
Advances in Applied Mathematics A^êÆ?Ð, 2024, 13(12), 5225-5236

Published Online December 2024 in Hans. https://www.hanspub.org/journal/aam

https://doi.org/10.12677/aam.2024.1312504

�a)û�©l`z¯KÄåXÚ�ì?1�
©Û

ÂÂÂ,,,lll

�H�Æ>í�&Eó§Æ�§�H�â

ÂvFÏµ2024c11�24F¶¹^FÏµ2024c12�18F¶uÙFÏµ2024c12�26F

Á �

�©JÑ
�a'u���©CþÚ��éóCþ|Ü�.5�éóÄåXÚ§|^T.5�é

óÄåXÚ5)û^5)û�a�©l�`z¯K"·���{�DÚ�`z�{ØÓ§T�{

|^ëY5��§5)û�`z¯K§3äN�A^L§�¥§U
¦�8I¼ê¯��ìC�

Âñ��`)"·�Ì���ü�­�nØµ��¡3)ûà¯K�§��
TXÚ)��3�

�5¶,��¡§ÄuLyapunov©Û�{�A^§3��8I¼êÂñ��`)�Ó�§���


ÙÂñ��Ç�O( 1
t2

), ù�´®��'uÄåXÚ�Ð�Âñ5(J"

'�c

.5ÄåXÚ§�©l`z§¯�Âñ5

A Gradual Asymptotic Behavior Analysis
of Dynamical Systems for Solving
Separable Optimization Problems

Xinggang Dong

College of Electrical and Information Engineering, Hunan University, Changsha Hunan

Nov. 24th, 2024; accepted: Dec. 18th, 2024; published: Dec. 26th, 2024

©ÙÚ^: Â,l. �a)û�©l`z¯KÄåXÚ�ì?1�©Û[J]. A^êÆ?Ð, 2024, 13(12): 5225-5236.
DOI: 10.12677/aam.2024.1312504

https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2024.1312504
https://www.hanspub.org
https://doi.org/10.12677/aam.2024.1312504


Â,l

Abstract

This paper introduces a class of inertial primal-dual dynamical systems involving

second-order primal variables and first-order dual variables, which are used to solve

a class of separable optimization problems. Our approach differs from traditional op-

timization algorithms in that it utilizes continuous equations to solve optimization

problems, enabling the objective function to converge quickly and asymptotically to

the optimal solution in practical applications. We have obtained two important the-

oretical results: on the one hand, the system has a unique solution; on the other

hand, based on the application of the Lyapunov analysis method, we have not only

obtained the convergence of the objective function to the optimal solution but also

achieved a convergence rate of O( 1
t2

), which is also the best known convergence result

for dynamical systems.
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1. Úó

3�©¥§·�ïÄ
±e���©CþÚ��éóCþ|Ü�.5�éóÄåXÚµ
ẍ(t) +

α

t
ẋ(t) = −∇g(x)−ATλ(t)−AT (Ax(t) +By(t)− b),

ÿ(t) +
α

t
ẏ(t) = −∇h(y)−BTλ(t)−BT (Ax(t) +By(t)− b),

λ̇(t) = t
(
A(x(t) +By(t)− b)

)
+

t2

α− 1
(Aẋ(t) +Bẏ(t)).

(1.1)

Ù¥§g : X → R Úh : Y → R ´ü�1wà¼ê§∇g Ú∇h ©O´ÙFÝ¼ê§�÷vLipschitz

ëY5§ÙLipschitz ~ê©O�L1 ÚL2. A : X → H!B : Y → H ´ü�ëY�5�f§X!Y
ÚH ´¢Hilbert �m§t ≥ t0 > 0!α ≥ 3 ´�¢ê"-AT : H → X ÚBT : H → Y ©O´A ÚB
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��Ý�f"3�©¥§©ªb�±e^�î�¤áµ

H : ∇g Ú∇h ´Lipschitz ëY�§ÙLipschitz ~ê©O�L1 ÚL2.

Cc5§.5ÄåXÚ�{®2�A^u)ûXeÃ�å²w`z¯Kµ

min Φ(x), (1.2)

Ù¥§Φ(x) ´��²w¼ê"FÝeü{´2�¦^����{§^u��z¯K(1.2) ¥�8I

¼ê"ÙÏL±e�ªS��#)µ

xk+1 = xk − α∇Φ(xk).

ÏL{ü�O�§N´��FÝeü{�FÝXÚ§ÙäN/ªXeµ

ẋ(t) = −∇Φ(x(t)). (1.3)

ÊH@�§FÝeü{3à¼êþ�Âñ�Ý´O( 1
k
). ��5¿�´§�©�§(1.3) �Âñ�Ý

��FÝeü{��§�O( 1
t
).

�5§�
�Ð/)ûÃ�å`z¯K(1.2)§�
ÆöJÑ
.5��ÄåXÚ�{"��

ÄåXÚ�{�'���{äk�Ð�Âñ5"3ù
��ÄåXÚ�{¥§Polyak [1, 2] JÑ�

��Þ�­¥XÚ§´��Í¶�²;��{"­¥XÚ�±L«Xeµ

ẍ(t) + γẋ(t) +∇Φ(x) = 0, (1.4)

Ù¥§γ > 0 ´��{ZXê"ÏLÚ\{Z�γẋ(t) §¦y²
��u��FÝXÚ§8I¼

êΦ(x(t)) ÷X;,x(t) �Âñ�Ý��
Uõ"òγ O��¼êγ(t)§·��±òXÚ(1.4)­�

�µ

ẍ(t) + γ(t)ẋ(t) +∇Φ(x) = 0. (IGSγ).

�C§XÚ(IGSγ) Úå
NõïÄö�'5§Ï�§�Nõ¯�ê�`z�{kX���é

X"XJÀJ,
A½�¼ê��γ(t)§K�±���
äN�Âñ�ÇÚ(J"

2016c§Su�Æö [3] ÏLÀJ(IGSγ) ¥�γ(t) = α
t
§ïÄ
±eXÚµ

ẍ(t) +
α

t
ẋ(t) +∇Φ(x) + ε(t)x(t) = 0, (AVDα,ε).

XJΦ(x) ´��ëY���à¼ê§¿�ÙFÝ´Lipschitz ëY�§¦�y²
XÚ(AVDα) �

±w�´Nesterov \�FÝ�{ [4] ���ëY��§Ù¥ÀJα = 3. éuα ≥ 3§¦��y²


8I¼ê��Âñ�Ý�O( 1
t2

).

þã.5ÄåXÚÌ�A^u¦)Ã�å`z¯K§éu�5�å��å`z¯K§·�Ø

U��¦^ù
XÚ"Ïd§Äu�éóµe���ÄåXÚ�{�ïÄ^5)û(�z��å
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`z¯K"2023 c§Zeng!Lei ÚChen JÑ
±e�éóÄåXÚ [5]µ ẍ(t) +
α

t
ẋ(t) = −∇f(x(t))−AT (λ(t) + βtλ̇(t))−AT (Ax(t)− b),

λ̈(t) +
α

t
λ̇(t) = A(x(t) + βtẋ(t))− b,

^5¦)�5�å¯Kµ

min f(x)

s.t.Ax = b.

Ù¥§f ´��ëY���à¼ê§A ´��ëY�5�f"¦�©Û
þãXÚ�ìC1�§¿

ïá
O2.�KF¼êL �Âñ�Ç"

d	§He!Hu ÚFang JÑ
��/���©0+ /��éó0ÄåXÚ [6]µ ẍ(t) + γẋ(t) = −β(t)(∇f(x(t)) +ATλ(t) + σAT (Ax(t)− b)),

λ̇(t) = β(t)(A(x(t) + δẋ(t))− b),

Ù¥γ, δ > 0§�β : [t0,+∞)→ (0,+∞) ´���m �Xê§3©ÛÂñ5��åX�'­��

�^"aq/§�
ïá�éóÄåXÚ;,�rÂñ5§Zhu!Hu ÚFang JÑ
±e�éóÄ

åXÚ [7]µ 
ẍ(t) + γẋ(t) = −∇f(x(t))−ATλ(t)− ρAT (Ax(t)− b)− ε(t)x(t),

λ̇(t) = t

(
A(x(t) +

t

α− 1
ẋ(t))− b

)
,

¦�y²
;,x(t) rÂñ����ê��"k'�éóÄåXÚ��õ�[&E§ïÆÖöë

� [8–10] 9Ù¥�ë�©z"

��{ü�­���©l�å`z¯K´±e�5�ª�å¯Kµ

min f(x) + g(y),

s.t.Ax+By = b.
(1.5)

Ù¥f : X → R Úg : Y → R ´ü�²w�à¼ê§∇g Ú∇h ©O´äk�êL1 ÚL2 �Lipschitz

ëY¼ê"A : X → H§B : Y → H ´ü�ëY�5�f§x ∈ X§y ∈ Y§b ∈ H§Ù¥X§Y
ÚH ´¢Hilbert �m"Cc5§¯K(1.5) 3NõA^+�¥Ñy§�)ÅìÆS [11]!ã�?

n [12, 13] �"

�©ïÄ
�a�éóÄåXÚ(1.1)§^u¦)±e¯Kµ

min g(x) + h(y),

s.t.Ax+By = b.
(1.6)
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�ó��Ì��z�±o(Xeµ

• JÑ
�«#�/���©0+/��éó0�.5�éóÄåXÚ§^u¦)V¬�©l`

z¯K§¿�y²
)��3��5;

• ÏL�E·��Uþ¼ê§Ø=ïá
÷X;,(x(t), y(t)) Âñ�8I¼ê�(J§�y²


O2.�KF¼êLσ Ú.�KF¼êL �Âñ�Ç"

2. O��£

3�!¥§·�ò0��©¥¦^��
ÎÒÚý��£"Äk§Ú\�¯K(1.6) �'��


½Â"

du¯K(1.6)´���å`z¯K§½Â�¯K(1.6)�'�.�KF¼êL : X ×Y×H → R
�µ

L(x, y, λ) = g(x) + h(y) + 〈λ,Ax+By − b〉, (2.1)

Ù¥§λ > 0 ´.�KF¦f"
O2.�KF¼êLσ : X × Y ×H → R ½Â�µ

Lσ(x, y, λ) = g(x) + h(y) + 〈λ,Ax+By − b〉+
1

2
‖Ax+By − b‖2. (2.2)

·�ò¯K(1.6) �KKT :8P�Ω§=��=�(x∗, y∗, λ∗) ∈ Ω ÷v±e^��µ
−ATλ∗ = ∇f(x∗),

−BTλ∗ = ∇g(y∗),

Ax∗ +By∗ − b = 0.

(2.3)

w,§Ω ⊆ X × Y ×H"3�©¥§·�©ªb�Ω 6= ∅"

�â.�KF¼êL ÚO2.�KF¼êLσ�½Â§·��±��±e�ªµ
−ATλ∗ = ∇f(x∗),

−BTλ∗ = ∇g(y∗),

Ax∗ +By∗ − b = 0.

⇔


−ATλ∗ = ∇f(x∗) +AT (Ax∗ +By∗ − b),

−BTλ∗ = ∇g(y∗) +BT (Ax∗ +By∗ − b),

Ax∗ +By∗ − b = 0.

(2.4)

ù�duµ

(x∗, y∗, λ∗) ∈ Ω⇔


∇xL(x∗, y∗, λ∗) = 0,

∇yL(x∗, y∗, λ∗) = 0,

∇λL(x∗, y∗, λ∗) = 0.

⇔


∇xLσ(x∗, y∗, λ∗) = 0,

∇yLσ(x∗, y∗, λ∗) = 0,

∇λLσ(x∗, y∗, λ∗) = 0.

�âΩ �½Â§·��±á=�Ñ±e(Øµe(x∗, y∗, λ∗) ∈ Ω§K§´.�KF¼êL ÚO
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2.�KF¼êLσ �Q:"

äN
ó§éu.�KF¼êL§÷v±eØ�ªµ

L(x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ L(x, y, λ∗), ∀(x, y, λ) ∈ X × Y ×H. (2.5)

aq/§éuO2.�KF¼êLσ§kµ

Lσ(x∗, y∗, λ) ≤ Lσ(x∗, y∗, λ∗) ≤ Lσ(x, y, λ∗), ∀(x, y, λ) ∈ X × Y ×H. (2.6)

l(2.5) Ú(2.6) �±�Ñ§O2.�KF¼êLσ(x, y, λ) Ú.�KF¼êL(x, y, λ) äk�Ó�Q

:"

�©?Ø�¯K½Â3F�ËA�mH ¥§F�ËA�m¥�SÈ^〈·, ·〉 L«§�êP
�‖ · ‖"

éu¢��à����¼êg : H → R§eÙFÝ∇g ÷vLg- |ÊF]ëY5§Kkµ

‖∇g(x)−∇g(y)‖ ≤ Lg‖x− y‖, ∀x, y ∈ H.

XJ¼êg ´σ-rà�§¿�Xg(·) − σ
2
‖ · ‖2 ´à�§Ù¥σ > 0"d	§XJg ´ëY��

�§@oéu?¿�x, y ∈ H§Ñkµ

g(y) ≥ g(x) + 〈∇g(x), y − x〉+
σ

2
‖y − x‖2.

dd§·��±?�Ú©Ûü«¼ê3`z¥��Ú§cÙ´3ÄåXÚ;,Âñ5Ú`z

5Uµ�¥"��§·�òÚ\��­��Ún§§3XÚ(1.1) �Âñ5©Û¥å�'��^"

Ún2.1. [14, ÚnA.3] b�δ > 0�f ∈ L1(δ,+∞) ´���KëY¼ê"?�Úb�ψ :

[δ,+∞)→ [0,+∞)´���4~�¼ê� lim
t→+∞

ψ(t) = +∞. �� lim
t→+∞

1
ψ(t)

∫ t
δ
ψ(s)f(s)ds = 0.

3. �Û)��35���5

3�!¥§·�òÐ«.5�©éóÄåÆXÚ(1.1) ��Û)��35Ú��5"l�

§(1.1) ¥§ÏL­#ü�§�±��µ


Ẅ (t) +

α

t
Ẇ (t) = −∇H(W (t))− CTλ(t)− CT (CW (t)− b),

λ̇(t) = t(CW (t)− b) +
t2

α− 1
CẆ (t),

(3.1)

Ù¥W (t) = (x(t), y(t))T ∈ W§�W = X×Y§C = (A,B)§�H(W (t)) = (f(x(t)), g(y(t)))T .

3y²XÚ(1.1) )��35Ú��5�c§·�Äk�Ñ���Û)�½Â"
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½Â3.1. ¡W : [t0,+∞)→ X ×Y§λ : [t0,+∞)→ H2 �XÚ(3.1) ��Û)§�÷v±e5

�µ

(i) W, Ẇ : [t0,+∞) → W �λ : [t0,+∞) → H 3ÛÜ´ýéëY�§�é{`§éuz�«
m[t0, T ]§T < +∞§§�3T«mS´ýéëY�¶

(ii) 
Ẅ (t) +

α

t
Ẇ (t) = −∇H(W (t))− CTλ(t)− CT (CW (t)− b),

λ̇(t) = t(CW (t)− b) +
t2

α− 1
CẆ (t),

éuA�¤k�t ≥ t0¶

(iii) (W (t0), Ẇ (t0), λ(t0)) = (W0, Ẇ0, λ0).

y3§O�Äu�Ü-|ÊF]-�k�½n£Cauchy-Lipschitz-Picard theorem¤y²���

©CþÚ��éóCþ|Ü�.5ÄåÆXÚ(1.1) ��Û)��35Ú��5"

½n3.2. éu?¿Ð©:W0, Ẇ0 ∈ W Úλ0 ∈ H§vÄåXÚ(1.1) vÄåXÚ(1.1) �3�

�����Û)"

y² ½ÂG(t) = (W (t), Ẇ (t), λ(t))§¿�½ÂF : [t0, T ]×W ×W ×H �

F (t, u, v,m) =
(
v, µ1(t, u, v,m), µ2(t, u, v,m)

)
(3.2)

Ù¥ 
µ1(t, u, v,m) = −α

t
v −∇H(u)− CTm− CT (Cu− b),

µ2(t, u, v,m) = t(Cu− b) +
t2

α− 1
Cv.

(3.3)

w,§l(3.1)!(3.2) ÚG(t) �½Â�±wÑ§(3.1) �±­������ÄåXÚ§äN� Ġ(t) = F (t, G(t)) = F (t,W (t), Ẇ (t), λ(t)),

G(t0) = (W0, Ẇ0, λ0).
(3.4)

·�òÄky²§éuz�t ≥ t0§F (t, ·, ·, ·) ´L(t)-Lipschitz ëY�"äN/§éuz

é(u1, v1,m1), (u2, v2,m2) ∈ W ×W ×H§�â(3.2)§kµ

‖ F (t, u1, v1,m1)− F (t, v2, u2,m2) ‖
=
√
‖ v1 − v2 ‖2 +‖µ1(t, u1, v1,m1)− µ1(t, u2, v2,m2)‖2 + ‖µ2(t, u1, v1,m1)− µ2(t, u2, v2,m2)‖2. Ï

LO�k

µ1(t, u1, v1,m1)− µ1(t, u2, v2,m2)

=
α

t
(v2 − v1) +∇H(u2)−∇H(u1) + CT (m2 −m1) + CTC(u2 − u1),

(3.5)

DOI: 10.12677/aam.2024.1312504 5231 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.1312504


Â,l

Ú

µ2(u1, v1,m1)− µ2(u2, v2,m2)

=tC(u1 − u2) +
t2

α− 1
C(v1 − v2).

(3.6)

�âb�^�∇f Ú∇g ´ÛÜLipschitz ëY�§�±��µ

‖ ∇H(u2)−∇H(u1)‖ ≤‖ L(u2 − u1) ‖≤ (LH)‖u2 − u1‖, (3.7)

Ù¥

L =

(
L1 0

0 L2

)
, LH = L1 + L2.

ÏLÄ�Ø�ªÚþãúª§�±��µ

‖ F (t, u1, v1,m1)− F (t, u2, v2,m2) ‖

≤
√
h1(t) ‖ u1 − u2 ‖2 +h2(t)‖v1 − v2‖2 + h3(t)‖m1 −m2‖2

(3.8)

Ù¥ 
h1(t) = 5L2

H + 5‖CTC‖2 + 2‖CTC‖t2,

h2(t) = 1 +
5α2

t2
+

4t4

(α− 1)2
‖CTC‖,

h3(t) = 5‖CTC‖+ 1.

?�Ú��

‖ F (t, u1, v1,m1)− F (t, u2, v2,m2) ‖

≤
√
h1(t) ‖ u1 − u2 ‖2 +h2(t)‖v1 − v2‖2 + h3(t)‖m1 −m2‖2

≤
√
h1(t) + h2(t) + h3(t)

√
‖u1 − u2‖2 + ‖v1 − v2‖2 + ‖m1 −m2‖2

=
√
h1(t) + h2(t) + h3(t)‖(u1, v1,m1)− (u2, v2,m2)‖

(3.9)

-L(t) =
√
h1(t) + h2(t) + h3(t), ,�k

‖ F (t, u1, v1,m1)− F (t, u2, v2,m2) ‖

≤ L(t)‖(u1, v1,m1)− (u2, v2,m2)‖
(3.10)

Ïd§F (t, ·, ·, ·) éuz�t ≥ t0 Ñ´L(t)-Lipschitz ëY�"ÏdN´w�§L(t) 3«m[t0, T ] þ

´�È�§ÏdL(·) ∈ L1
loc([t0,+∞)).

�e5§òy²éu¤ku, v ∈ W Úm ∈ H§F (·, u, v,m) ∈ L1
loc([t0,+∞),W ×W ×H). �
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?¿�u, v ∈ W Úm ∈ H§�âF �½Â§éut0 < T < +∞§��∫ T

t0

‖F (t, u, v,m)‖dt

=

∫ T

t0

√
‖v‖2 + ‖g1‖2 + ‖g2‖2dt

≤
∫ T

t0

√
h̃1

1

t2
+ h̃2t4 + +h̃3t2 + h̃4dt

≤
√
h̃1 + h̃2 + h̃3 + h̃4

∫ T

t0

√
1

t2
+ t4 + t2 + 1dt

(3.11)

Ù¥h̃1 = 5α2‖v‖2, h̃2 = 2‖CTC‖‖v‖2
(α−1)2 , h̃3 = 2‖Cu− b‖2, h̃4 = ‖v‖2 + 5(‖∇H(u)‖2 + ‖CTC‖‖m‖2 +

‖cTC‖‖Cu− b‖2).

Ïd§Äu(3.11) ±9 1
t
!t4!t2 Úε(t) éu?Ût ≥ t0 Ñ´ëY�ù�¯¢§�±�Ñµ

F (·, u, v,m, n) ∈ L1
loc([t0,+∞),H1 ×W ×W ×H)

(Üù�'Xª�(3.10)±9(JL(·) ∈ L1
loc([t0,+∞))§2|^Cauchy-Lipschitz-Picard½n§·

��±�ÑXÚ(1.1) �3����Û)§ù�¿�Xdu∇H �Lipschitz ëY5§XÚ(1.1) �

3����Û)"

4. XÚ�ìC1�©Û

3�!¥§·�ò©Û(1.1) XÚ;,(x(t), y(t)) �Âñ1�"�
©ÛT�éóÄåX

Ú(1.1) �Âñ1�§©�ü�½n?1ïÄ"

½n4.1. b�(x(t), y(t), λ(t)) ´XÚ(1.1) ��Û)§�(x∗, y∗, λ∗) ∈ Ω. -ε : [t0,+∞) →
(0,+∞) ����O¼ê§÷v

∫ +∞
t0

ε(t)
t
dt < +∞. K±e(Ø¤áµ

(i) lim
t→+∞

Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = 0;

(ii) lim
t→+∞

L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = 0.

y² �Ä��Uþ¼êẼ(t) : [t0, T )→ [0,+∞)§§d±eúª�Ñµ

Ẽ(t) =Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) +
1

2
‖α− 1

t
(x(t)− x∗) + ẋ(t)‖2

+
1

2
‖α− 1

t
(y(t)− y∗) + ẏ(t)‖2 +

α− 1

2t2
‖λ(t)− λ∗‖2.

(4.1)

�âÄåXÚ(1.1)�½Â§��
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˙̃E(t) =− α− 1

t
〈x(t)− x∗,∇g(x(t))〉 − 2(α− 1)

t2
〈x(t)− x∗, ẋ(t)〉

− α− 1

t
〈y(t)− y∗,∇h(y(t))〉 − 2(α− 1)

t2
〈y(t)− y∗, ẏ(t)〉

− 1

t
‖ẋ(t)‖2 − (α− 1)2

t3
‖x(t)− x∗‖2 − 1

t
‖ẏ(t)‖2 − (α− 1)2

t3
‖y(t)− y∗‖2

− (α− 1)2

t3
‖λ(t)− λ∗‖2 − α− 1

t
‖Ax(t) +By(t)− b‖2 − α− 1

t
〈λ∗, Ax(t) +By(t)− b〉.

(4.2)

?�Ú��

˙̃E(t) ≤− α− 1

t
〈x(t)− x∗,∇g(x(t))〉 − 2(α− 1)

t2
〈x(t)− x∗, ẋ(t)〉

− α− 1

t
〈y(t)− y∗,∇h(y(t))〉 − 2(α− 1)

t2
〈y(t)− y∗, ẏ(t)〉

− 1

t
‖ẋ(t)‖2 − (α− 1)2

t3
‖x(t)− x∗‖2 − 1

t
‖ẏ(t)‖2 − (α− 1)2

t3
‖y(t)− y∗‖2

− (α− 1)2

t3
‖λ(t)− λ∗‖2 − α− 1

t
‖Ax(t) +By(t)− b‖2 − α− 1

t
〈λ∗, Ax(t) +By(t)− b〉.

(4.3)

|^þãØ�ªÚ(4.1) ¥éẼ(t) �½Â§(Üα > 3±9g, h�à5§�±��µ

2

t
Ẽ(t) + ˙̃E(t) ≤ 0. (4.4)

ÏL¦È©§?�Úk

t2Ẽ(t) ≤ t20Ẽ(t0).

,���

Ẽ(t) ≤ t20Ẽ(t0)

t2
. (4.5)

(Ü(4.5),l
��

lim
t→+∞

Ẽ(t) = 0. (4.6)

|^þã'XÚ(4.1)¥éẼ(t)�½Â§2(Ü'XLσ(x(t), y(t), λ∗)−Lσ(x∗, y∗, λ∗) ≥ L(x(t), y(t),

λ∗)− L(x∗, y∗, λ∗) ≥ 0§�±�Ñµ

lim
t→+∞

Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = 0, and lim
t→+∞

L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = 0.

½n4.2. �(x∗, y∗, λ∗) ∈ Ω �(x(t), y(t), λ(t)) ´Ä�XÚ(1.1) ��Û)"K±e(Ø¤áµ

(i) Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = O( 1
t2

)¶

(ii) L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = O( 1
t2

).
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y² �â'X(4.5)§´�

t2Ẽ(t) ≤ t20Ẽ(t0) < +∞. (4.7)

(Ü(4.1) ¥éẼ(t) �½Â§·�k

Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = O(
1

t2
),

±9

L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = O(
1

t2
).

�¤
y²"

ë�©z

[1] Polyak, B.T. (1964) Some Methods of Speeding up the Convergence of Iteration Methods.

USSR Computational Mathematics and Mathematical Physics, 4, 1-17.

https://doi.org/10.1016/0041-5553(64)90137-5

[2] Polyak, B.T. (1987) Introduction to Optimization, Optimization Software. In: Translations

Series in Mathematics and Engineering. Publications Division Inc.

[3] Su, W.J., Boyd, S. and Candés, E. (2016) A Differential Equation for Modeling Nesterov’s

Accelerated Gradient Method: Theory and Insights. Journal of Machine Learning Research,

17, 5312-5354.

[4] Nesterov,Y.E. (1983) A Method for Solving the Convex Programming Problem with Conver-

gence Rate O(1/k2). Doklady Akademii Nauk, 269, 543-547.

[5] Zeng, X., Lei, J. and Chen, J. (2023) Dynamical Primal-Dual Nesterov Accelerated Method

and Its Application to Network Optimization. IEEE Transactions on Automatic Control, 68,

1760-1767. https://doi.org/10.1109/tac.2022.3152720

[6] He, X., Hu, R. and Fang, Y.P. (2022) “Second-Order Primal” + “First-Order Dual” Dynamical

Systems with Time Scaling for Linear Equality Constrained Convex Optimization Problems.

IEEE Transactions on Automatic Control, 67, 4377-4383.

[7] Zhu, T., Hu, R. and Fang, Y. (2024) Tikhonov Regularized Second-Order Plus First-Order

Primal-Dual Dynamical Systems with Asymptotically Vanishing Damping for Linear Equality

Constrained Convex Optimization Problems. Optimization, 1-28.

https://doi.org/10.1080/02331934.2024.2407515

DOI: 10.12677/aam.2024.1312504 5235 A^êÆ?Ð

https://doi.org/10.1016/0041-5553(64)90137-5
https://doi.org/10.1109/tac.2022.3152720
https://doi.org/10.1080/02331934.2024.2407515
https://doi.org/10.12677/aam.2024.1312504


Â,l

[8] He, X., Hu, R. and Fang, Y.P. (2021) Convergence Rates of Inertial Primal-Dual Dynam-

ical Methods for Separable Convex Optimization Problems. SIAM Journal on Control and

Optimization, 59, 3278-3301. https://doi.org/10.1137/20m1355379

[9] He, X., Tian, F., Li, A. and Fang, Y. (2023) Convergence Rates of Mixed Primal-Dual Dy-

namical Systems with Hessian Driven Damping. Optimization, 1-26.

https://doi.org/10.1080/02331934.2023.2253813

[10] Hulett, D.A. and Nguyen, D. (2023) Time Rescaling of a Primal-Dual Dynamical System with

Asymptotically Vanishing Damping. Applied Mathematics Optimization, 88, Article No. 27.

https://doi.org/10.1007/s00245-023-09999-9

[11] Bach, F. (2013) Learning with Submodular Functions: A Convex Optimization Perspective.

Foundations and Trends in Machine Learning, 6, 145-373.

https://doi.org/10.1561/2200000039

[12] Wright, J., Ganesh, A. and Rao, S. (2009) Robust Principal Component Analysis: Exact

Recovery of Corrupted Low-Rank Matrices via Convex Optimization.

https://api.semanticscholar.org/CorpusID:212563318

[13] Condat, L. (2012) A Primal-Dual Splitting Method for Convex Optimization Involving Lips-

chitzian, Proximable and Linear Composite Terms. Journal of Optimization Theory and Ap-

plications, 158, 460-479. https://doi.org/10.1007/s10957-012-0245-9

[14] Attouch, H., Chbani, Z. and Riahi, H. (2018) Combining Fast Inertial Dynamics for Convex

Optimization with Tikhonov Regularization. Journal of Mathematical Analysis and Applica-

tions, 457, 1065-1094. https://doi.org/10.1016/j.jmaa.2016.12.017

DOI: 10.12677/aam.2024.1312504 5236 A^êÆ?Ð

https://doi.org/10.1137/20m1355379
https://doi.org/10.1080/02331934.2023.2253813
https://doi.org/10.1007/s00245-023-09999-9
https://doi.org/10.1561/2200000039
https://api.semanticscholar.org/CorpusID:212563318
https://doi.org/10.1007/s10957-012-0245-9
https://doi.org/10.1016/j.jmaa.2016.12.017
https://doi.org/10.12677/aam.2024.1312504

	1 引言
	2  准备知识
	3 全局解的存在性与唯一性
	4 系统的渐近行为分析

