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Abstract
The univariate matching polynomial of a graph is one of the equivalent forms of the
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graph matching generating function. The bivariate matching polynomial of a graph
introduced by Farrell is a generalization of the univariate matching polynomial of a
graph. This paper studies the bivariate matching polynomial of a class of 2-trees. By
using a special expansion form of the determinant of the matching matrix, the explicit
expression of the bivariate matching polynomial of this class of 2-trees is obtained.

Further, the corresponding Hosoya index is obtained.
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1. 5|8

W G=(V,E), vV ZISEH |V =p, E 2U%E, {5 SCVE, UG-8 FRING
M2 S W FTA TS S SRS 2 . Rk, S = {v} B, G — S e G — v, m(G) NE
G X EILAL 2 WX, How SCh

(2]

m(Ga w17w2) = Z ak(G)w;f72kw§7

k=0
H an(G) 2 G FEFH k 2IARIVTACEL, wi,w, AR G BT AUE SO E. FH IR 2
WA E X2 G, Farrell =3, RU—ANUCECAL & — 2530, A XAS VLR AL Brf Ae AH 4T
(AR L), DRI, 38 8 — 2K KR 1, AR BT A ILEC AR & A 2 —REE — KA e N
e, B—RRNEEL e WMILRXFER—ADRNGY, Farrell fF1585] 7 VLHZ WK — DA AL, 3D
1E:

m(G;wi,ws2) = m(Gr;wi, ws) + wom(Ga;wi, wa)

Hrb Gy oM EE G —5%3U e FRBINE, Gy R %10 e AT EARIHE. AN
AR AT B ERENAX A, ol DO ERIL R 2 05 6T e el K, K, Ky
PR K, EATHIUA B LR 2 08 (1]
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m(Ka;wi,wy) = Wi+ ws;
m(Ks;wi,wa) = wi + 3wiws;
m(Kywi,wa) = wi+ dwiws + 2w3;
m(Kp;wi,wa) = wf.

FEAHL, 2wy = —1 B, BRI Z 0K (Heilmann 1 Lieb [2]) 1152 X

(5]
m(Giwr, —1) =Y ar(G)(—1)"wi 2",
k=0
H i, VF2 Rk IR AR B IO 2 0 O 4 A #iE B, flin, n AR E P, 1 n AT
IR S, HIULHS 2 A LA 45 R

(w1 — Vwi — 4" — (w1 + /wi — 4"t
m(Pnywi) =
ot /o2 4

m(Sy;wi) = wi ™ 2( f —n+1).

1971 F, Hosoya [3] #&H T G 1) Hosoya fREM S, HE A

G) = a(G)
k>0
Hr 0, (G) BB G HEA k(k > 0) AMILEE. 2-FE MBS RIHET, Harary [4] B /cHH
TEE TR S LT 2-#4, 1986 4F, Arnborg [5] 45 H T B — M) k-2 . RId S k-#
I E S, RIS 3] -k A X 2 MR — KRB/ -8, Rk ¢ 2—H
-8, IR AN — SBT3 G 502 R PR A i i 45 31 1 B2 — R 2B, RSO i — 2
2-B (R AR B VU HC 22 X, FF AR 4 I g5 MR AE, 1) A P DL e B AT 21 ) — MR ik e o T X 5 I DL
BCAERE d— BRECHEAT LT, #0028 5 L RUARE, T SR A5 H XA B VU AC 22 1 A v Rk =X, 1S
2 H Hosoya F8EL

2. BXEX 553

EX 2.1, ([1])) % G=(V,E), &V ={v,v9,...,0.}, E={e1,ea,...,en}. & v, €V, WHE
G W EBRIEEZ XA M(G) = (mij)nxn, 5T

v/ W2 Tﬁ,‘.l—i v; —’5 Vj /"\F'f%j]_l < j,
—4/ W3 Tﬁ,ﬁ\ V; —IEJ Vj /"\lg'f%_ﬂ_l > j,

0 M5 v 5 v AR,

(2%} Z:j
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ENX 2.2, ([1]) % G=(V,E), BV ={v,v9,...,0,}, E = {er,ea,....en}. & viv;, €V, NHE
G WERAEE M(G) 6 d— &% dM(G)) & LT

(1)) & n=008,dMG)) =
(ii) % 0<n<3 B, d(M(G)) = det(M(G));

ViU erE

5138 2.1. ([1,6]) & G=(V,E) B v;,v; €V,

(i) d(M(G)) = m(G;wy,ws);
(7)) m(Gywi,wz) = wim(G —v;) +wa Y, m(G—uv; —vj).

viv; ER
B 2.2. ([7)) £ A= (ay)usn H—A nxn %H, Ay 5 A,y B ARHEEFR, W
Al = (=1)"May Ay + )Y (=1 aisan Airg,
r=1 s=1

Hbr v hibr,shjE/RFHKvwp=itst+r+j.

SIFE 2.3. ([8]) &RFEME My, My, M3y H= My 895 HA pXp, pxq, qXpH gxq. & M, #=

My ZFT#6, N
M, M.
det ! 2
Ms M,

HF My — MaMy My & My 89 Schur #b, My — MzM; ' My & M, 45 Schur #h.

3. EELFip

det(M4) X det(Ml — MgMleg)

= det(M;) x det(My — MsM; ' M,),

AR 2-W T8 { B }nso WHEIE TR

R % o

Figure 1. B, (n=0,1,2,.
& 1. B, (n=0,1,2,...)

AHEEH By = Ky (V(Bo) = {z,y}), Bn (n > 1) RARIE Ky WERERIMT n A2 F
T ug, g, ..y, HEATS Ky I {z,y} #AHELE, B V(B,) = {z,y,u1,u2, ..., u,},
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E(B,) = {zuglk =1,2,--- ;n} U{yuglk =1,2,--- ,n} U {zy}.
EIE 3.1. B, WREBERSAXY

m(By;wi,wz) = w2+ (2n + Dwlws + (n? — n)w! %ws (n=0,1,2,...).

Proof. TR EIILERCHFERIE X, A

Uy x Y

(751 w1 \/072 \/U-TQ
>7M(31) =z | —yw w o |,
Yy /W2 W2 w1

EEF', D:wlIn, U:1/w2Jnx2, V:*\/WQJQXTL, W = w1 w2 .
—+/ W2 w1

A 51222, X ERILACREFEAZTCER myy TS

det(M(B2)) = my My — m13m31M13,31 - m1477741]\/[14,41 + m13m41M14,31
+ mugmaz Mz 4
= wydet(M(By)) + 2wa det(M (K7 1)) + Aus),

det(M(B3)) = mqi My — mygmar Mig a1 — masmsi Mys 51 4+ maamsi Mis a1

+

m15m41M14,51

wy det(M (Bz)) + 2w det (M (K7 2)) + A(us),

det(M(Bn)) = muMp — ml(n+1)m(n+1)1M1(n+1),(n+1)1 - ml(n+2)m(n+2)1M1(n+2),(n+2)1

+  Mir )M 421 Mitns2),(n+1)1 + M2 M (1)1 M1 (n41), (n42)1

w1 det(M(anl)) + 2wy det(M(Kl)n,l)) + A(un),
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Hrp
A(un) = M1 1)Mnr2)1 Min+2),(m41)1 + Mint2) M 1)1 Ming1), 21 (R =1,2,3,...).

LIS, 19
Auy) = —ws|(det()) + (det ()],

Hr

of — wil,_1 Vw2l 1 B — wil,—1 Vwal, 1
_\/WQ].Z;_I \/ W2 ’ _\/WQ].Z_:[ —\/ W2

HI51282.31) Schur AR, H
det(#) = Wi fws + (n — 1w 2ws,

det(B) = —wi ™ wy + (n — Dw] *w,.

Rt
Aluy) = (2= 2n)w w2 (n=1,2,...).

MRAEVLERCHE R d— REUE X, A

d(M(By)) = det(M(Bo)),
d(M(By)) = det(M(By)),
d(M(Bz)) = wid(M(B1)) 4 2wad(K1 1),
d(M(Bs)) = wid(M(Bz)) + 2wad(K1 ),

d(M(B,)) = wid(M(B,-1))+ 2wd(K1 (n-1))-
BT det(M(K,,)) =dM(K,,)) (n=012,..),H

det(M(By)) — d(M(By)) = det(M(By))—d(M(By)) =0,

det(M(Bz)) — d(M(Bz)) = wildet(M(By)) — d(M(B1))] + A(uz)
= A(ua),

det(M(Bs)) — d(M(Bs)) = wildet(M(Bz)) — d(M(Bz2))] + A(us)
= wiAug) + A(ug),

det(M(B,)) — d(M(B,)) = wi[det(M(B,_1)) —d(M(Bn_1))] + A(uy)
= w?_QA(uQ) + w3 A (us) + w?_4A(U4) + .ot W A(un—1) + Auy,).
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HT A(u,) = (2 -2n)wi w2 (n=1,2,...), &
det(M(B,)) —d(M(B,)) = (n — n*)w! w2 (n=0,1,2,...).
DyFsERE A ARRR I, B Schur #MAK, A
det(M(B,)) = wi™ + (2n + 1)wiw,,
PR, RS 5 2.1, 15

m(Bp;wi,ws) = d(M(B,)) = det(M(B,)) — (n —n?)wl w2

= W (204 Dwlws + (0 —n)wi2wd  (n=0,1,2,...).

#it 3.1. B, WETERRLAKXA
m(Bp;wi, —1) = w{™ — 2n+ Dw] + (n® —n)wi™? (n=0,1,2,...).
L 3.2. B, % Hosoya 158 A
Z(B,)=n*+n+2 (n=0,1,2,...).
Proof. #R¥% Hosoya FTaBHIE X, 4w =w, =1, Ml m(G;1,1) = Z(G). H,

m(Bp; 1, 1) =1+ 2n+ 1)+ (n*—n)=n*+n+2 (n=0,1,2,...).

n det(M(B,)) m(Bp;wy,ws) Z(By) A(uy,)
0 w? + wsy w? + wy 2 0
1 W} + Bwiws Wi + 3wiws 4 0
2 wi + bwiws wi + bwiwy + 2w3 8 —2w3
3 WP + Twiws WP + Twiwsy + 6w w? 14 — 4w w?
4 w§ + Iwiws Wb + Ywiws + 12w w3 22 —6w?ws
=+
4, /J\gn

ARSI T — 2% 2R MRV RITE S T, IR 7505 i —FsE R AT SR 2% 24 ML RLAR
XY K047 5 SUHEAT R IF, I 5 L BICREAERE R d— BRMIEAT EORY, FRTHSEPI% 2 22 RILAUHE
TR A5 T SO RILR 2 000 AL RIAR, e — B30 7 1426 2010 Hosoya FHL BRI
BT LLHE P HE Al 24, R o ), 5 00 P15 0 002 UL 2 T Ay o AR I, %4 T T
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NS LG R R RO 15 51 2R S SR ], DR 207 1 2 2 H R
S

RICZHHL AR HAREFARE S — A (Y21A010028) AL DU WF A2 E el 1 H
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