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Abstract

For simple bipartite graphs G1, G2, the bipartite Ramsey number BR(G1, G2) is the

smallest integer N such that given any spanning subgraph G of the complete bipartite
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graph KN,N , either G contains a copy of G1, or there exists a copy of G2 in G, where

G is the complement of G relative to KN,N . This article mainly studies the bipartite

Ramsey numbers for C4 versus two special types of trees, broom and bistar.
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1. Úó

3�©¥, ¤?Ø�ãÑ´{ü�, Ã��, k�ã. éuã G = (V (G), E(G)), Ù¥ V (G)

Ú E(G)©OL«ã G�º:8ÜÚ>8Ü, ¿��A/òã G�º:ê(��¡��ê)Ú>ê

©OP� |V (G)|Ú |E(G)|. ·�ò: v 3ã G¥���P� NG(v), ¿ò��¥��:�êP�

|NG(v)|,Ó�: v3ãG¥��:�ê��±��: v3ãG¥�Ý,P� degG(v),{P� dG(v).

w,, |NG(v)| = dG(v). eã G�±òº:8©� X, Y üÜ, Ù¥>�3 X Ú Y �m�3, Kã

G¡��Üã, P� G[X,Y ]. éu�Üã G[X,Y ], XJ X ¥�z�º:� Y ¥�z�º:Ñ�

�, K¡ G[X,Y ]����Üã, d�e |X| = m, |Y | = n, KP� Km,n. �ã G = (V (G), E(G))

ÚãH = (V (H), E(H)), e÷v V (H) ⊆ V (G), E(H) ⊆ E(G), K¡H ´ G�fã, P�H ⊆ G.

AO/, éuH ⊆ G, e V (H) 6⊆ V (G)½E(H) 6⊆ E(G), K¡H ´G�ýfã; e V (H) = V (G),

K¡ H ´ G�)¤fã. Ød�	, 3�©¥, C4 L«�ê� 4��, Pn L«�ê� n�´, K1,n

L«Ýê� n�(, ×¸ Bk,m L«ò( K1,k �¥%:�´ Pm ���à:Å¤��:�¤���

äã, V( B(n,m)L«ò(K1,n−1�¥%:�(K1,m−1�¥%:�ë�¤���äã.

�½{üã G1, G2, Ramseyê R(G1, G2)L«�����ê N , ¦�éu��ã KN �?¿

)¤fã G, �o G�¹ G1, �o G�¹ G2, Ù¥ G� G'u KN �Öã. �Xé Ramseyê

ïÄ��\, FaudreeÚ Schelp [1]±9 GyárfásÚ Lehel [2]m©^���Üã KN,N �O Ramsey

ê½Â¥�Ä:ã KN , dd�Ü Ramsey êm©?\<�À�. �½{ü�Üã G1, G2, �Ü

Ramseyê BR(G1, G2)L«�����ê N , ¦�é���ÜãKN,N �?¿)¤fã G, �o G

�¹ G1, �o G�¹ G2, Ù¥ G� G'uKN,N �Öã.

3 1989c, Burr [3]�<ïÄ
 C4éä� Ramseyê, =e¡�½n 1 .

½½½nnn1. ( [3]) � T ´�ê� n, ��Ý�m�?¿/G�ä, Kk
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R(C4, T ) = max {4, n + 1, R(C4,K1,m)}.

½n 1`²
 C4éä� Ramseyê�±/Ï C4é(� Ramseyê±9ä��ê�xÑ5. 


3�Ü Ramseyê¥éJy²aq�(Ø, 8c'u C4 éä��Ü Ramseyê�SN�Ü©Ñ´

'u C4 é(��Ü Ramseyê. 3 2000c, CarnielliÚ Carmelo [4]�Ñ
'u C4 é( K1,n �

�Ü Ramseyê BR(C4,K1,n)�þ..

½½½nnn2. ( [4] ) éu¤k��ê n ≥ 2, k BR(C4,K1,n) ≤ n +
⌈√

n
⌉
.

�©�Ì�SN´3 C4é(��Ü Ramseyê�Ä:þ5ïÄ C4é×¸ Bk,mÚV( B(n,m)

ùü�AÏa.�ä��Ü Ramseyê. Ì�(JXe.

½½½nnn3. é¤k���ê k ≥ 2, m ≥ 2, k

BR(C4, Bk,m) =

{
k +

⌊
m
2

⌋
+ 1, k +

⌊
m
2

⌋
+ 1 ≥ BR(C4,K1,k+1),

BR(C4,K1,k+1), k +
⌊
m
2

⌋
+ 1 < BR(C4,K1,k+1).

½½½nnn4. é¤k���ê n ≥ m ≥ 2, k BR(C4, B(n,m)) ≤ n +
⌈√

n
⌉
.

2. ½n 3�y²

éu½n 3�y², Ø
�/Ï'u C4 é(��Ü Ramseyê	, ·��I�^�±e� C4

Ú´�'�·K.

···KKK1. ( [5]) éu K3,4 �?¿fã G, �ok P5 ⊆ G�ok C4 ⊆ G.

·�ò·K 1?1í2, ��e¡Ún.

ÚÚÚnnn1. éu Km,m+1 �?¿fã G, �ok P2m−1 ⊆ G�ok C4 ⊆ G, Ù¥m ≥ 3.

Proof. ùpé m?18B. � m = 3�, d·K 1��(Øw,¤á. b�� m = n�(Ø¤

á, Ke¡y²� m = n + 1�(Ø�¤á. $^�y{, b��3�� Kn+1,n+2 �?¿fã G,

¦� P2n+1 6⊆ G� C4 6⊆ G. - (X,Y )� Kn+1,n+2 �ü�Ü, Ù¥ X = {x1, x2, . . . , xn+1} , Y =

{y1, y2, . . . , yn+1, yn+2}. �â8Bb�, 3 G¥�3 P2n−1. �e5�â P2n−1 3 G�üÜ¥©Ù

�:ê?1©a?Ø:

�¹ 1 |V (P2n−1) ∩X| = n.

Ø���5, b� P2n−1 = x1y1 . . . xn−1yn−1xn. Ï� C4 6⊆ G, ¤±3 {x1, xn} × {yn, yn+1}¥
�½k�^>3 G¥, Ø�b� xnyn 3 G¥. Ï� P2n+1 6⊆ G, ¤±k x1yn+1, x1yn+2, xn+1yn ∈
E
(
G
)
. �âb� C4 6⊆ G, ù¿�X: xn+1 �: {yn+1, yn+2}¥���:3 G¥��, Ø���

yn+1. ,��¡ P2n+1 6⊆ G, ·�k xnyn+1 ∈ E
(
G
)
. qÏ� C4 6⊆ G, ¤±k xnyn+2 ∈ E

(
G
)
¤á.

¿��½¬k xn+1yn+2 ∈ E
(
G
)
, ÄK P2n+1 ⊆ G. e x1yn ∈ E

(
G
)
, ù¿�X P2n+1 ⊆ G, �b�

gñ; e x1yn ∈ E
(
G
)
, K¬k C4 ⊆ G, 2g�b�gñ. ddy²éu�¹ 1 , (Ø¤á.
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�¹ 2 |V (P2n−1) ∩X| = n− 1.

Ø���5, b� P2n−1 = y1x1 . . . yn−1xn−1yn. Ï� C4 6⊆ G, ¤±3 {xn, xn+1} × {y1, yn}¥
��k�^>áu E

(
G
)
, Ø�b� xnyn ∈ E

(
G
)
. d P2n+1 6⊆ G��, xn+1y1, xnyn+1, xnyn+2 ∈

E
(
G
)
. db� C4 6⊆ G·�Ó��±íÑ: xn+1 �: {yn+1, yn+2}¥���:3 G¥��, Ø�

�� xn+1yn+1 ∈ E
(
G
)
. qÏ� P2n+1 6⊆ G, ¤±�½k x1yn+1 ∈ E

(
G
)
. �âb� C4 6⊆ G, �±�

�> x1yn+2 �½3 G¥. ¿�qÏ� P2n+1 6⊆ G�íÑ xn+1yn+2 ∈ E
(
G
)
. d�, Ø+> xny1 á

u E
(
G
)
�´ E

(
G
)
, Ñ¬�b��gñ. ddy²éu�¹ 2(Ø�¤á. y.. �

e¡·��âÚn 15y²e¡�Ún 2ÚÚn 3 .

ÚÚÚnnn2. é¤k���ê k ≥ 2, m ≥ 2, e÷v k +
⌊
m
2

⌋
+ 1 ≥ BR(C4,K1,k+1), Kk

BR(C4, Bk,m) = k +
⌊
m
2

⌋
+ 1.

Proof. - t = k +
⌊
m
2

⌋
. 3 Kt,t ¥, - G� Kt,t �fã, Ù¥ G ∼= Kt−1,t−1, K G ∼= B(t,t). @o

w, Bk,m 6⊆ G � C4 6⊆ G. dd`² BR(C4, Bk,m) ≥ t + 1. éue.�y²·�´$^�y

{. b� BR(C4, Bk,m) > t + 1, =3 Kt+1,t+1 ¥�3��fã G, ¦� Bk,m 6⊆ G � C4 6⊆ G.

- (X,Y )� Kt+1,t+1 �ü�Ü, Ù¥ X = {x1, x2, . . . , xt+1} , Y = {y1, y2, . . . , yt+1}. Ï� t + 1 ≥
BR(C4,K1,k+1)� C4 6⊆ G, ¤±k K1,k+1 ⊆ G. Ø���5, b� K1,k+1 d: x1, y1, y2, . . . , yk+1

�¤, Ù¥: x1�K1,k+1�¥%:. -X1 := X \ {x1}, Y1 := Y \ {y1, y2, . . . , yk+1}. Ï� C4 6⊆ G,

�âÚn 1��, 3G [X1, Y1]¥�3 P2bm
2 c−1. � u, v� P2bm

2 c−1�ü�à:, � u′, v′©O� u, v

��:.

�m�óê�, d� P2bm
2 c−1 = Pm−1, ·��Ä±eü«�¹:

�¹ 1 u, v ∈ V (X).

Ï� Bk,m 6⊆ G, Kk{u, v} × {y1, y2, . . . , yk+1} ∈ E
(
G
)
, ù�¬3 G¥�) C4, �b�gñ.

�¹ 2 u, v ∈ V (Y ).

d� u′, v′ ∈ V (X). Ï� Bk,m 6⊆ G, Kk{u′, v′} × {y1, y2, . . . , yk+1} ∈ E
(
G
)
, Ó��¬3 G

¥�) C4, �b�gñ.

�m�Ûê�, d� P2bm
2 c−1 = Pm−2, ·���Ä±eü«�¹:

�¹ 3 u, v ∈ V (X).

d���¹ 1��, �b�gñ.

�¹ 4 u, v ∈ V (Y ).

Ø���5, b� Pm−2 = yk+2xk+2 . . . ytxtyt+1. - X2 := X1 \ V (Pm−2). e NG(xk+2) ∩
V (K1,k+1) 6= ∅, Ø�� xk+2y1 ∈ E(G). Ï� Bk,m 6⊆ G, Kk |NG(yt+1) ∩X2| = |X2| =

k + 1. qÏ� C4 6⊆ G, ·�k |NG(yi) ∩X2| ≥ k, Ù¥ i = 1, k + 2. d k ≥ 2, ·��íÑ

|NG(y1) ∩NG(yk+2) ∩X2| 6= 0, ù¿�X Bk,m ⊆ G, �b�gñ. Ïd, NG(xk+2)∩V (K1,k+1) = ∅.
Ón, éu: xt, ��±íÑ NG(xt) ∩ V (K1,k+1) = ∅. ¤± C4 ⊆ G. 2g�b�gñ. ddy²


Ún 2¤á. �
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ÚÚÚnnn3. é¤k���ê k ≥ 2, m ≥ 2, e÷v k +
⌊
m
2
c+ 1 < BR(C4,K1,k+1), Kk

BR(C4, Bk,m) = BR(C4,K1,k+1).

Proof. Ï� K1,k+1 ⊆ Bk,m, ¤±k BR(C4, Bk,m) ≥ BR(C4,K1,k+1). - p = BR(C4,K1,k+1), �

â^���� p ≥ k +
⌊
m
2

⌋
+ 2. Ó�ùp$^��{�y²e.. b� BR(C4, Bk,m) > p,

=�3��ã G ⊆ Kp,p, ¦� Bk,m 6⊆ G � C4 6⊆ G. - (X,Y ) � Kp,p �ü�Ü, Ù¥ X =

{x1, x2, . . . , xp} , Y = {y1, y2, . . . , yp}. Ï�BR(C4, Bk,m) > p� C4 6⊆ G, ¤±kK1,k+1 ⊆ G. Ø�

��5,b�K1,k+1d: x1, y1, y2, . . . , yk+1�¤,Ù¥: x1�K1,k+1�¥%:. -X1 := X \{x1},
Y1 := Y \ {y1, y2, . . . , yk+1}. Ï� C4 6⊆ G, �âÚn 1 ��, P2(p−k−1)−1 ⊆ G [X1, Y1]. Ï�

p ≥ k +
⌊
m
2
c + 2, ¤± 2(p − k − 1) − 1 ≥ 2(

⌊
m
2
c + 1) − 1 ≥ m. ¤±3 G [X1, Y1] ¥�3�ê

��� m �´. � u, v � Pm �ü�à:, � u′, v′ ©O� u, v ��:. Ï� Bk,m 6⊆ G, ¤±

� m�óê�, �o {u, v′} × {y1, y2, . . . , yk+1} ∈ E
(
G
)
�o {u′, v} × {y1, y2, . . . , yk+1} ∈ E

(
G
)
,

Ñ¬k C4 ⊆ G, �b�gñ; � m �Ûê�, �o {u, v} × {y1, y2, . . . , yk+1} ∈ E
(
G
)
�o

{u′, v′} × {y1, y2, . . . , yk+1} ∈ E
(
G
)
, �¬k C4 ⊆ G, �b�gñ. y.. �

(ÜÚn 2ÚÚn 3, ·��±��½n 3.

½n 3 é¤k���ê k ≥ 2, m ≥ 2, k

BR(C4, Bk,m) =

{
k +

⌊
m
2

⌋
+ 1, k +

⌊
m
2

⌋
+ 1 ≥ BR(C4,K1,k+1),

BR(C4,K1,k+1), k +
⌊
m
2

⌋
+ 1 < BR(C4,K1,k+1).

3. ½n 4�y²

3y²½n 4�c, ·�k50�e�Ü Turánê. �Ü Turánê ex(m,n,H), ´�3�Üã

G[X,Y ]¥Ø�¹ã H ���>ê, Ù¥ (|X| , |Y |) = (m,n). AO/, em = n = N � H = Ks,t,

d� ex(N,N,Ks,t)Ò´/²ï0�¹e� Zarankiewiczê. �
y²½n 4 , ·�I�^�e¡

'u C4��Ü Turánê�½n.

ÚÚÚnnn4. ( [6]) é¤k� N , k ex(N,N,C4) ≤ N(
√
N − 3

4
+ 1

2
).

3Ún 4�Ä:þ, ·�5y²½n 4.

½n 4 é¤k���ê n ≥ m ≥ 2, k BR(C4, B(n,m)) ≤ n +
⌈√

n
⌉
.

Proof. Ï�B(n,1) ⊆ · · · ⊆ B(n,n),¤±kBR(C4, B(n,1)) ≤ · · · ≤ BR(C4, B(n,n)). Ïd,·��I�

y²BR(C4, B(n,n)) ≤ n+
⌈√

n
⌉
¤á=�.$^�y{,b�BR(C4, B(n,n)) > n+

⌈√
n
⌉
,=�3�

�K(
n+
⌈√

n
⌉
,n+
⌈√

n
⌉)�fã G, ¦� B(n,n) 6⊆ G� C4 6⊆ G. - (X,Y )�K(

n+
⌈√

n
⌉
,n+
⌈√

n
⌉)�ü

�Ü, Ù¥ X =

{
x1, x2, . . . , x

n+
⌈√

n
⌉} , Y =

{
y1, y2, . . . , y

n+
⌈√

n
⌉}. �âÚn 1 , BR(C4,K1,n) ≤

n +
⌈√

n
⌉
, Ï� C4 6⊆ G, ¤±3 G¥�3( K1,n. Ø�� K1,n d: x1, y1, y2, . . . , yn �¤, Ù¥:
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x1�K1,n�¥%:. - Y1 := Y ∩ V (K1,n), Y2 := Y \ Y1.

B(n,n) 6⊆ G, ¤±éu?¿: y ∈ Y1, k |NG(y) ∩X \ {x1}| ≤ n− 2, = |NG(y) ∩X \ {x1}| ≥⌈√
n
⌉

+ 1. éu: y1, � X1 ⊆ (NG(y) ∩ X \ {x1}), ¦� |X1| =
⌈√

n
⌉

+ 1. Ï� C4 6⊆ G, ¤±

éu Y \ {y1}¥z�: y′, ¬k |NG(y′) ∩X2| ≥
⌈√

n
⌉
. e 2 ≤ n ≤ 3, K

⌈√
n
⌉
≥ n − 1, ù¿�

X�3��V( B(n,n) 3 G¥, �b�gñ. �e5, ·�?Ø� n ≥ 4��¹. dc¡��, 3

G [X1, Y \ {y1}]¥, ��k
(
n +

⌈√
n
⌉
− 1
) (⌈√

n
⌉)
^>. Ï�(

n +
⌈√

n
⌉
− 1
) (⌈√

n
⌉)⌈√

n
⌉

+ 1
> n− 1,

¤±3 X2 ¥�½�3��: x0, ¦� dG(x0) ≥ n. db� B(n,n) 6⊆ G, ¤±éu?¿�: u ∈ Y1,

k dG(u) ≤ n− 1. eéu Y2¥�?¿�: v, �÷v dG(v) ≤ n− 1. Kk

∣∣E(G)∣∣
min

=
∣∣E(k)∣∣− ∣∣E(G)∣∣

max
= (n +

⌈√
n
⌉
)(n +

⌈√
n
⌉
)− (n− 1)(n +

⌈√
n
⌉
)

=
⌈√

n
⌉2

+ (n + 1)
⌈√

n
⌉

+ n,

Ù¥ |E(k)|L«���ÜãK(
n+
⌈√

n
⌉
,n+
⌈√

n
⌉)�>ê.

�âÚn 4, �±��

ex(n +
⌈√

n
⌉
, n +

⌈√
n
⌉
, C4) ≤ (n +

⌈√
n
⌉
)(

√
n +

⌈√
n
⌉
− 3

4
+

1

2
)

< (n +
⌈√

n
⌉
)(

√
n +

⌈√
n
⌉

+
1

4
+

1

2
)

≤ (n +
⌈√

n
⌉
)(
⌈√

n
⌉

+ 1)

=
⌈√

n
⌉2

+ (n + 1)
⌈√

n
⌉

+ n

=
∣∣E(G)∣∣

min
.

ù¿�X C4 ⊆ G, �b�gñ. Ïd, �½�3��: u′ ∈ Y2, ¦� dG(u′) ≥ n. �e5, ·�

�$^�c¡��é: x0 ����{, 3 Y é���: y0, ¦ y0 ÷v dG(y0) ≥ n. dd�±��

3 G¥, : x1, x0, u
′, y0 �ÝÑ´�u�u n�, Ù¥ x1, x0 ∈ V (X), u′, y0 ∈ V (Y ). ¤±�ok

B(n,n) ⊆ G�ok C4 6⊆ G, �b��gñ.

y.. �

½n 4`²
 BR(C4, B(n,m))� BR(C4,K1,n)äk�Ó�þ., ¿�·��±é¯��±e

íØ.

íííØØØ1. é¤k���ê n ≥ m ≥ 2,eBR(C4,K1,n) = n+
⌈√

n
⌉
,KkBR(C4, B(n,m)) = n+

⌈√
n
⌉
.

Proof. Ï� K1,n) ⊆ B(n,m), ¤±w, BR(C4,K1,n) ≤ BR(C4, B(n,m)). Ï� BR(C4,K1,n) =

n +
⌈√

n
⌉
, �â½n 4, N´��íØ¤á. �

±e�k�
'u�Ü Ramseyê BR(C4,K1,n)�(Ø.
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ÚÚÚnnn5. ( [4]) éuv
����ê n, k BR(C4,K1,n+1) > n +
√
n− 6n

11
40 .

ÚÚÚnnn6. ( [7]) e�3 q��K²¡�Ø�3 q + 1��K²¡, K BR(C4,K1,q2+1) = q2 + q + 1.

�âÚn 5ÚÚn 6·��±��±eü�íØ.

íííØØØ2. éuv
����ê nÚ?¿��êm, n ≥ m, k BR(C4, Bn,m) > n +
√
n− 6n

11
40 .

Proof. Ï�K1,n+1 ⊆ Bn,m, ¤±k BR(C4, Bn,m) ≥ BR(C4,K1,n+1). 2(ÜÚn 5, KíØ¤á.
�

íííØØØ3. e�3 q��K²¡�Ø�3 q + 1��K²¡, é¤k���êm ≤ q2 + 1, k

BR(C4, B(q2+1,m)) = q2 + q + 1.

Proof. Ï�K1,q2+1 ⊆ B(q2+1,m),dÚn 6��� q2+q+1 = BR(C4,K1,q2+1) ≤ BR(C4, B(q2+1,m)),

ddy²
e.. éuþ.�y², �Iy²� m = q2 + 1 �, (Ø¤á=�. $^�y{, �

BR(C4, B(q2+1,q2+1)) > q2 + q + 1, =�3�� Kq2+q+1,q2+q+1 �fã G, ¦� B(q2+1,q2+1) 6⊆
G � C4 6⊆ G. - (X,Y ) � Kq2+q+1,q2+q+1 �ü�Ü, Ù¥ X = {x1, x2, . . . , xq2+q+1} , Y =

{y1, y2, . . . , yq2+q+1}. �âb��Ún 6, �� K1,q2+1 ⊆ G, Ø���5, � K1,q2+1 d:

x1, y1, y2, . . . , yq2+1�¤, Ù¥: x1�K1,q2+1�¥%:. - Y1 := {y1, y2, . . . , yq2+1}.
éu?¿: x ∈ X \ {x1}, e |NG(x) ∩ Y1| ≤ q, K |NG(x) ∩ Y1| ≥ q2 + 1 − q. K3ã

G [X \ {x1} , Y1]¥��k (q2 + q)(q2 + 1− q)^>. Ï�

(q2 + q)(q2 + 1− q)

q2 + 1
> q2 − 1,

¤±3 Y1 ¥�½�3��: u, ¦� |NG(u) ∩X \ {x1}| ≥ q2, ù¿�X B(q2+1,q2+1) ⊆ G, �b�

gñ. Ïd3 X \ {x1}¥�½�3�: v, ÷v |NG(v) ∩ Y1| ≥ q + 1. - A ⊆ NG(v) ∩ Y1, ¦�

|A| = q + 1. Ï� C4 6⊆ G, ¤±éu?¿: x ∈ X \ {x1, v}, k |NG(x) ∩A| ≥ q. Ï�

q(q2 + q − 1)

q + 1
> q2 − 1,

¤±�3��: y′ ∈ A, ¦� |NG(y′) ∩X \ {x1, v}| ≥ q2, Ïd¬k B(q2+1,q2+1) ⊆ G, 2g�b�

gñ. ddy²íØ¤á. �

4. (�

�©��
'u C4 é×¸ Bk,m, V( B(n,m) ùü�AÏa.�ä��Ü Ramseyê, 3�¡

�ïÄ¥, ò?�Úg� C4 é?¿/G�ä T ��Ü Ramseyê, ¿�·�ßÿ, BR(C4, T )¬k

� R(C4, T )�aq�(Ø, dd��±eß�.
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xâu

ßßß���1. éu?¿ä T , � T ���Ý� n , ò T �º:8©� A, B ü�Ü, >�3 AÚ B ü�

Ü�m�3, Ø�b� |A| ≥ |B|� |A| = m, K¬k

BR(C4, T ) = max {BR(C4,K1,n),m + 1} .
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