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Abstract

The solving of nonlinear partial differential equations (NPDEs) finds wide applications in fields
such as fluid mechanics and financial mathematics. Given the difficulty in obtaining analytical so-
lutions for NPDEs, this study extensively explores Gaussian process-based methods for solving
partial differential equations: GPPDE method and TD-GPsolver method. Considering the complex-
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ity of nonlinear systems in NPDEs, we extend the GPPDE method and TD-GPsolver method to two
representative nonlinear partial differential equations—Allen-Cahn equation and Cahn-Hilliard
equation, and compare them with the Physics-Informed Neural Network (PINN) method to eva-
luate their performance under different discretization conditions. The results indicate that the
TD-GPsolver method demonstrates high computational efficiency and stability when dealing with
large-scale discretized datasets while maintaining a low error rate. The GPPDE method offers higher
accuracy when handling small-scale datasets, ensuring a balance between computational efficien-
cy and accuracy. Although the PINN method significantly improves numerical accuracy under high
discretization settings, its longer computational time limits its practicality.
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HAMAR B SENA[7]. 1992 48 J.skilling ZE[8] 4 1 H DUt 7 ik SRR H 3o i e, N JE 2RIt 7L
AL T EENE N; 2011 4F S, Sarkkd 7E[O]H IR T W AR AR AL B — AN, ) A e e A
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2. HRER
2.1. GPPDE 753k

(B BEHOHE 2 TER T A, e Py 25 R R FP AR, OF FLECR T P8 2 IR RS o % T3l

Sk R0 RIIN R x5 0 e i B 07 22 ek O
2
X; = X;
k(x,x")=0’exp %Z('I—ZJ) [€))
j

Hoepl 25 ) NARRIKE, WEBA L B R AR, Bk A ENF R IES 2, R
FE A,
a=u,+N(0,0,) )
x WEIAEHAZE X, CEEIAMIME G, HARME 0~ N (m, (x),K)» m,(x) 2 x #5E8R51HE,
K =k(x,x) &7 ZH
il e KL PR ARIE [6 ] T i i T AR IS H o = [, | o | Ferr L, 1 20 72 25 1] (x) AT 1] (1)
PR E RS, EhEESHIER T, QER A RECEE B u FIIE T MBS A6
4 H u 45,
P(U|x,(p,ou)=IP(U,u | X, ¢,0,)du =J'P(U|u,x,ou)P(u | X, ¢)du (3)
i H BFGS SE[141 KA BRI R B2, Se e mnid R Z 84l . i T GPPDE 75k 2t s
Bt A RETEXRTHEEN S, FHE—ANEHE T, —Malnd fBr S50 5 — N m it
FE[15]0 XF T &L E M & it fE— S50,
p(u” Ju,®)=p(u® |m,,@)=N (i) 4)

e dw w7y 75 RE LLRR B BB s

2 2
ou ou o°u o°u aJ=0 5)

f Xppe oy Xy Uy— 7, —— e, e
0X, OX, OX.0% OX,0X,

Hrpu 2REZR, x(j=1--m)RHEZE, a ZWMITTIEN 44 GPPDE J7ixf milii il f2 iR
BAEEME, FEAGTH AR > T R S i) 2 385 e MR Sl 5 REAE LI A5 R 72 56 R i«
2.2. TD-GPsolver 753%
FEREFBQCRY, Hod>1. JeLktk it hfEs HE,
{P(u*)(x): f(x), vxeQ

B(u")(x)=g(x), vxeoQ ©)

Horp, PRARME T, BRILAE T, A RIXN A g. FIFHEQ LE@%KEE&E%%%{XJ&L%E%
W TR LRI F T AR ER 0™, o X, xy € QIR BFRA Xy g Xy €0Q, 2 UN
Ik Banach Z[a], M T EH T KU >U , HEHMI R E[16],
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min|u]
st.P(u)(X,)=f(x,), m=1---,M )
B(u)(%,)=9(%,), m=Mg, +1---\M
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T ERBRE, WOELEE e =0, oL, ﬁmxmimiwq yeRM tUREHH, H
) _

[p.u]~ N(0,0) . HEFE © JyJy FEAaRE, ¢®J 4 o). X
(% Ma}
{ (% M +1,.--,|v|} ®)
P(pl,...,ol? me{l- M}
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SRARAR L ik 73 5 A% 5 4 2% R AL AL 1) 7t

min u]
{s.t. F([p.u])=y (10)

BEXT AR TC LR ARAL 7 8, TD-GPsolver 779 I my it - Ak i) — F e i, FerpeR AT L E R g
T JER 2 R B (¥ 25 28 Cholesky 73 fi#— 2 AT 1E 4k .

2.3. PINN 7F3%

% e A 7 FE[17]
ou(x,
ot
Forttu(x ) RERRIFEL N[1A] RFE A BEAMAELIERO ST TR N Q o R AEH)
fEAAF 217 B(u(x,t)) =0 A I (u(x,0))=0, HHIAF %R LAZ Dirichlet 4 5% F, Neumann 5%
fF, Robin i Ft 54 A BUR &L S 5%AT
PINN i H] — /> — R 51 2 o4k 9 O B2 i 22 W 4% 25 30 Aol Al Bl 20 O R O R R R B u(x,t) » BRI
u(x,t)=a(xt). AELE MU RS (MSEy), 32 54451 2 (MSE) B 11 52 (MSE;) ok % 143 31 .
3. BESLHW
31 SEWRE
NI F SO 7 B0 R, BT TR FERLH T MR R AR 2t el 70 77 78 Allen-Cahn U5 72
F1 Cahn-Hilliard J7 /%, X772 a 1% B 0.01. SCI6B v HG 158 FH AN [F) R IR 25 IR BORT v 1)
A, BAABCE Jy: BB M =50 52D T=20; M=1005T=40; M=250 5 T=100; BlK
M =500 5 T =200, f£5c5 5 B+, GPPDE Jy it MM E it 1 #ritE 2= 0.05 [k, LIRS SRR
AP A] BEE B BRI e . 5 — 51, TD-GPsolver J5ikfE Rt fe bR A 7wl A- 5%, B
ISP HIE E 2 I, BERARES R AR SR .
AR BRI Lerror RPPAEBIAYFRG B, Hoat B0 KT,
> (y-a)

N

)+N[u xt);4]=0 (11)

L,error =
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Horpu ARFRESE, O FZTNE, N2WNEREE.
3.2. Allen-Cahn 58

TERFEB T, Allen-Cahn J5 FE1E N —Fp & SR IEAY, JE2UE T Allen F1 Cahn 2¢ T 45 Al 4 )
R FHE B IR 18], T4 R e N AR A AR R S I 80 7725 90 5 1) B B AR 2R Ik A s 43 T B2 aX — 7
TEMBIRNS . AR J1%% . BURAL TR DL K i SR 56 2 AR R B 2O AR, SR B AR A 31 2
HOARAS I FR AR ST . ST BB A AT g DA S AR AR 45 ) SR AL 1 B JEA

% & Allen-Cahn J7F2 1 —4E AT,

a’——-u’+u (12)
X

WIIR AT L oA R

u(x,t)=u(-xt) (13)
U(x,t)=u(-xt)
B Sme 45 R W2 1. 4T Allen-Cahn J5 2 TH SRV 72, 24 B HLS A M = 50 (I ] 25 % T = 20)
I, GPPDE. TD-GPsolver 1 PINN J7 32 1) 5 (8] 43 7 9 16 #0. 9 01 600 #b. 3 hneS s M = 100
(RFIE2B %0 T = 40), GPPDE J7 ik i 5 8] & 3 48 hn 42 430 #», TD-GPsolver {{ 7% 10 #5, 1ifii PINN [f#E
N6 4 670 0. #E M = 250 (I [a]2E% T = 100)iF, GPPDE J7i% K AeH 2K %, TD-GPsolver 1 PINN [
FEF 4> 51 11 B 520 b, 4B H A A8 4 M = 500 (i [E]2540 T = 200)i, GPPDE 75 A4 GEsR i,
TD-GPsolver #Eif 13 #7, 1 PINN #£6F 700 5,

Table 1. Simulation results of Allem-Cahn equation data
%< 1. Allem-Cahn S 28R IEINE R

= Method Time(s) L2error

GPPDE 15 1.20E-01
M =50 GPsolver 9 3.33E-01
PINN 600 1.45E-01
GPPDE 430 8.52E-02
M =100 GPsolver 10 9.01E-02
PINN 670 6.38E-02

GPPDE
M =250 GPsolver 11 4.39E-02
PINN 520 2.19E-03

GPPDE
M =500 GPsolver 13 2.35E-02
PINN 700 4.23E-03
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SKARKS B D710, FE B BUS 2y M = 50 (IRFAJ25 % T = 20)i}, GPPDE. TD-GPsolver i1 PINN f#) L2 i%
4350 0,12, 0.333 1 0.145, H4 55#0 A% M = 100 (1 [A] 2544 T = 40), GPPDE. TD-GPsolver I PINN
(1) L2 3% 253 )i % A 0.0852. 0.0901 £ 0.0638. #1814 M = 250 (I A]25%1 T = 100), GPPDE J7
A BESR iR, TD-GPsolver ] L2 1% 43 % 0.0439, PINN [{i &%, Jv0.00219. 7£ M =500 (i} [a]
¥ T = 200)iF, GPPDE 54Ty 58 sk fift, TD-GPsolver Al PINN [ L2 524 0.0235 F1 0.00423.

LR IEN X Allen-Cahn 7572, R4 GPPDE 745 i 25 HUs AT BRI TH 58 YR PR 2ok g, (HILAE
R BUS BEE N I H AT LA SR ARKS B . M2 T, TD-GPsolver J7vE AV ARG 2 e &% Fh 55 BlOS Bo &
HORRE T I THR AR, T LG S HOS B I SRR B R B, UERA T LA AR B KR AN A A
AR 7 R ISR RS J7 . T B 2, PINN b BSOS SR Ml 7 &M%, X
A RE A KA B B 5 90 4 25 P10 A0 A S0 A R i S TR &R S R T o

3.3. Cahn-Hilliard 52

Cahn-Hilliard 752, Hi John W. Cahn #1 John E. Hilliard - 1958 4E42 H1[19], & 7E ik W AH &4
H %S AR AR o 1207 REARAE A8 40 SR B, R XS B AR R I S MG R T A A R R AL
M7 FE o 1% FRAZ DR IEAE T H AR M AFE R X S e o ARt 1 S 2R T 1 B AR iz ek R K
TR, X ST 5T A 20 A ST ) B 2 i RN DA K R G AR T P o T RE AP I B ORI, £ 5T
T B BRI WG, AR R ] P ATES 107 AR

a—uz—A(azg—uﬂuj (14)
ot OX
KRNI F 26 AF R
u(x,0)= cos(nx)—exp(—4(nx)2)
u(x,t)=u(-xt) (15)
u(x,t)=u(-xt)

K fE S50 45 5 W3 2065 T Cahn-Hilliard 77 2 (09 71 S (R0 7, 24 BS HECh M = 50 (IRFIRE 2L T = 20)
I, GPPDE. TD-GPsolver F1 PINN J73% 1) 5 (8] 53 7 0y 14 #0. 8 #1160 #b. MBS #S 2 M = 100
(R T 2540 T = 40), GPPDE J7 ik (v S0 [H] (3% 39 N %2 660 72, TD-GPsolver {75 9 #F, 1 PINN [¥I¥ERS
5300 #b. 7E M = 250 (IfIa)25% T = 100)if, GPPDE J5iEARfRef %KM, TD-GPsolver A1 PINN [ 4B}
435N 11 BN 300 FP. MEHUSEIEZE M = 500 (WAL T = 200)i, GPPDE J7ikdlhARERiE,
TD-GPsolver #Ei 12 #7, 1] PINN #£5f 540 75,

SRAGRERE 7T, (E B EUSE0N M =50 (RFEI25 % T = 20)if, GPPDE. TD-GPsolver A1 PINN fJ L2 %
2243118 0.0214.0.263 1 0.073. ¥ B HUS 3 2 M = 100 (i 8] 255k T = 40), GPPDE. TD-GPsolver Fl PINN
(1) L2 iR 245 )i % 5 0.0117, 0.207 F1 0.225. #—3E N4 M = 250 (i [A]2P4L T = 100), GPPDE J7%:

fesk i, TD-GPsolver ff] L2 12243 45 0.199, PINN %2 5%, v 0.0154. 7£ M =500 (A% T
=200)}, GPPDE JjikAfREsE sk A#, TD-GPsolver A1 PINN ) L2 %225 0.196 1 0.0476.

Btxf Cahn-Hilliard 755, GPPDE J7 VAL /NS ECHE £ I 75 BE B A i IR, 76 A JH K RIS i) it
AR R IRAZ PR T AT B 2P Ak . TD-GPsolver 7732 LA HLAE 5Bl B s B8 R s RE R
RS TE RS BE B, R T i R 7 SR A AR G e v 23 7 R A R o PINN 532 I E 1y B8
B BT I AR SR ARG, AR S BT R AN T AR ) SR A
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Table 2. Simulation results of Cahn-Hilliard equation data
F= 2. Cahn-Hilliard 2 HBIRINEE R

H= Method Time(s) L2error

GPPDE 14 2.14E-02
M =50 GPsolver 8 2.63E-01
PINN 160 7.03E-02
GPPDE 660 1.17E-02
M =100 GPsolver 9 2.07E-01
PINN 300 2.25E-01

GPPDE
M =250 GPsolver 11 1.99E-01
PINN 300 1.54E-02

GPPDE
M =500 GPsolver 12 1.96E-01
PINN 540 4.76E-02

4. BRERE

ASCE ST T AL T v 2 R A B0 A2 (TD-GPsolver 75 7M1 GPPDE J712:)7E 4b ¥ & 4% NPDEs
HRH . BT Allen-Cahn J5 21 Cahn-Hilliard J5 2 (SR ARIEAT S SER, FRATVRAE 1 IX B Rl 5 5 4E
BB AT S SR RS FE (DL L2 JE0R 22 07 ) AN H S8R (DA SR T D4R AR), R LA PINN J7id:AE
NAFEE . TD-GPsolver J7 i3 B A1 8l 1 m o BR A4k 77 S0 B, S e 4R RRR R 22 28 1) R 2 4
TORMATEE, FIUH LA RS SE I AT 1 = kR A AR e . 53— 7T, GPPDE HLARTE i B AL
e N RIAE, (ATE A F /N R S I T e PR AL SR T2, RR A TE X AR 6 43 A A A1 R 11 18
Wysc . PINN 73k i B R S IR AT S 6], 38 & B FH RS P2 B R a3 5 p

KEERAL, TD-GPsolver Al GPPDE J5 ik AR I 1 v rich FE 75 SR SR A A 26 1 Bkt 2 77 R FR AU A7
EAIE S, A RAF IR LAE— 4R R TD-GPsolver J7 e FAt R A ik 7 5 FE =R N A, DA R i
3@ I S A A i — 2D 3R T HTEAR B B /K R IR BE R L. BEAh, 454 TD-GPsolver =245 PINN
(RS BRI, T ROHT IR B35 AR B 732 R 2% R TR 1), AR 78 (1 B ke 34
S
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