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Abstract

Water is a vital yet limited resource essential for human survival and economic de-

velopment. The rational allocation of constrained water resources under conditions of

uncertainty holds significant importance for the formulation of effective economic s-

trategies. This paper reformulates a two-stage stochastic programming model designed

for agricultural irrigation systems into a two-stage stochastic variational inequality,

subsequently solving it through a progressive hedging method. The experimental re-

sults show that the algorithm can find a reasonable and stable optimal solution and

the optimal objective function value efficiently.
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1. Úó

Y´<a)�Ú²LO���«D"Ú7Ø���]"�¥5�Y�Å¦Y]�Ünm

u|^¤�'X��¬²LuÐÚ<a)��¸Uõ��¯K"XÛÜn|^k��Y]§

®¤��?+�ÚÆâ.'5Ú?Ø�¯K"duØ(½Ï�§Xg,Y]�^5�Cz!E

,��p'é�L§(XY�Ñx!©�ÚÌ�)!Ø�ýÿ�½|�¸ÚEâuÐ±9I¦�ÅÄ

�§p��Y]©�´��§��´(J� [1–3]"

1991cRockafellar ÚWets [4] ÄgJÑ¦)õ�ãà�Å5y�ÅÚéÀ�{(Progressive

Hedging Method, P�PHM)"2019cRockafellarÚSun [5] JÑ¦)üNõ�ã�ÅC©Ø�ª

�PHM§¿3�Å�þ�k�õ�¢y��^�ey²
T�{�Âñ5"¦��ê�¢�L

²§PHM3���¹e´k��, AO´��ÅC©Ø�ªòz��Å�5pÖ¯K�´�~k

��"2020 cRockefallarÚSun [6] ïÄ
õ�ã.�KF�ÅC©Ø�ª¯K"�©¦^PHM¦

)à�/YXÚ�Y]+n¯K"Äk§¦^lÑz�Y��þ�Cq£Sample Average

Approximation¤ò�ü�ã�Å5y�.lÑz§,�òÙ�d=z�ü�ã�ÅC©Ø�ª§

��$^PHM¦)lÑü�ã�ÅC©Ø�ª"
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2. Ø(½5e�Y]+n

�Ä��à�/YXÚ§TXÚkm^/Là6Ún�/eY§�^u÷vNCà�/«

£�)i�à|¤�^YI¦"+nÅ�I�¯kéz�à|«ì��©�8I§ù�±�Ïà¬�

½¦��«�Oy"XJ«ì�Yvk�G§|ÃòÏv±~�"²LêâÚ6þ©ÙÑ´Ø

(½�"+nÅ�KI3/YÏ£l5��8�¤Slü�Y£=��/eY¹Y�Ú�^/L

à6¤�h[à|©�Y]"/eY|^�¤��)µSCY³ÚY"!ò/eYÄ�/L±9

ò³|�YÑx��ª^r"�'�e§/LY|^=I��ÄY�©�¤�"5yÏ�15 c§

©�l�����ã"Y]+nÅ��8I´�^r(½��U
¦XÚÀÂÃ��z�©�8

I [7]"

Y]+nÅ��¯K�±Lã���ü�ã�Å5y

max
Tik∈R2hl

f :=
h∑
i=1

l∑
k=1

∑
m=1

(Bimk −Aimk)Timk +
h∑
i=1

l∑
k=1

∑
n=2

(Bink −Aink − TRink)Tink

− E [ϑξ(Tik, Dikξ)] ,

s.t.

l∑
k=1

∑
m=1

Timkδim +

l∑
k=1

∑
n=2

Tinkδin ≤ BRmax i, ∀i,

Timk ≥ 0, ∀i,m, k,

Tink ≥ 0, ∀i, n, k.

(2.1)

Ù¥ϑξ(Tik, Dikξ) ´1��ã¯K��`�

min
Dikξ∈R2hl

h∑
i=1

l∑
k=1

∑
m=1

CimkξDimkξ +

h∑
i=1

l∑
k=1

∑
n=2

CinkξDinkξ

s.t. qmξ ≥
h∑
i=1

(Timk −Dimkξ)δim, ∀m, k,

qnξ ≥
h∑
i=1

(Tink −Dinkξ)δin, ∀n, k,

l∑
k=1

∑
m=1

(Timk −Dimkξ)δim +

l∑
k=1

∑
n=2

(Tink −Dinkξ)δin ≥ BRmin i, ∀i,

(Timk −Dimkξ)δim ≤ cimξ, ∀i,m, k,

(Tink −Dinkξ)δin ≤ cinξ, ∀i, n, k,
l∑

k=1

∑
m=1

Dimkξδim +

l∑
k=1

∑
n=2

Dinkξδin ≤ Hiξ, ∀i,

h∑
i=1

∑
m=1

Dimkξδim +

h∑
i=1

∑
n=2

Dinkξδin ≤ Gkξ, ∀k,

Timk ≥ Dimkξ ≥ 0, ∀i,m, k,

Tink ≥ Dinkξ ≥ 0, ∀i, n, k.

(2.2)
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ùp

i : à|�I§Ù¥i = 1, 2, ..., h¶

m : /LY�I§Ù¥m = 1¶

n : /eY�I§Ù¥n = 2¶

k : 5yÏ�I§Ù¥k = 1, 2, ..., l¶

f : XÚÀ�Ã¶

Bi : ü Yþ©��^ri��Ã¶

Aim : l/LYm�à|i©�ü Y�¤�¶

Ain : l/eYn�à|i©�ü Y�¤�¶

TRn : l/eYnÄ�zü Y�¤�¶

Tim : /LYm«ì�^ri�Yþ©�8I£1��ãûüCþ¤¶

Tin : /eYn«ì�^ri�©�8I£1��ãûüCþ¤¶

E[x] : �ÅCþx�Ï"�¶

Cikξ : ��G�zü Yþ�^ri|G�¨v5Y¤Ö�£Cimkξ = Cinkξ¤¶

Dimkξ : /LYm�6\Yþ�qm�§���©�Yþ8ITim�þ£1��ãûüCþ¤¶

Dinkξ : /eYn�6\Yþ�qn�§���©�Yþ8ITin�þ£1��ãûüCþ¤¶

qmξ : /LYm��|^Yþ¶

qnξ : /eYn��|^Yþ¶

δim : /LYm�à|i3$Ñ�ãY���CzÏf¶

δin : /eYn�à|i3$Ñ�ãY���CzÏf¶

BRmin i : à|i���IYþ¶

BRmax i : à|i���IYþ¶

cimξ : à6m�à|i�m�$àNþ¶

cinξ : ³|n�à|i�m�$àNþ¶

Hiξ : ^ri35yÏS���o"Yþ¶

Gkξ : ¤k^r35yÏkS���o"Yþ¶

ξ := (Cikξ, qmξ, qnξ, cimξ, cinξ, Hiξ, Gkξ,∀m,n, i, k)T§�Å�þ¶

Pξ: L«P��Å�þξk'"

�x = (Timk, Tink, ∀m,n, i, k)T�1��ãûü�þ"�yξ = (Dimkξ, Dinkξ, ∀m,n, i, k)T �1

��ãûü�þ§§�ûu1��ãûü�ÀJÚ�Å�þξ�¢S¢y�"8I´3xÚyξ��

15�åe§¦1��ã5y�Ã~�1��ã¤��Ï"���z"

¦^lÑz�Y��þ�Cqé�Å5y(2.1)-(2.2)?1lÑz§=�k��ÕáÓ©Ù��

µξj ∈ Ξ§j = 1, 2, . . . ,K§z��µ�VÇþ�1/K"@o§

E [ϑξ(Tik, Dikξ)] ≈
K∑
j=1

1

K
ϑξj (Tik, Dikξj ).

d©z [8]�½n5.3����µêKªuÃ¡�§��þ�Cq¯K��¯K�)8Cq"
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�Ä�n[(h = 3)©O«�"h!èÎÚ�ð�à|©�Y]§5yÏ©�n�(l = 3)�

���ã"�0m×nL«¤k���"�m× nÝ
"P

B = (Bimk, Bink, ∀m,n, i, k)T ,

A = (Aimk, Aink, ∀m,n, i, k)T ,

TR = (09×1, TRink, ∀n, i, k)T ,

Cj = (Cimkξj , Cinkξj , ∀n, i, k)T ,

yj = yξj ,

δ̂ = (δim, δin, ∀m,n, i)T .

éu�½���êβ§γ Úς§^Iβ L«β × β ü Ý
§^I(γ)β L«dγ¬Iβ�¤�β × βγÝ
§
=I

(γ)
β = (Iβ, . . . , Iβ)§^diag(v̂)L«é�Ý
§Ù1(i, i)����u�þv̂�1i���§Ù{��

�""^Diag(A, ς)L«ς ¬A�¤�¬é�Ý
§^e(γ)L«¤k��þ�1�γ-���þ"½Â

∆ = diag(δ̂), M1 =
(

Diag(e(3)
T
, 3),Diag(e(3)

T
, 3)
)

∆, M2 =

(
I
(3)
3 06×9

06×9 I
(3)
3

)
,

M3 = −M1, M4 = ∆, M5 = −I18, M6 = M1, M7 = I
(6)
3 ∆,

b1 = (BRmax i, ∀i)T , b2j = (qmξj , qmξj , qmξj , qnξj , qnξj , qnξj )
T ,

b3 = (−BRmin i,∀i)T , b4j = (c1mξj , c1mξj , c1mξj , c2mξj , c2mξj , c2mξj , ..., c3nξj )
T ,

b5 = 018×1, b6j = (Hiξj , ∀i)T , b7j = (Gkξj , ∀k)T ,

M̂ = (MT
2 ,M

T
3 ,M

T
4 ,M

T
5 , 0

T
6×18), M̃ = −(MT

2 ,M
T
3 ,M

T
4 ,M

T
5 ,−MT

6 ,−MT
7 ),

b̃j = (bT2j , b
T
3 , b

T
4j , b

T
5 , b

T
6j , b

T
7j)

T .

Ïd§(2.1)-(2.2)�lÑCq/ª�

min
x∈X

c(x) +

K∑
j=1

1

K
ϑ(Tξj (x), ξj), s.t. φ(x) ≤ 0, (2.3)

Ù¥ϑ(Tξj (x), ξj)´1��ã¯K��`�

min
yj∈Y

qξj (yj) s.t. Tξj (x) +Wξj (yj) ≤ 0. (2.4)

ùpc(x) = (−B + A + TR)Tx§X = R18
+§qξj (yj) = CTj yj§Y = R18

+§φ(x) = M1x − b1§

Tξj (x) = M̂Tx§éuj = 1, ...,K§Wξj (yj) = M̃T yj − b̃j"

w,§éuü�ã�Å5y(2.3)-(2.4)§©z [9]¥b�3.1¤á§d©z [9]¥½n3.1 ��§

(2.3)-(2.4)�duü�ã�ÅpÖ¯K

0 ≤

(
∇c(x) +

K∑
j=1

1

K
∇Tξj (x)Tπj +∇φ(x)Tλ

)
⊥ x ≥ 0, 0 ≤ −φ(x) ⊥ λ ≥ 0, (2.5)
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0 ≤
(
∇qξj (yj) +∇Wξj (yj)

Tπj
)
⊥ yj ≥ 0, 0 ≤

(
−Tξj (x)−Wξj (yj)

)
⊥ πj ≥ 0, (2.6)

Ù¥λ ∈ R3
+��åφ(x) ≤ 0�.�KF¦f§�ξÃ'§πj ∈ R51

+��åTξj (x) + Wξj (yj) ≤ 0�.

�KF¦f§�ξk'"∇c(x) = −B + A + TR§∇φ(x) = MT
1 §∇Tξj (x) = M̂§∇qξj (yj) = Cj§

∇Wξj (yj) = M̃"

�e5§�Ñ©z [5]¥�PHM§^u¦)(2.5)-(2.6)"

�{1. PHM

Ð©Ú. �½Ð©:x0 ∈ R18
+§λ0 ∈ R3

+§-x
0
j = x0 ∈ R18

+§λ0
j = λ0 ∈ R3

+§y0j ∈ R18
+§

π0
j ∈ R51

+ Úw
0
j ∈ R18§v0j ∈ R3§j = 1, ...,K§¦� 1

K

∑K
j=1w

0
j = 0§ 1

K

∑K
j=1 v

0
j = 0"ÀJÚ

�r > 0"��ν = 0"

Ú½ 1. éuj = 1, 2, ...,K§é�(x̂νj , λ̂
ν
j , ŷ

ν
j , π̂

ν
j ) )ûpÖ¯K

0 ≤ xj ⊥ ∇c(xj) +∇Tξj (xj)Tπj +∇φ(xj)
Tλj + r(xj − xνj ) + wνj ≥ 0,

0 ≤ λj ⊥ −φ(xj) + r(λj − λνj ) + vνj ≥ 0,

0 ≤ yj ⊥ ∇qξj (yj) +∇Wξj (yj)
Tπj + r(yj − yνj ) ≥ 0,

0 ≤ πj ⊥ −Tξj (xj)−Wξj (yj) + r(πj − πνj ) ≥ 0.

��x̄ν+1 = 1
K

∑K
j=1 x̂

ν
j§λ̄

ν+1 = 1
K

∑K
j=1 λ̂

ν
j"éuj = 1, ...,K§�#

xν+1
j = x̄ν+1, λν+1

j = λ̄ν+1, yν+1
j = ŷνj , πν+1

j = π̂νj ,

wν+1
j = wνj + r(x̂νj − xν+1

j ), vν+1
j = vνj + r(λ̂νj − λν+1

j ).

Ú½ 2. ��ν := ν + 1¶�£Ú½ 1"

e¡½ÂPHM�ÊÅOK"

ÊÅOK

η1 =

∣∣∣∣∣∣
(∇c(x) +

K∑
j=1

1

K
∇Tξj (x)Tπj +∇φ(x)Tλ

)T
,−φ(x)T

 (xT , λT )T

∣∣∣∣∣∣ ;
η2(j) =

∣∣∣((∇qξj (yj) +∇Wξj (yj)
Tπj
)T
,
(
−Tξj (x)−Wξj (yj)

)T)
(yTj , π

T
j )T

∣∣∣ ;
η = max {η1,max{η2(j), j = 1, 2, . . . ,K}} ;

η < 10−2.

(2.7)

ùpη1´(2.5)�pÖ/ªIþÈ�ýé�"éuz���µj§j = 1, 2, ...,K§η2(j)´(2.6)�p

Ö/ªIþÈ�ýé�"�η < 10−2�§�{Ê�"w,§XJη < 10−2§@oη1Úz�η2(j)§

j = 1, 2, ...,KÑò�u10−2"

3. ê�¢�

�!A^PHM [5]¦)à�/YXÚY]©�¯K(2.3)-(2.4)�d�ü�ã�ÅpÖ¯
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K(2.5)-(2.6)§²LêâÌ�5u©z [7]"òà6�6\Y²©�naµ$!¥!p6\Y²u

)VÇ©O�0.2§0.6§0.2§ò/eY�6\Y²©�naµ$!¥!p6\Y²u)VÇ©O

�0.1§0.8§0.1"L 1!L 2©O�Ñ�½ëê���Ú�Åëê�����"�©¤k¢�þ3

)P�>MWindows 10ö�XÚe?1�§CPU�Intel Core i5-7200U§ªÇ�2.50 GHZ§S�

�8GB"¤k�è^MATLAB R2018b?�"

Table 1. Fixed parameters

L 1. �½ëê

"h(i = 1) èÎ(i = 2) �ð(i = 3)

Bi

k = 1 45.6 44.35 43.45
k = 2 50.5 47.45 47.7
k = 3 53.65 50.55 48.55

Aim

k = 1 25.5 21.45 19.5
k = 2 26.7 22.85 19.55
k = 3 27.4 23.6 21.65

Ain

k = 1 4.5 2.45 1
k = 2 4.75 2.75 1.3
k = 3 5.1 3 1.55

TRn

k = 1 21.5 21.5 21.5
k = 2 25.5 25.5 25.5
k = 3 27 27 27

BRmaxi 23.5 22.5 26.65
BRmini 1.75 1.6 3
δim 1.09:1.09 1.22:1.225 1.285:1.29
δin 1.13:1.125 1.2:1.19 1.34:1.335

Table 2. Stochastic variables following uniform distribution in the intervals

L 2. �ÅCþ3«mSÑlþ!©Ù

"h(i = 1) èÎ(i = 2) �ð(i = 3)

Cikξ

k = 1 [30.2,31.1] [29.1,29.6] [28.2,28.9]
k = 2 [35.3,35.6] [32.4,33.0] [32.8,33.3]
k = 3 [38.9,39.2] [36.1,36.5] [34.0,34.5]

cimξ [6.0,6.2] [4.5,4.8] [4.0,4.5]
cinξ [7.0,7.2] [5.5,5.6] [5.0,5.8]
Hiξ [40,45] [35,40] [40,42]

Gkξ

k = 1 [39.0,42.0]
k = 2 [34.0,38.0]
k = 3 [37.0,40.0]

qmξ [13.5,26.75]
qnξ [5.75,19.75]

¯K��ê´[(x, λ)��ê§(yj , πj)��ê] = [21§69]"�ÅCþξ��ê´23"��ë

êr = 1§�µêþ(sn) l100O\�1000"éuz�sn§�ÅE20g¢�§L 3¥P¹
²þS

�gê!²þCPU�m£¦¤±98I¼ê²þ�"ã 1±�
O����)x̄�o���T̄1m2§

T̄1n2§T̄1n3§T̄2n1'usn�Âñª³"dã 1�±wÑ§�sn��800 �)ªu½"ã 2�Ñ
�
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µêsn�1000��Å�g¢�¥�à|��`1��ã©�8I"

Table 3. Numerical results by PHM while scenario number sn increases

L 3. �µêsnO\�PHM�ê�(J

�µê ²þS�ê ²þ^�(¦) ²þ8I¼ê�

100 4611.6 189.9 1347.56
300 5719.7 727.9 1347.95
500 6208.4 1310.8 1346.78
800 7093.9 2411.1 1346.93
1000 7303.3 3117.4 1346.21

Figure 1. Convergence of T̄1m2, T̄1n2, T̄1n3, T̄2n1 for r = 1

ã 1. T̄1m2, T̄1n2, T̄1n3, T̄2n13r = 1 ��Âñ5

¦^PHM¦)Y]©�¯K�éu©z [7]¥��°(o«mü�ã�Å5y�{§O�(

J°(§ÃØ´1��ã�`)�´1��ã�`)§þØ´«m/ª"�¦^PHM¦���

`8I¼ê�3©z [7]¥�°(o«mü�ã�Å5y�{�Ñ�8I¼ê�O�(J«mS§

ù`²¦^PHM�{¦)da¯KÜn�1",	§éuØÓ�µe��/§PHMÑU¯��Ñ

�`)Ú�`ÀÂÃ8I¼ê�"

4. (Ø

�©òü�ã�Å5y£ã�Ø(½5e�Y]+n¯K�d=z�ü�ã�ÅC©Ø�

ª§$^ÅÚéÀ�{é��à�/YXÚ�Y]©�¯K?1¦)"¢�(JL²�µêþ
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Figure 2. Optimized allocation targets for farms

ã 2. à|�`©�8I

�õ§$^ÅÚéÀ�{¦��)�½§¤¦XÚÀÂÃ��3Ün��S"��°(o«m

ü�ã�Å5y�{�'§éu�ÅCþ�?¿�µ��¹§ÅÚéÀ�{Ñ�±�Ñ��(½

�)§�«m)§ù�Y]+nö��Y]Jø
k¿Â�ë�d�"
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