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Abstract

This paper studies the mapping properties of one-sided multilinear maximal operators

on Campanato spaces. Using the boundedness on Lebesgue spaces, we prove that the

one-sided multilinear Hardy-Littlewood maximal operators and fractional maximal

operators are bounded from one-sided Morrey spaces to one-sided Campanato spaces.
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1. Úó9Ì�(J

Sawyer [1]ÄgÚ\
ü>©êg�f, ¿ïÄ
ü> Hardy-Littlewood4��f3 Lebesgue

þ�k.5. ��, ü>�fnØÉ�<��2�ïÄ [2–5].

1927c, HardyÚ Littlewood [6]y²
©êgÈ©3 Lebesgue�m�k.5.

½½½nnn A [6] � 0 < s < n, 1 < p < q <∞�÷v 1
p
− 1

q
= s

n
, K�3~ê C(n, s, p)¦�

‖Is(f)‖Lq(Rn) 6 C‖f‖Lp(Rn).

Ù¥

Is(f)(x) =

∫
Rn

f(y)

|x− y|n−s
dy.

� fi : R −→ R´�ÿ¼ê, i = 1, 2, · · · ,m,
−→
f := (f1, f2, · · · , fm), p ´÷v^� 1

p
=
∑m

i=1
1
pi

�~ê, Ù¥ 1 < pi <∞, i = 1, 2, · · · ,m, (m ∈ N). 1999c, KenigÚ Stein [7]Ú\
õ�5©êg
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È©�f

Iγ(
−→
f )(x) =

∫
(Rn)m

f1(y1) · · · fm(ym)

(|x− y1|+ · · ·+ |x− ym|)mn−γ
d−→y .

Moen [8]¥y²
 Iγ � Lp-k.5.

½½½nnn B [8] � 0 < γ < mn, 1 < pi <
mn
γ
, fi ∈ Lpi(Rn), 1

q
=
∑m

i=1
1
qi

, K�3� fi Ã'�~ê

C > 0¦�

‖Iγ(
−→
f )‖Lq(Rn) 6 C

m∏
i=1

‖fi‖Lpi (Rn).

ü>©êgÈ©½Â� [1, 9]

I+α f(x) =

∫ ∞
x

f(y)

(y − x)1−α
dy.

2023c, GiorgiÚ Alexander [10]y²
ü>õ�5©êg4��f3 Lpþ�k.5.

½½½nnn C [10] � 0 < α < m, 1 < pi <
m
α
, 1
q

=
∑m

i=1

1
qi
, 1
qi

= 1
pi
− α

m
, fi ∈ Lpi(R), K�3~ê

C > 0¦�

‖M+
α (
−→
f )‖Lq(R) 6 C

m∏
i=1

‖fi‖Lpi (R),

‖M−
α (
−→
f )‖Lq(R) 6 C

m∏
i=1

‖fi‖Lpi (R).

Ù¥

M+
α (
−→
f )(x) = sup

h>0

1

h1−
α
m

m∏
i=1

∫ x+h

x

|fi(yi)|dyi, (1)

M−
α (
−→
f )(x) = sup

h>0

1

h1−
α
m

m∏
i=1

∫ x

x−h
|fi(yi)|dyi. (2)

�m = 1�, ü>©êg4��f�

M+
α (f) = sup

h>0

1

h1−α

∫ x+h

x

|f(y)|dy, (3)

M−α (f) = sup
h>0

1

h1−α

∫ x

x−h
|f(y)|dy. (4)

ü>�f�ïÄ¬�Xü>�m�Ñy, �õ�(J�ë� [11–18].

½½½ÂÂÂ 1 [19] � − 1
p
≤ β < 0, 1 ≤ p <∞, ü>Morrey�m½Â�

L+
p,β(R) = {f : ‖f‖L+

p,β(R)
<∞}
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Ù¥

‖f‖L+
p,β(R)

= sup
x0∈R

sup
h>0

1

hβ

( 1

|(x0 − h, x0)|

∫ x0+h

x0

|f(x)|pdx
) 1
p

.

½½½ÂÂÂ 2 [19] � − 1
p
≤ β < 1, 1 ≤ p <∞, ü> Campanato�m½Â�

C+
p,β(R) = {f : ‖f‖C+

p,β(R)
<∞},

Ù¥

‖f‖C+
p,β(R)

= sup
x0∈R

sup
h>0

1

hβ

( 1

|(x0 − h, x0)|

∫ x0+h

x0

|f(x)− f(x0,x0+h)|pdx
) 1
p

,

f(x0,x0+h) =
1

|(x0, x0 + h)|

∫ x0+h

x0

f(x)dx.

��2ÚF�� [19]y²
ü> Hardy-Littlewood4��f

M+(f)(x) = sup
h>0

1

h

∫ x+h

x

|f(y)|dy, M−(f)(x) = sup
h>0

1

h

∫ x

x−h
|f(y)|dy

´lü>Morrey�m L+
p,β(R)�ü> Campanato�m C+

p,β(R)þk..

ü>õ�5 Hardy-Littlewood4��f½Â�

M+(
−→
f )(x) = sup

h>0

1

hm

m∏
i=1

∫ x+h

x

|fi(yi)|dyi, (5)

M−(
−→
f )(x) = sup

h>0

1

hm

m∏
i=1

∫ x

x−h
|fi(yi)|dyi. (6)

É© [10, 19]�éu, �©Ì�8�´ïÄü>õ�5 Hardy-Littlewood4��fÚ©êg4

��f´lü>Morrey�m�ü> Campanato�mþk.�. Ì�(JXe.

½½½nnn 1 � 1 < pi < ∞,− 1
pi

6 βi < 0, β =
∑m

i=1 βi,
1
p

=
∑m

i=1
1
pi

, ü>õ�5 Hardy-

Littlewood 4��fM+ d(5)ª½Â, @o� 1 < pi <
1

1+βi
(i = 1, 2, · · · ,m) �, M+ ´l

L+
p1,β1

(R)× · · ·L+
pm,βm

(R) �ü> Campanato�m C+
p,β(R)þk.�.

½½½nnn 2 � 0 < α < m,− 1
pi

6 βi < 0, 1
q

=
∑m

i=1
1
qi
, 1
qi

= 1
pi
− α

m
, β1 =

∑m
i=1 β1i, β2 =∑m

1 β2i, β2i = β1i − α
m
, i = 1, 2, · · · ,m, ü>õ�5©êg4��fM+

α d(1)ª½Â, @o�

1 < pi < qi <
1

1+βi
(i = 1, 2, · · · ,m) �,M+

α ´l L+
p1,β21

(R)× · · ·L+
pm,β2m

(R)�ü> Campanato�

m C+
q,β1

(R)þk.�.

2. ½n�y²

�
y²½n, ·�I�±eÚn.
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ÚÚÚnnn 1 [10] � 0 < α < 1, 1 < p < 1
α
, 1
q

= 1
p
− α, @o�3� f Ã'�~ê C > 0¦�

( ∫
R
|M+

α (f)|qdx
) 1
q 6 C

( ∫
R
|f(x)|pdx

) 1
p .

ÚÚÚnnn 2 [10] � 0 < α < 1, 1 < p < 1
α
, 1
q

= 1
p
− α, @o�3� f Ã'�~ê C > 0¦�

( ∫
R
|M−α (f)|qdx

) 1
q 6 C

( ∫
R
|f(x)|pdx

) 1
p .

ÚÚÚnnn 3 [16] � 0 < p <∞, @o�3~ê C > 0¦�

‖M+f‖Lp(R) 6 C‖f‖Lp(R).

� x0 ∈ R§h, λ > 0, ±ey²¥, P I = (x0, x0 +h), I+ = (x0 +h, x0 + 2h), I− = (x0−h, x0),
λI = (x0, x0 + λh).

½½½nnn 1���yyy²²² �ym = 2, m > 2��/aq.

Ï�� β < 0�, L+
p,β(R) ⊆ C+

p,β(R), K�Iy²�3 C > 0, ¦�

1

hβ

( 1

|(x0 − h, x0)|

∫ x0+h

x0

|M+(
−→
f )(x)|pdx

) 1
p

6 C

2∏
i=1

‖fi‖L+
pi,βi

(R).

P fi = f0
i + f∞i , Ù¥ f0

i = fχ2I
, i = 1, 2. K

1

hβ

( 1

|(x0 − h, x0)|

∫ x0+h

x0

|M+(
−→
f )(x)|pdx

) 1
p

6 h−βh−
1
p

(∫ x0+h

x0

|M+(f0
1 , f

0
2 )(x)|pdx

) 1
p

+ h−βh−
1
p

(∫ x0+h

x0

|M+(f0
1 , f

∞
2 )(x)|pdx

) 1
p

+ h−βh−
1
p

(∫ x0+h

x0

|M+(f∞1 , f0
2 )(x)|pdx

) 1
p

+ h−βh−
1
p

(∫ x0+h

x0

|M+(f∞1 , f∞2 )(x)|pdx
) 1
p

= I1 + I2 + I3 + I4.

I2Ú I3��O�{aq, �I�O I1, I2, I4. dÚn 5Ú HölderØ�ª, k

I1 6 h−βh−
1
p

(∫
R
|M+(f0

1 , f
0
2 )(x)|pdx

) 1
p

6 Ch−βh−
1
p

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1
(∫ x0+2h

x0

|f2(x2)|p2dx2
) 1
p2

6 C
1

hβ1+β2

( 1

|(x0 − 2h, x0)|

∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1
( 1

|(x0 − 2h, x0)|

∫ x0+2h

x0

|f2(x2)|p2dx2
) 1
p2

6 C

2∏
i=1

‖fi‖L+
pi,βi

(R).
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éu I2, �âM+(
−→
f )(x)�½Â�½Â

M+(f0
1 , f

∞
2 )(x) = sup

h>0

1

h

∫ x1+h

x1

|f0
1 (x1)|dx1

1

h

∫ x2+h

x2

|f∞2 (x2)|dx2

Kd½Â9 HölderØ�ª, k

sup
h>0

1

2h

∫ x0+2h

x0

|f1(x1)|dx1
∞∑
j=1

1

2jh

∫ x0+2j+1h

x0+2h

|f2(x2)|dx2

6 sup
h>0

(2h)1−
1
p1

1

2h

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1

∞∑
j=1

(2jh)1−
1
p2

1

2jh

(∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

= sup
h>0

(2h)−
1
p1

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1

∞∑
j=1

h−
1
p2

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

òþª�\ I2¥, k

I2 6 sup
h>0

h−βh−
1
p (2h)−

1
p1

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1

∞∑
j=1

h−
1
p2

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

= sup
h>0

h−β(2h)−
1
p1 (2h)β1

1

(2h)β1

( |(x0 − 2h, x0)|
|(x0 − 2h, x0)|

∫ x0+2h

x0

|f1(x)|p1dx1
) 1
p1

×
∞∑
j=1

h−
1
p2 (2j)−

1
p2 (2jh)β2

1

(2jh)β2

( |(x0 − 2jh, x0)|
|(x0 − 2jh, x0)|

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

6 C sup
h>0

∞∑
j=1

(2j)β2hβ1+β2−β
2∏
i=1

‖fi‖L+
pi,βi

(R)

6 C

2∏
i=1

‖fi‖L+
pi,βi

(R).

Ó�, k

M+(f∞1 , f∞2 )(x) 6 sup
h>0

∞∑
j=1

1

2jh

∫ x0+2j+1h

x0+2h

|f1(x1)|dx1
∞∑
j=1

1

2jh

∫ x0+2j+1h

x0+2h

|f2(x2)|dx2

6 sup
h>0

∞∑
j=1

(2jh)1−
1
p1

1

2jh

(∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

(2jh)1−
1
p2

1

2jh

(∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

= sup
h>0

∞∑
j=1

(h)−
1
p1

( 1

2j

∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

h−
1
p2

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

DOI: 10.12677/aam.2024.1311491 5094 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.1311491


ox

�\ I4¥, k

I4 6 sup
h>0

h−βh−
1
ph−

1
p1

∞∑
j=1

( 1

2j

∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

h−
1
p2 h

1
ph−

1
p1

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

6 sup
h>0

∞∑
j=1

h−β(2h)−
1
p1 (2jh)β1

1

(2jh)β1

( |(x0 − 2jh, x0)|
|(x0 − 2jh, x0)|

∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

h−
1
p2 (2j)−

1
p2 (2jh)β2

1

(2jh)β2

( |(x0 − 2jh, x0)|
|(x0 − 2jh, x0)|

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

6 C sup
h>0

∞∑
j=1

(2j)βhβ1+β2−β
2∏
i=1

‖fi‖L+
pi,βi

(R) 6 C
2∏
i=1

‖fi‖L+
pi,βi

(R).

Ïd½n 1y..

½½½nnn 2���yyy²²² Ó½n1 �y², �ym = 2��/. du� β < 0�, L+
p,β(R) ⊆ C+

p,β(R), K�

Iy²�3 C > 0, ¦�

1

hβ1

( 1

|(x0 − h, x0)|

∫ x0+h

x0

|M+
α (
−→
f )(x)|qdx

) 1
q

6 C

2∏
i=1

‖fi‖L+
pi,β2i

(R).

yò fi©)� fi = f0
i + f∞i , Ù¥ f0

i = fχ2I
, i = 1, 2. K

1

hβ1

( 1

|(x0 − h, x0)|

∫ x0+h

x0

|M+
α (
−→
f )(x)|qdx

) 1
q

6 h−β1h−
1
q

(∫ x0+h

x0

|M+
α (f0

1 , f
0
2 )(x)|qdx

) 1
q

+ h−β1h−
1
q

(∫ x0+h

x0

|M+
α (f0

1 , f
∞
2 )(x)|qdx

) 1
q

+ h−β1h−
1
q

(∫ x0+h

x0

|M+
α (f∞1 , f0

2 )(x)|qdx
) 1
q

+ h−β1h−
1
q

(∫ x0+h

x0

|M+
α (f∞1 , f∞2 )(x)|qdx

) 1
q

= Ĩ1 + Ĩ2 + Ĩ3 + Ĩ4.

Ĩ2Ú Ĩ3��O�{aq, �I�O Ĩ1, Ĩ2, Ĩ4. dÚn 3 , k

Ĩ1 6 h−β1h−
1
q

(∫
R
|M+

α (f0
1 , f

0
2 )(x)|qdx

) 1
q

6 Ch−β1h−
1
q

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1
(∫ x0+2h

x0

|f2(x2)|p2dx2
) 1
p2

6 Chβ2−β1+α

2∏
i=1

‖fi‖L+
pi,β2i

(R)

6 C
2∏
i=1

‖fi‖L+
pi,β2i

(R).
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M+
α (f0

1 , f
∞
2 )(x) 6 sup

h>0

1

(2h)1−α

∫ x0+2h

x0

|f1(x1)|dx1
∞∑
j=1

1

(2jh)1−
α
2

∫ x0+2j+1h

x0+2h

|f2(x2)|dx2

6 sup
h>0

(2h)1−
1
p1

1

(2h)1−α

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

(2jh)1−
1
p2

1

(2jh)1−
α
2

(∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

= sup
h>0

(2h)α−
1
p1

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

h
α
2−

1
p2 (2j)

α
2

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

�\ Ĩ2¥, k

Ĩ2 6 sup
h>0

h−β1h−
1
q (2h)α−

1
p1

(∫ x0+2h

x0

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

h
α
2−

1
p2 (2j)

α
2 h

1
q

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

6 C sup
h>0

h−β1+α− 1
p1 ((2h)β21

1

(2h)β21

( |(x0 − 2h, x0)|
|(x0 − 2h, x0)|

∫ x0+2h

x0

|f1(x)|p1dx1
) 1
p1

×
∞∑
j=1

h
α
2−

1
p2 (2j)

α
2−

1
p2 (2jh)β22

1

(2jh)β22

( |(x0 − 2jh, x0)|
|(x0 − 2jh, x0)|

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

6 C

∞∑
j=1

(2j)β22+
α
2

2∏
i=1

‖fi‖L+
pi,β2i

(R) 6 C

∞∑
j=1

(2j)β12

2∏
i=1

‖fi‖L+
pi,β2i

(R)

6 C

2∏
i=1

‖fi‖L+
pi,β2i

(R).

Ó�, k

M+
α (f∞1 , f∞2 )(x) 6 sup

h>0

∞∑
j=1

1

(2jh)1−α

∫ x0+2j+1h

x0+2h

|f1(x1)|dx1
∞∑
j=1

1

(2jh)1−
α
2

∫ x0+2j+1h

x0+2h

|f2(x2)|dx2

6 sup
h>0

∞∑
j=1

(2jh)1−
1
p1

1

(2jh)1−α

(∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

(2jh)1−
1
p2

1

(2jh)1−
α
2

(∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

= sup
h>0

∞∑
j=1

(h)α−
1
p1 (2j)α

( 1

2j

∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

h
α
2−

1
p2 (2j)

α
2

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2
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�\ Ĩ4¥, k

Ĩ4 6 sup
h>0

h−β1h−
1
q

∞∑
j=1

(h)α−
1
p1 (2j)α

( 1

2j

∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

h
α
2−

1
p2 (2j)

α
2

( 1

2j

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

6 C sup
h>0

∞∑
j=1

h−β1(2jh)α−
1
p1 (2jh)β21

1

(2jh)β21

( |(x0 − 2jh, x0)|
|(x0 − 2jh, x0)|

∫ x0+2j+1h

x0+2h

|f1(x1)|p1dx1
) 1
p1

×
∞∑
j=1

(2jh)
α
2−

1
p2 (2jh)β22

1

(2jh)β22

( |(x0 − 2jh, x0)|
|(x0 − 2jh, x0)|

∫ x0+2j+1h

x0+2h

|f2(x2)|p2dx2
) 1
p2

6 C
∞∑
j=1

(2j)β21+α+β22+
α
2

2∏
i=1

‖fi‖L+
pi,β2i

(R)

6 C

∞∑
j=1

(2j)β1

2∏
i=1

‖fi‖L+
pi,β2i

(R)

6 C
2∏
i=1

‖fi‖L+
pi,β2i

(R).

½n 2y..

�©|^ Lebesgue�m¥�k.5y²
ü>õ�5 Hardy-Littlewood4��fÚ©êg4

��f´lü>Morrey�m�ü> Campanato�mþk.�. ���J/´, �©|^4��f

�k.5y²
§3 (x0, x0 + 2h)	��O, �´�©¿vk��lü> Campanato�m�y²,
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