B − λI)⊥

→


R(A− λI)

R(A− λI)⊥

R(B − λI)

R(B − λI)⊥

 .

N´�� A1λ Ú B1λ �_, Ïd R(M − λI)� R(C3)45��. d^� (i)��, C3 ´k���

f, R(C3)´4�. Ïd R(M − λI)4, = λ ∈ ρcr(M).

��,� λ ∈ ρcr(M). d�R(M −λI)4. M −λI��lN(A−λI)
⊕
N(A−λI)⊥

⊕
N(B−

λI)
⊕
N(B− λI)⊥� R(A− λI)

⊕
R(A− λI)⊥

⊕
R(B − λI)

⊕
R(B− λI)⊥��f, kXeÝ


/ª

M − λI =


0 A1λ C1 C2

0 0 C3 C4

0 0 0 B1λ

0 0 0 0

 :


N(A− λI)

N(A− λI)⊥

N(B − λI)

N(B − λI)⊥

→


R(A− λI)

R(A− λI)⊥

R(B − λI)

R(B − λI)⊥


.

Ïd R(M − λI)4��=� R(M1)4. Ù¥

M1 =


B1λ 0 0

C4 C3 0

C2 C1 A1λ

 .

�â4��½n, R(M∗1 )´4�.

M∗1 =


B∗1λ C∗4 C∗2

0 C∗3 C∗1

0 0 A∗1λ

 :


R(B − λI)

R(A− λI)⊥

R(A− λI)

→


N(B − λI)⊥

N(B − λI)

N(A− λI)⊥

 .

B∗1λ�� R(B − λI)� N(B − λI)⊥��f, Ù��´È��.�âÚn 2 , R(

(
C∗3 C∗1

0 A∗1λ

)
)4.

Ïd R(M2)´4�.Ù¥

M2 =

(
A1λ C1

0 C3

)
.
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A1λ��N(A−λI)⊥�R(A− λI)��f, Ù��´È��. �âÚn 2, R(C3)4. d�, M23

�m©)N(A−λI)⊥
⊕
N(C3)

⊕
N(C3)

⊥⋂N(B−λI)�R(A− λI)
⊕
R(C3)

⊕
R(C3)

⊥⋂R(A−
λI)⊥ekXeÝ
/ª

M2 =


A1λ C11 C12

0 0 C31

0 0 0

 :


N(A− λI)⊥

N(C3)

N(C3)
⊥⋂N(B − λI)

→


R(A− λI)

R(C3)

R(C3)
⊥⋂R(A− λI)⊥

 .

N´�� C31�_. Ïd R(
(
A1λ C11

)
)´4�. d^� (ii)��, R(C11)´k���m. Ïd

R(A1λ) = R(A− λI)´4�, = λ ∈ ρcr(A). Ón λ ∈ ρcr(B). �

e¡Þ~f5`²(J�k�5.

~~~ 1. H1 = H2 = l2[1,∞),?� x = (x1, x2, x3, ...) ∈ l2[1,∞),½Â�f A ∈ B(l2), B ∈ B(l2),

C ∈B(l2)�

Ax = Bx = (x1,
x2
2
,
x3
3
,
x4
4
, ...),

Cx = (x1, x2, x3, x4, x5, ...),

M =

(
A C

0 B

)
=

(
A I

0 B

)
H1

⊕
H2 → H1

⊕
H2.

N´��

ρ(A) = {λ ∈ C : λ 6= 1

n
, λ 6= 0, n = 1, 2, ...},

σp(A) = σp,3(A) = {λ ∈ C : λ =
1

n
, n = 1, 2, ...},

σr(A) = Ø, σc(A) = {0}.

Ïd ρcr(A) = ρcr(B) = {λ ∈ C : λ 6= 0}.�Ä

M − λI =

(
A− λ I

0 B − λ

)
,

5¿� C �_,k I 0

−(B − λ) I

( A− λ I

0 B − λ

)(
I 0

−(A− λ) I

)
=

(
0 I

−(B − λ)(A− λ) 0

)
.

Ïd R(M − λI) � R(−(B − λ)(A − λ)) 45��. éu?¿� λ ∈ C, n(B − λI) < ∞, u´
R(M − λI)� R(A− λ)45��,= ρcr(M) = ρcr(A).Ïd

ρcr(M) = ρcr(A) ∩ ρcr(B) = {λ ∈ C : λ 6= 0}.
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,��¡,� λ 6= 0�, R(B − λI)4� d(A− λI) <∞, ÷v½n 4�^� (i).d	,

C3(x1, x2, x3, ...) = PR(A)⊥C |N(B) (x1, x2, x3, ...) = (0, 0, 0, ...),

� 0 ∈ ρcr(C3).�Ä� d(A− λI) <∞� n(B − λI) <∞, ÷v½n 4�^� (ii).Ïdd½n 4�

�

ρcr(M) = ρcr(A) ∩ ρcr(B).

4. o(�Ð"

�©Ì�|^�m©){, �é©)Ñ��fÝ
, /ÏÙA5?Ø
��fÝ
���4

5, ¿�Ñ


ρcr(M) = ρcr(A)
⋂
ρcr(B)

¤á�^�,Ù¥ ρcr(M) = {λ ∈ C : R(M − λI) = R(M − λI)}. 5¿,�m©){�Û�53u

T�{�U^u Hilbert�m¥,ØU^3 Banach�m.

du�<�mÚUåk�,�kNõ¯Kk�u?�ÚïÄ,~X:

(i)��fÝ
M Ø´þn�.�,´��� 2× 2�fÝ
½ö´Ã.�fÝ
�,Ù��

45�I?�Ú?Ø.

(ii)3��4�Ä:þ?Øþn�.�fÝ
�6Ä¯K.

±þ´�öé�©ó����{��o(Úé�Yó��Ð".�©J�¬�3Õ�ÚØþ�

?,¹����©�� P�ÚÆö1µ��.

Ä7�8
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