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Abstract

The invariant vertex stability number of graph is one of the recent hot topics, which is applied to
design algorithms to solve certain problems in graph theory.Let f be an invariant of graphs, and

the f -vertexstability number vs, (G) ofagraph G isdefined asthe cardinality of the minimum
vertex subset V' suchthat f(G-V')= f(G). In this paper, we discuss the bounds of the f -ver-
tex stability number for Cartesian product graphs through the properties of the invariant f .
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1. 5l

RH ARG =(V,E), FIRBBEFER £ MEfsims. BAERRHEERNE
PR IR R R A — PR B R S GRS 5, R T B 3 —Fhes . BT
AR AT LA FRA TR AR PO FOA VT S L S P A 10 24 e 6 24 1
SCRR[LJ-[4] R R B 5 AR R A R e B, T LUt I 2, TR, B 2 DA K i 75 7Rt A7
45 Haynes [3]%5 NGBIEH I G HEAFMN A, IR AISARY 77 A% i R A B B 82E, #0h T BOKE A(G),
BNES(G) s MK o (G) SRR MEPESE 6 . Bauer [415 A% HE T 12 B0 S A I st A
SR, T X R Hees, (G) HEAT T X, EIZER G P AR E —AMR/b A% B 18
F(G—E')= f(G), M es, (G)=|E| . Kemnitz [5] [6]/5 At s MO o Ok S0 Pl (7% 8, 3644
T M, R GRS MR NI BT RS AT
RRPEGR, IR T M G WL f = (G R R G R B, Akbari [7]% AE R G A

2(G)€{A(G),A(G)+1]

il

HIZA FUER T
vs, (G)=ivs, (G)

Hevivs, (G) ROt i fa e H, BIER %y (G) BRI AR B/ i RIRHBAE 724 G i 2
2(6)> A((32)+1
W4 vs, (G)=es, (G) L.

SCHRI8] [O]HH AR FE IR s K 2t T I G L (R sE B ™ L5, JFBE T es, (G) =1MIEM k /T
2T 5 ) k IEM B ERERIA . Kemnitz and Marangio [10]45 H 7 —265e T f- SR e B — k45 ie, I
FIF - 00 E 400 Gallai BT THER, RN SGE T OE0X —45 25, mid— 2501 B e
T EH S RRER, UGB R T Gl s BUR & R E BN G R, TE T eI ZE R L Z AT IR T R K.

ASCHFHEAAL S f VS, ik, wraerEsE, B T RRARE AR B AR DG A
W, EAFEZMAT, EiEd -afRE SR VR RRE S FERIZER R, F oGl e EiuE
BLAH R TN FE LA A ORI E o B8 =3 a1 RRARE f- AR e H At

2. XEXFSIE
SEN 2.1[5]. ®EIG=H, UH, H H AIH, 2N EAHZKE . H AR e
f(G)=f(H, UH,)=f(H,)+ f(H,),

TFRA A& f B A RNtk
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EX 22 BHEG=H,UH, HH, FH, & HANEAMZ R HAE e
f(G):f(H1UH2):f(H1)'f(H2)’
TFRA A & £ H A Aotk
EX 2.3[5] WEG=H, UH, H H, M H, ZHANEAHZHE. HALE L
f(G)=f(H,uH,)=max{f(H,),f(H,)}
MFRAAR & f A 5.
EX 2.4, BEG=H,UH, HH, FH, 2FANEAMAZRE . HAER L
f(G)=f(H,UH,)=min{f(H,),f(H,)}.
WFRANAS B f HAT /M
SEX 2.5, I kT s, (G) & X

vs, ( )_{w’ f(G-V')=f(G) XA ETHEV cV(G);
f B min{[\/’|:V'gV( JHf(G-V')= (G )} o

5|3 2.6 [10]. V' 2K G H— P AT5E, WF
vs; (G)<NV'|+vs; (G-V') .
X 2.7 WEHZEGIH—1THE, f 2—1EIAERE, HF
£(G)2 t(H),
MIFRAAS & 2 BRIEIE s Rz, MRS E & B .
EX 2.8[11]. G, G, ZFAfiHE, K G&H G MG, MHHR/RBE, 1iBfE
G=G,0G,,
b, o B G TSN
V(6)-V(6,)(6,).
E(G)={(u.v,)(uy.v,) ity =u, Hvyv, € E(G,) vy, =V, Huu, e E(G,)} -

3. EHFRFREN -RRERNF
REH 3L B H, H, RHAEAMZINE, G=H,oH, EAEE f i, #E 6 hipE—A M

BV FHG-V'=H UG, i=12, WH
)<V'|+min{vs, =12 .
UEHY A H, (i =12) THRABUEMT S AR f(H,) 808, e AT Evs, (H;) =0, S50 R,
)[/&

vs; (Hy)=min{vs, (H,):i=12},

V"V (H,) R H, A ST, (5 s, (H) =N, A
F(H,—V") = f (H,).
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MBE G AE—NETHREV G-V =H, UG, MEAAE f Mtk e, 135
f(G-V'-V")=f((H,-V")uG")=f(H,-V")+f(G)
= f(H)+ f(G")=f(H, UG
- f(G-V")
FHE ST A
Vs (G-V')<N”

:st(Hl)’
R4 51 2 2.6 H
vs; (G)<vs, (G-V')+N'|<vs; (H,)+N |-
A G-V =H, UG I, &
vs; (G)<vs, (G-V')+N'|<vs (H,)+V'
)
VS, (G)s[\/’|+min{vsf(Hi):i=1,2} . O
SEHL 3.2, WH H, 2FAEAHLHE, G=H,oH,, A& f#LfRr LEE. 5K G e
— AV R G-V =H, UG, =12, WfH
vs; (G)<|V/|+min{vs, (H,):i=12} .
‘EEEE %st(Hi)ZOO, i=l,2, )ﬂ”%ﬁﬁﬁﬁjﬁﬁijo
WIEvs, (H,) <o MR, 4

vs; (Hy)=min{vs, (H,):i=12},

FAAER TRV SV (H,), 5 vs, (H)=N"], Nl
f(H,-V")= f(H,)-
HI T G 2 Hy, H MR s - RRBUEL, fAE— AR T8V eV (G), G-V =H, UG . MIEALE f
frmr etk 24 HAES, I
f(G-V'=V")=f((H,-V")UG')=f(H,-V")-f(G")
= f(H,)- f(G')=f(H, UG

=f(G-V)
H 5 SR
vs; (G-V')<NV'|=vs, (H,),
RIESIH 2.6 H
vs; (G)<vs, (G-V')+N'|<vs, (H)+N |-
S
VS, (Hz):min{vsf (Hi):i=1,2} ,
A
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Vs, (G)<vs, (G-V')+V'|<vs, (H,)+V'

’

an

vs; (G)<|V/|+min{vs, (H,):i=12} . O
SEH 3.3, WH, H, RFAEAHLHE, G=H,oH,, A&&E LRt &8 G hfifE—1
EV G-V =H UG A f(H)>f(G), i=12, MK
vs; (G)<|V/|+min{vs, (H;):i=12} .
UERA R¥ESIEE 26 A
vs; (G)<vs, (G-V')+N,
RAFIE
VS, (G—V’)gmin{vsf(Hi):i=1,2}c
#vs, (H)=00, =12, S5RRARML,
Bl
min{vs, (H,):i=12}=vs, (H,)
AV REH KR4, i vs, (H)=V"|, WA
f(H,-V")= f(H,).
SARPEAAE f MR TER M, A
f(G-V')=f(H, UG )=max{f(H,), f(G')}=f(H,)
=max{ f (H,-V"), f(G')}

= £(G-V'-V")
R QIES;
vs; (G-V')<N'|=vs, (H,)
[ 2 24
min{vsf (H;):i =1,2}=v5f (H,)>
f
vs (G-V')<NV'|=vs, (H,)
)

vs; (G)<|V/|+min{vs, (H,):i=12} . O
EH 34, WH, H, EBNEAMLZHKE, G=H,oH,, I"E&E i/, &8 G hirE—1 b
VA G-V = H, UG B T (H,)< f(G)» i=12, M4
vs; (G)<|V/|+min{vs, (H,):i=12} .
EH #vs, (H)=o0, i=12, MZIBHKL.
BAFLE Vs, (H,) <o, AILLA
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min{vs, (H,):i=12}=vs, (H,),
BV R AETEE SV (H,)s s, (H) =N, U
F(Hy—V") = £ (H,) .
RIEA & f 1 R, A

f(G-V')=f(H,uG")=min{f(H,), f(G)}=f(H,)
=min{ f (H,-V"), f(G')

=f(G-V'-V")
B, w15
vs; (G-V')< ¢t (Hy) o«
[ B4
min{vsf (H;):i =1,2}=vsf (H,)»
H
—V)<N'|=vsi (H,)
)

vs; (G)<|V/|+min{vs, (H,):i=12} . O
I R E FAT A, JRATE RIS PN ANAZ B R R R AL, T DU B 2 A BT
B R R B ) f- R e
EH 35 wATE Lt HIEE, G =H,UH,u---UH,, , G,=H, UH, U---UH,_, n,m
B, JFHEMN FR#AEZ EAMZLK. £6=GoG,, #K G MR THEV IF
G-V'=G, UG, t=12, NH
VS, (G)s[\/’|+min{vsf(Hlk),[\/(Htk)|,vsf (G'),[\/(G’)|:t:lﬂlgkSnvt=2ﬂlsk3m}o
UERH ARHESIHE 2.6, R FFE
Vs (G-V')<minfvs, (Hy ),V (Hy)|.vs; (G),V (G):t=1Hi<k<nvt=2Hi<k<mf,
%t=1ETJ‘) ﬁ
G-V'=G,UG,
Hvs, (Hy, ) <o Hvs, (G)<o, %
min{vs, (Hy ).V (Hy )| vs; (G),V (G"):t=1Hi<k <nvt=2Hi<k<mf=vs (H,),

Heri<k<n, 2V"2—ARTFELV SV (Hy), 8 vs, (Hy)=NV"|, WA
f(Hy —V") = f(Hy)-

NAREA & f K nl sk, 15
f(G-V'=V")=f(Hy)+ f(Hy)+-+ f(Hy =V")+--+ f(H, )+ f(G)
# f(Hy)+ f(Hy)++ f(Hy)+-+ f(Hy,)+ f(G)
=f(G-V’)
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HE XA
Vs, (G-V')<|V"|=vs(Hy) -
e
min {vs, (Hy ),V (Hy )|, vs (G’),|V(G')|:t=1ﬂlsksnvt:2E1skSm}=|\/(Hlk)|,
Hrpi<ks<n, Wvs, (Hy)=0. AZE LT MEARNAE, H
f(G=V'=V (Hy))=f(Hy)+ f(Hy)++ f (Hy )+ f (Hyy)+-+ F(G)
¢f(H11)+f(H12)+"'+f(Hlk)+”'+f(G')

~£(G-V)
&
Vs, (G-V') <V (Hy)|
[, 2t=25L
min{us (Hy ),V (Hy )|.vs (G).V (G")|:t=1Hi<k <nvt=2 1<k <m}} =min{vs, (G'),V (G")]} -
&

vs, (G-V')< min{[\/(HZk )|, vs (sz)} s, (G-V')<min{vs, (G'),V (G')}
ARSI 2.6, M
vs (G) <V'|+minfvs, (Hy ).V (Hy)|.vs; (G),V (G):t=1Hi<k<nvt=2Hi<k<m{. O
EH 3.6, WAL f HRIIENY Hi e s KM, G =H, UH,U---UH,,, G,=H,,UH,, U---UH,,_

n,m 2 IEBEL BT T EIMEAMHL . 4 G=6nG,  fAfE—MHTHEV cV (G) 3 G-V' =G UG,
t=12, Hf(G-V)=f(G). & f(H.)=f(G-V'), sIRIEFEHHI<s<I<nkm, WH

Vs, (G)s[\/’|+2!zlmin{vsf(Hts),|\/(Hts)}o
B MR4ESI 2.6, RFIE
vs (G-V')< Z'Szlmin{vsf (He)WV (Hy)
Ht=18, V' B—I HFEHV cV(G), fifd
G-V'=GuG'=H,;UH,U---UH, UG,
wEH ZEG-V' ITE, s=12-1, Hvs,(Hy)=0lff, %
Y, =V(Hls);
sy (Hy ) <o, fAFE—MRITHRY, eV (Hy ) iR Y, |=vs, (Hy) » %
f(Hy,—Y,)= f(Hy)-

L

WTR-AETFHERTV(G-V), ERT=Y,uY,u--VY,, Nl
|T|:zls:1mi“{vsf (Hls)’IV(Hls)
MR AL & f (K B g L e R, A

b
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F(G-V'~T)=max{f (Hy~Y,), f (Hy~Y,)o F (Hy =Y,), f (Hys )., F(Hy ), F(G)

¢max{f(H11), f (le),"': f (Hu)' f(H1|+1)""*f(H1n)’ f (G,)}
= f(G—V')

Hi%E X453

vs, (G-V')<[T|= 3 min{vs, (H,,).V (H,)

b

Ht=201, FEAE

vs, (G-V')<[T|= 3 min{us, (Hy ).V (Hy,)

Iz

RIESIHE 2.6 H

b 0

vs; (G)<\V'|+vs, (G —V’)s[\/’|+2'szlmin{vsf (Hts),[\/(HtS)
4. B

ASCHE AR EIIVES, 7T T RORBREA R R SRE B A IR, KT A ERE RN
W R AR —, ASCEE TS RRRED s R sc. e TR B E s ie
giig, Rt R e bR EEE, ASCHEE TR R SR E L, AR B R OR
PRI A AR B A e Bt w] AEAT B 7T

E&UH

HrsE 5 AARL 2k £ 101 H (2024D01A89, 2022D03002); [H 52 H SRR} 23k 4 1 [X A} 2 2k 131 H (11961070) o

&E 3k
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