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Abstract

This paper introduces a class of inertial primal-dual dynamical systems involving

second-order primal variables and first-order dual variables, which are used to solve

a class of separable optimization problems. Our approach differs from traditional op-

timization algorithms in that it utilizes continuous equations to solve optimization

problems, enabling the objective function to converge quickly and asymptotically to

the optimal solution in practical applications. We have obtained two important the-

oretical results: on the one hand, the system has a unique solution; on the other

hand, based on the application of the Lyapunov analysis method, we have not only

obtained the convergence of the objective function to the optimal solution but also

achieved a convergence rate of O( 1
t2

), which is also the best known convergence result

for dynamical systems.
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1. Úó

3�©¥§·�ïÄ
±e���©CþÚ��éóCþ|Ü�.5�éóÄåXÚµ
ẍ(t) +

α

t
ẋ(t) = −∇g(x)−ATλ(t)−AT (Ax(t) +By(t)− b),

ÿ(t) +
α

t
ẏ(t) = −∇h(y)−BTλ(t)−BT (Ax(t) +By(t)− b),

λ̇(t) = t
(
A(x(t) +By(t)− b)

)
+

t2

α− 1
(Aẋ(t) +Bẏ(t)).

(1.1)

Ù¥§g : X → R Úh : Y → R ´ü�1wà¼ê§∇g Ú∇h ©O´ÙFÝ¼ê§�÷vLipschitz

ëY5§ÙLipschitz ~ê©O�L1 ÚL2. A : X → H!B : Y → H ´ü�ëY�5�f§X!Y
ÚH ´¢Hilbert �m§t ≥ t0 > 0!α ≥ 3 ´�¢ê"-AT : H → X ÚBT : H → Y ©O´A ÚB
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��Ý�f"3�©¥§©ªb�±e^�î�¤áµ

H : ∇g Ú∇h ´Lipschitz ëY�§ÙLipschitz ~ê©O�L1 ÚL2.

Cc5§.5ÄåXÚ�{®2�A^u)ûXeÃ�å²w`z¯Kµ

min Φ(x), (1.2)

Ù¥§Φ(x) ´��²w¼ê"FÝeü{´2�¦^����{§^u��z¯K(1.2) ¥�8I

¼ê"ÙÏL±e�ªS��#)µ

xk+1 = xk − α∇Φ(xk).

ÏL{ü�O�§N´��FÝeü{�FÝXÚ§ÙäN/ªXeµ

ẋ(t) = −∇Φ(x(t)). (1.3)

ÊH@�§FÝeü{3à¼êþ�Âñ�Ý´O( 1
k
). ��5¿�´§�©�§(1.3) �Âñ�Ý

��FÝeü{��§�O( 1
t
).

�5§�
�Ð/)ûÃ�å`z¯K(1.2)§�
ÆöJÑ
.5��ÄåXÚ�{"��

ÄåXÚ�{�'���{äk�Ð�Âñ5"3ù
��ÄåXÚ�{¥§Polyak [1, 2] JÑ�

��Þ�¥XÚ§´��Í¶�²;��{"¥XÚ�±L«Xeµ

ẍ(t) + γẋ(t) +∇Φ(x) = 0, (1.4)

Ù¥§γ > 0 ´��{ZXê"ÏLÚ\{Z�γẋ(t) §¦y²
��u��FÝXÚ§8I¼

êΦ(x(t)) ÷X;,x(t) �Âñ�Ý��
Uõ"òγ O��¼êγ(t)§·��±òXÚ(1.4)�

�µ

ẍ(t) + γ(t)ẋ(t) +∇Φ(x) = 0. (IGSγ).

�C§XÚ(IGSγ) Úå
NõïÄö�'5§Ï�§�Nõ¯�ê�`z�{kX���é

X"XJÀJ,
A½�¼ê��γ(t)§K�±���
äN�Âñ�ÇÚ(J"

2016c§Su�Æö [3] ÏLÀJ(IGSγ) ¥�γ(t) = α
t
§ïÄ
±eXÚµ

ẍ(t) +
α

t
ẋ(t) +∇Φ(x) + ε(t)x(t) = 0, (AVDα,ε).

XJΦ(x) ´��ëY���à¼ê§¿�ÙFÝ´Lipschitz ëY�§¦�y²
XÚ(AVDα) �

±w�´Nesterov \�FÝ�{ [4] ���ëY��§Ù¥ÀJα = 3. éuα ≥ 3§¦��y²


8I¼ê��Âñ�Ý�O( 1
t2

).

þã.5ÄåXÚÌ�A^u¦)Ã�å`z¯K§éu�5�å��å`z¯K§·�Ø

U��¦^ù
XÚ"Ïd§Äu�éóµe���ÄåXÚ�{�ïÄ^5)û(�z��å
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`z¯K"2023 c§Zeng!Lei ÚChen JÑ
±e�éóÄåXÚ [5]µ ẍ(t) +
α

t
ẋ(t) = −∇f(x(t))−AT (λ(t) + βtλ̇(t))−AT (Ax(t)− b),

λ̈(t) +
α

t
λ̇(t) = A(x(t) + βtẋ(t))− b,

^5¦)�5�å¯Kµ

min f(x)

s.t.Ax = b.

Ù¥§f ´��ëY���à¼ê§A ´��ëY�5�f"¦�©Û
þãXÚ�ìC1�§¿

ïá
O2.�KF¼êL �Âñ�Ç"

d	§He!Hu ÚFang JÑ
��/���©0+ /��éó0ÄåXÚ [6]µ ẍ(t) + γẋ(t) = −β(t)(∇f(x(t)) +ATλ(t) + σAT (Ax(t)− b)),

λ̇(t) = β(t)(A(x(t) + δẋ(t))− b),

Ù¥γ, δ > 0§�β : [t0,+∞)→ (0,+∞) ´���m �Xê§3©ÛÂñ5��åX�'��

�^"aq/§�
ïá�éóÄåXÚ;,�rÂñ5§Zhu!Hu ÚFang JÑ
±e�éóÄ

åXÚ [7]µ 
ẍ(t) + γẋ(t) = −∇f(x(t))−ATλ(t)− ρAT (Ax(t)− b)− ε(t)x(t),

λ̇(t) = t

(
A(x(t) +

t

α− 1
ẋ(t))− b

)
,

¦�y²
;,x(t) rÂñ����ê��"k'�éóÄåXÚ��õ�[&E§ïÆÖöë

� [8–10] 9Ù¥�ë�©z"

��{ü����©l�å`z¯K´±e�5�ª�å¯Kµ

min f(x) + g(y),

s.t.Ax+By = b.
(1.5)

Ù¥f : X → R Úg : Y → R ´ü�²w�à¼ê§∇g Ú∇h ©O´äk�êL1 ÚL2 �Lipschitz

ëY¼ê"A : X → H§B : Y → H ´ü�ëY�5�f§x ∈ X§y ∈ Y§b ∈ H§Ù¥X§Y
ÚH ´¢Hilbert �m"Cc5§¯K(1.5) 3NõA^+�¥Ñy§�)ÅìÆS [11]!ã�?

n [12, 13] �"

�©ïÄ
�a�éóÄåXÚ(1.1)§^u¦)±e¯Kµ

min g(x) + h(y),

s.t.Ax+By = b.
(1.6)
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�ó��Ì��z�±o(Xeµ

• JÑ
�«#�/���©0+/��éó0�.5�éóÄåXÚ§^u¦)V¬�©l`

z¯K§¿�y²
)��3��5;

• ÏL�E·��Uþ¼ê§Ø=ïá
÷X;,(x(t), y(t)) Âñ�8I¼ê�(J§�y²


O2.�KF¼êLσ Ú.�KF¼êL �Âñ�Ç"

2. O��£

3�!¥§·�ò0��©¥¦^��
ÎÒÚý��£"Äk§Ú\�¯K(1.6) �'��


½Â"

du¯K(1.6)´���å`z¯K§½Â�¯K(1.6)�'�.�KF¼êL : X ×Y×H → R
�µ

L(x, y, λ) = g(x) + h(y) + 〈λ,Ax+By − b〉, (2.1)

Ù¥§λ > 0 ´.�KF¦f"O2.�KF¼êLσ : X × Y ×H → R ½Â�µ

Lσ(x, y, λ) = g(x) + h(y) + 〈λ,Ax+By − b〉+
1

2
‖Ax+By − b‖2. (2.2)

·�ò¯K(1.6) �KKT :8P�Ω§=��=�(x∗, y∗, λ∗) ∈ Ω ÷v±e^��µ
−ATλ∗ = ∇f(x∗),

−BTλ∗ = ∇g(y∗),

Ax∗ +By∗ − b = 0.

(2.3)

w,§Ω ⊆ X × Y ×H"3�©¥§·�©ªb�Ω 6= ∅"

�â.�KF¼êL ÚO2.�KF¼êLσ�½Â§·��±��±e�ªµ
−ATλ∗ = ∇f(x∗),

−BTλ∗ = ∇g(y∗),

Ax∗ +By∗ − b = 0.

⇔


−ATλ∗ = ∇f(x∗) +AT (Ax∗ +By∗ − b),

−BTλ∗ = ∇g(y∗) +BT (Ax∗ +By∗ − b),

Ax∗ +By∗ − b = 0.

(2.4)

ù�duµ

(x∗, y∗, λ∗) ∈ Ω⇔


∇xL(x∗, y∗, λ∗) = 0,

∇yL(x∗, y∗, λ∗) = 0,

∇λL(x∗, y∗, λ∗) = 0.

⇔


∇xLσ(x∗, y∗, λ∗) = 0,

∇yLσ(x∗, y∗, λ∗) = 0,

∇λLσ(x∗, y∗, λ∗) = 0.

�âΩ �½Â§·��±á=�Ñ±e(Øµe(x∗, y∗, λ∗) ∈ Ω§K§´.�KF¼êL ÚO
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2.�KF¼êLσ �Q:"

äNó§éu.�KF¼êL§÷v±eØ�ªµ

L(x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ L(x, y, λ∗), ∀(x, y, λ) ∈ X × Y ×H. (2.5)

aq/§éuO2.�KF¼êLσ§kµ

Lσ(x∗, y∗, λ) ≤ Lσ(x∗, y∗, λ∗) ≤ Lσ(x, y, λ∗), ∀(x, y, λ) ∈ X × Y ×H. (2.6)

l(2.5) Ú(2.6) �±�Ñ§O2.�KF¼êLσ(x, y, λ) Ú.�KF¼êL(x, y, λ) äk�Ó�Q

:"

�©?Ø�¯K½Â3F�ËA�mH ¥§F�ËA�m¥�SÈ^〈·, ·〉 L«§�êP
�‖ · ‖"

éu¢��à����¼êg : H → R§eÙFÝ∇g ÷vLg- |ÊF]ëY5§Kkµ

‖∇g(x)−∇g(y)‖ ≤ Lg‖x− y‖, ∀x, y ∈ H.

XJ¼êg ´σ-rà�§¿�Xg(·) − σ
2
‖ · ‖2 ´à�§Ù¥σ > 0"d	§XJg ´ëY��

�§@oéu?¿�x, y ∈ H§Ñkµ

g(y) ≥ g(x) + 〈∇g(x), y − x〉+
σ

2
‖y − x‖2.

dd§·��±?�Ú©Ûü«¼ê3`z¥��Ú§cÙ´3ÄåXÚ;,Âñ5Ú`z

5Uµ�¥"��§·�òÚ\����Ún§§3XÚ(1.1) �Âñ5©Û¥å�'��^"

Ún2.1. [14, ÚnA.3] b�δ > 0�f ∈ L1(δ,+∞) ´���KëY¼ê"?�Úb�ψ :

[δ,+∞)→ [0,+∞)´���4~�¼ê� lim
t→+∞

ψ(t) = +∞. �� lim
t→+∞

1
ψ(t)

∫ t
δ
ψ(s)f(s)ds = 0.

3. �Û)��35���5

3�!¥§·�òÐ«.5�©éóÄåÆXÚ(1.1) ��Û)��35Ú��5"l�

§(1.1) ¥§ÏL#ü�§�±��µ


Ẅ (t) +

α

t
Ẇ (t) = −∇H(W (t))− CTλ(t)− CT (CW (t)− b),

λ̇(t) = t(CW (t)− b) +
t2

α− 1
CẆ (t),

(3.1)

Ù¥W (t) = (x(t), y(t))T ∈ W§�W = X×Y§C = (A,B)§�H(W (t)) = (f(x(t)), g(y(t)))T .

3y²XÚ(1.1) )��35Ú��5�c§·�Äk�Ñ���Û)�½Â"
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½Â3.1. ¡W : [t0,+∞)→ X ×Y§λ : [t0,+∞)→ H2 �XÚ(3.1) ��Û)§�÷v±e5

�µ

(i) W, Ẇ : [t0,+∞) → W �λ : [t0,+∞) → H 3ÛÜ´ýéëY�§�é{`§éuz�«
m[t0, T ]§T < +∞§§�3T«mS´ýéëY�¶

(ii) 
Ẅ (t) +

α

t
Ẇ (t) = −∇H(W (t))− CTλ(t)− CT (CW (t)− b),

λ̇(t) = t(CW (t)− b) +
t2

α− 1
CẆ (t),

éuA�¤k�t ≥ t0¶

(iii) (W (t0), Ẇ (t0), λ(t0)) = (W0, Ẇ0, λ0).

y3§O�Äu�Ü-|ÊF]-�k�½n£Cauchy-Lipschitz-Picard theorem¤y²���

©CþÚ��éóCþ|Ü�.5ÄåÆXÚ(1.1) ��Û)��35Ú��5"

½n3.2. éu?¿Ð©:W0, Ẇ0 ∈ W Úλ0 ∈ H§vÄåXÚ(1.1) vÄåXÚ(1.1) �3�

�����Û)"

y² ½ÂG(t) = (W (t), Ẇ (t), λ(t))§¿�½ÂF : [t0, T ]×W ×W ×H �

F (t, u, v,m) =
(
v, µ1(t, u, v,m), µ2(t, u, v,m)

)
(3.2)

Ù¥ 
µ1(t, u, v,m) = −α

t
v −∇H(u)− CTm− CT (Cu− b),

µ2(t, u, v,m) = t(Cu− b) +
t2

α− 1
Cv.

(3.3)

w,§l(3.1)!(3.2) ÚG(t) �½Â�±wÑ§(3.1) �±������ÄåXÚ§äN� Ġ(t) = F (t, G(t)) = F (t,W (t), Ẇ (t), λ(t)),

G(t0) = (W0, Ẇ0, λ0).
(3.4)

·�òÄky²§éuz�t ≥ t0§F (t, ·, ·, ·) ´L(t)-Lipschitz ëY�"äN/§éuz

é(u1, v1,m1), (u2, v2,m2) ∈ W ×W ×H§�â(3.2)§kµ

‖ F (t, u1, v1,m1)− F (t, v2, u2,m2) ‖
=
√
‖ v1 − v2 ‖2 +‖µ1(t, u1, v1,m1)− µ1(t, u2, v2,m2)‖2 + ‖µ2(t, u1, v1,m1)− µ2(t, u2, v2,m2)‖2. Ï

LO�k

µ1(t, u1, v1,m1)− µ1(t, u2, v2,m2)

=
α

t
(v2 − v1) +∇H(u2)−∇H(u1) + CT (m2 −m1) + CTC(u2 − u1),

(3.5)
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Ú

µ2(u1, v1,m1)− µ2(u2, v2,m2)

=tC(u1 − u2) +
t2

α− 1
C(v1 − v2).

(3.6)

�âb�^�∇f Ú∇g ´ÛÜLipschitz ëY�§�±��µ

‖ ∇H(u2)−∇H(u1)‖ ≤‖ L(u2 − u1) ‖≤ (LH)‖u2 − u1‖, (3.7)

Ù¥

L =

(
L1 0

0 L2

)
, LH = L1 + L2.

ÏLÄ�Ø�ªÚþãúª§�±��µ

‖ F (t, u1, v1,m1)− F (t, u2, v2,m2) ‖

≤
√
h1(t) ‖ u1 − u2 ‖2 +h2(t)‖v1 − v2‖2 + h3(t)‖m1 −m2‖2

(3.8)

Ù¥ 
h1(t) = 5L2

H + 5‖CTC‖2 + 2‖CTC‖t2,

h2(t) = 1 +
5α2

t2
+

4t4

(α− 1)2
‖CTC‖,

h3(t) = 5‖CTC‖+ 1.

?�Ú��

‖ F (t, u1, v1,m1)− F (t, u2, v2,m2) ‖

≤
√
h1(t) ‖ u1 − u2 ‖2 +h2(t)‖v1 − v2‖2 + h3(t)‖m1 −m2‖2

≤
√
h1(t) + h2(t) + h3(t)

√
‖u1 − u2‖2 + ‖v1 − v2‖2 + ‖m1 −m2‖2

=
√
h1(t) + h2(t) + h3(t)‖(u1, v1,m1)− (u2, v2,m2)‖

(3.9)

-L(t) =
√
h1(t) + h2(t) + h3(t), ,�k

‖ F (t, u1, v1,m1)− F (t, u2, v2,m2) ‖

≤ L(t)‖(u1, v1,m1)− (u2, v2,m2)‖
(3.10)

Ïd§F (t, ·, ·, ·) éuz�t ≥ t0 Ñ´L(t)-Lipschitz ëY�"ÏdN´w�§L(t) 3«m[t0, T ] þ

´�È�§ÏdL(·) ∈ L1
loc([t0,+∞)).

�e5§òy²éu¤ku, v ∈ W Úm ∈ H§F (·, u, v,m) ∈ L1
loc([t0,+∞),W ×W ×H). �

DOI: 10.12677/aam.2024.1312504 5232 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.1312504


Â,l

?¿�u, v ∈ W Úm ∈ H§�âF �½Â§éut0 < T < +∞§��∫ T

t0

‖F (t, u, v,m)‖dt

=

∫ T

t0

√
‖v‖2 + ‖g1‖2 + ‖g2‖2dt

≤
∫ T

t0

√
h̃1

1

t2
+ h̃2t4 + +h̃3t2 + h̃4dt

≤
√
h̃1 + h̃2 + h̃3 + h̃4

∫ T

t0

√
1

t2
+ t4 + t2 + 1dt

(3.11)

Ù¥h̃1 = 5α2‖v‖2, h̃2 = 2‖CTC‖‖v‖2
(α−1)2 , h̃3 = 2‖Cu− b‖2, h̃4 = ‖v‖2 + 5(‖∇H(u)‖2 + ‖CTC‖‖m‖2 +

‖cTC‖‖Cu− b‖2).

Ïd§Äu(3.11) ±9 1
t
!t4!t2 Úε(t) éu?Ût ≥ t0 Ñ´ëY�ù�¯¢§�±�Ñµ

F (·, u, v,m, n) ∈ L1
loc([t0,+∞),H1 ×W ×W ×H)

(Üù�'Xª�(3.10)±9(JL(·) ∈ L1
loc([t0,+∞))§2|^Cauchy-Lipschitz-Picard½n§·

��±�ÑXÚ(1.1) �3����Û)§ù�¿�Xdu∇H �Lipschitz ëY5§XÚ(1.1) �

3����Û)"

4. XÚ�ìC1�©Û

3�!¥§·�ò©Û(1.1) XÚ;,(x(t), y(t)) �Âñ1�"�
©ÛT�éóÄåX

Ú(1.1) �Âñ1�§©�ü�½n?1ïÄ"

½n4.1. b�(x(t), y(t), λ(t)) ´XÚ(1.1) ��Û)§�(x∗, y∗, λ∗) ∈ Ω. -ε : [t0,+∞) →
(0,+∞) ����O¼ê§÷v

∫ +∞
t0

ε(t)
t
dt < +∞. K±e(Ø¤áµ

(i) lim
t→+∞

Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = 0;

(ii) lim
t→+∞

L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = 0.

y² �Ä��Uþ¼êẼ(t) : [t0, T )→ [0,+∞)§§d±eúª�Ñµ

Ẽ(t) =Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) +
1

2
‖α− 1

t
(x(t)− x∗) + ẋ(t)‖2

+
1

2
‖α− 1

t
(y(t)− y∗) + ẏ(t)‖2 +

α− 1

2t2
‖λ(t)− λ∗‖2.

(4.1)

�âÄåXÚ(1.1)�½Â§��
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˙̃E(t) =− α− 1

t
〈x(t)− x∗,∇g(x(t))〉 − 2(α− 1)

t2
〈x(t)− x∗, ẋ(t)〉

− α− 1

t
〈y(t)− y∗,∇h(y(t))〉 − 2(α− 1)

t2
〈y(t)− y∗, ẏ(t)〉

− 1

t
‖ẋ(t)‖2 − (α− 1)2

t3
‖x(t)− x∗‖2 − 1

t
‖ẏ(t)‖2 − (α− 1)2

t3
‖y(t)− y∗‖2

− (α− 1)2

t3
‖λ(t)− λ∗‖2 − α− 1

t
‖Ax(t) +By(t)− b‖2 − α− 1

t
〈λ∗, Ax(t) +By(t)− b〉.

(4.2)

?�Ú��

˙̃E(t) ≤− α− 1

t
〈x(t)− x∗,∇g(x(t))〉 − 2(α− 1)

t2
〈x(t)− x∗, ẋ(t)〉

− α− 1

t
〈y(t)− y∗,∇h(y(t))〉 − 2(α− 1)

t2
〈y(t)− y∗, ẏ(t)〉

− 1

t
‖ẋ(t)‖2 − (α− 1)2

t3
‖x(t)− x∗‖2 − 1

t
‖ẏ(t)‖2 − (α− 1)2

t3
‖y(t)− y∗‖2

− (α− 1)2

t3
‖λ(t)− λ∗‖2 − α− 1

t
‖Ax(t) +By(t)− b‖2 − α− 1

t
〈λ∗, Ax(t) +By(t)− b〉.

(4.3)

|^þãØ�ªÚ(4.1) ¥éẼ(t) �½Â§(Üα > 3±9g, h�à5§�±��µ

2

t
Ẽ(t) + ˙̃E(t) ≤ 0. (4.4)

ÏL¦È©§?�Úk

t2Ẽ(t) ≤ t20Ẽ(t0).

,���

Ẽ(t) ≤ t20Ẽ(t0)

t2
. (4.5)

(Ü(4.5),l��

lim
t→+∞

Ẽ(t) = 0. (4.6)

|^þã'XÚ(4.1)¥éẼ(t)�½Â§2(Ü'XLσ(x(t), y(t), λ∗)−Lσ(x∗, y∗, λ∗) ≥ L(x(t), y(t),

λ∗)− L(x∗, y∗, λ∗) ≥ 0§�±�Ñµ

lim
t→+∞

Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = 0, and lim
t→+∞

L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = 0.

½n4.2. �(x∗, y∗, λ∗) ∈ Ω �(x(t), y(t), λ(t)) ´Ä�XÚ(1.1) ��Û)"K±e(Ø¤áµ

(i) Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = O( 1
t2

)¶

(ii) L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = O( 1
t2

).
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y² �â'X(4.5)§´�

t2Ẽ(t) ≤ t20Ẽ(t0) < +∞. (4.7)

(Ü(4.1) ¥éẼ(t) �½Â§·�k

Lσ(x(t), y(t), λ∗)− Lσ(x∗, y∗, λ∗) = O(
1

t2
),

±9

L(x(t), y(t), λ∗)− L(x∗, y∗, λ∗) = O(
1

t2
).

�¤
y²"
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