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Abstract

This paper studies the global dynamics of a class of piecewise smooth plant disease

model, by studying the change in the number of infected individuals per unit time,

to determine whether removal measures should be taken. Based on the value of the

basic reproduction number and combined with Filippov theory, non-smooth Lyapunov

function and other methods, discussing the global dynamical behaviors of the disease-

free equilibrium and the endemic equilibrium of the system. Finally, using numerical

simulation to show global dynamics.
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1. Úó

�Ô¾Á³£n´���Ï�3�¯K, e¯K?nØ�¬¦��Ô~�, �¬K��Ô¬�,

î­�$���ýÂ, l
é÷ S�!à�)�±9²LuÐ�E¤ã�K�. Ïd, �Ô¾Á³

��£¯K��´à�)�Ü�!à��)�ö±9IS	ïÄ�Ô¾Á³�;[�'5��:,

È4k�/��£n�Ô¾Á³´�åuÐà��'���.
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��äkëY��üÑ��Ô¾Á³�., ?�ÚïÄ
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�

��e±~���. 3��üÑ¥, �õê�±/¾�¿êþ½�Ý�����I, 
é�*	§�

�CzÇ. ©z [13]ò�.?1U?, ÏLïÄa/�N�\�oÚ9ÙCzÇ´Ä���½K�

Y², ±û½´Äæ�����, ?
JÑ
����­�� SIR�.. ¢Sþ, �
³Á«+3v

kU'��¹e¬×���, =B´Ð©5�é��³Á�¬���Ô¾Á³��u, E¤'�î

­�²L�� [14]. Äuþã¯¢, ·�U?©z [13]¥�K���üÑ, ÏLïÄü �mS/¾

�¿�êþCz, JÑ
���Ô¾Á³�.¿ïÄÙ�ÛÄåÆ1�. {eSNSüXe: 1 2Ü

©Ì�0�¤ïÄ��.9Ùý��£, 1 3Ü©´Ì�(J9Ùy², ���Ü©�)ÔÆ¿Â.

2. �.0�9ý��£

�©òæ�£Ø/¾�¿���, ±���Ô¾Á³�DÂ. eü �mS/¾�¿êþ´4

O�, K£Ø/¾�¿±ü$�Ô¾Á³DÂºx. Ïd, �Ô¾Á³�.^©ã1w�©�§£ã

Xe: {
dS
dt

= A− βSI − η1S,
dI
dt

= βSI − η2I − εvI,
(2.1)

Ù¥, S = S(t)Ú I = I(t)©OL«´a�¿Ú/¾�¿3 t���êþ; β > 0L«;¾DÂÇ;

A > 0�´a�¿�ð½«�Ç; η1 > 0Ú η2 > 0©OL«´a�¿Úa/�¿�k�Ç½Â¼

Ç; v > 0L«/¾�¿�£ØÇ.

ε =

{
0, H(S, I) < 0,

1, H(S, I) > 0,

���¼ê, Ù¥ H(S, I) = βSI − η2I. � H(S, I) = βSI − η2I > 0�, L«ü �mS/¾�¿

êþ´4O�, d�æ�£Ø��, ÄKØæ���.

P R2
+ = {(S, I) | S > 0, I > 0}, 3 R2

+þ, XÚ (2.1)d±eü�fXÚ{
dS
dt

= A− βSI − η1S,
dI
dt

= βSI − η2I,
(S, I) ∈ G1, (2.2)

Ú {
dS
dt

= A− βSI − η1S,
dI
dt

= βSI − η2I − vI,
(S, I) ∈ G2, (2.3)

|¤, (2.2)Ú (2.3)©O´��fXÚÚm�fXÚ, Ù¥

G1 =

{
(S, I) ∈ R2

+ | S <
η2
β

}
, G2 =

{
(S, I) ∈ R2

+ | S >
η2
β

}
.

P

Σ =

{
(S, I) ∈ R2

+ | S =
η2
β

}
,
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K¡ Σ�XÚ (2.1)����.

éu��fXÚ (2.2), Ä�2)ê� R1 = Aβ
η1η2

, �3Ã¾²ï: E0
1 =

(
A
η1
, 0
)

, �� R1 > 1

�, �3���/�¾²ï:

E1 = (S1, I1) =

(
η2
β
,
A

η2
− η1
β

)
.

éum�fXÚ (2.3) , Ä�2)ê� R2 = Aβ
η1(η2+v)

, Ã¾²ï:� E0
2 =

(
A
η1
, 0
)

, � R2 > 1

�, �3���/�¾²ï:

E2 = (S2, I2) =

(
η2 + v

β
,

A

η2 + v
− η1
β

)
.

w,, S1 < S2� I1 > I2. e¡�Ñ'ufXÚ�ÄåÆ5��(J, Ùy²�ë�©z [15].

·K2.1. 'ufXÚ (2.2)Ú (2.3) , k±e(Ø¤á:

(i) éufXÚ (2.2) , � R1 ≤ 1�, E0
1 �ÛìC­½, 
� R1 > 1�, E1 �ÛìC­½.

(ii) éufXÚ (2.3) , � R2 ≤ 1�, E0
2 �ÛìC­½, 
� R2 > 1�, E2 �ÛìC­½.

duXÚ (2.1)´��màØëY��©XÚ, �©ò?ØTXÚ3 Filippov¿Âe�) [16],

Ù½ÂXe:

½Â2.2. [17] e�þ¼ê (S(t), I(t))3 [0, T )�?¿k.4f«m [t1, t2]þýéëY (0 < T ≤
+∞) , ÷v S(0) = S0 Ú I(0) = I0 , ��3�ÿ¼ê γ = γ(t) : [0, T ) → [0, 1]¦�éA�¤k�

t ∈ [0, T )k {
dS
dt

= A− βSI − η1S,
dI
dt

= βSI − η2I − γvI,
(2.4)

@o¡�þ¼ê (S(t), I(t))´XÚ (2.1)LÐ©� (S0, I0)�).

�â²ï:������é �, fXÚ�²ï:'uXÚ (2.1)©�¢²ï:, J²ï:Ú>

.²ï:na [15]. éuXÚ (2.1), E0
1 Ú E0

2 ©O´¢²ï:ÚJ²ï:; E1� 0 < R1 < 1��J

²ï:, � R1 ≥ 1��>.²ï:; E2 � 0 < R2 < 1�´J²ï:, � R2 > 1��¢²ï:, 


� R2 = 1��>.²ï:.

�
�Ä�©�Ô¾Á³�.�)ÔÆ¿Â, I©ÛXÚ (2.1))�k.5Ú�5, Ù(Jde

¡ù�·K�Ñ, y²�ë�©z [15].

·K2.3. e (S(t), I(t))´XÚ (2.1)LÐ©� (S0, I0)�)�÷v S0 > 0Ú I0 > 0, Ké ∀t > 0 ,

(S(t), I(t))3«m [0,+∞)þ�3�k., ¿� S(t) > 0Ú I(t) > 0¤á.

���NC�ÄåÆ1�¬é Filippov XÚ��ÛÄåÆ�)­�K�, e¡©ÛXÚ

(2.1) 3��� Σ NC�ÄåÆ1�. �â©z [15] [16], XÚ (2.1) ���� Σ �©�B��

Σc = Σc1 ∪ Σc2 Úw�� Σsü�Ü©, Ù¥

Σc1 =

{
(S, I) ∈ R2

+ : 0 < I < I1, S =
η2
β

}
, Σc2 =

{
(S, I) ∈ R2

+ : I > I1, S =
η2
β

}
,
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XÚ�w��=�3��: Σs = {E1} .

ÏLé�þ|?1©Û, XÚ (2.1)�)3B�� Σc1 ¥l� mBL���, 3B�� Σc2 ¥

lm �BL���.

�©ò|^fìC­½ïÄXÚ (2.1)��ÛÄåÆ, Ïde¡�Ñ©z [18]¥'ufìC­

½�½Â.

½Â2.4. eé¤k�¹ E ��� V , �3�� U ¦� E ⊆ U ⊆ V , �é?¿ x ∈ U , �3XÚ

(2.1)÷vÐ©^� ϕ0(x) = x�,�) ϕt, ¦�é ∀t > 0, ϕt(x) ∈ V � limt→+∞ ϕt(x) ∈ E, K¡

²ï:8 E fìC­½. e V = R2
+ , K¡²ï:8 E ´f�ÛìC­½�.

3. Ì�(J9y²

�!ò�â R1���©n«�/?ØXÚ (2.1)��ÛÄåÆ.

�/1: R1 < 1.

d��íÑ A
η1
< η2

β
, l
 E0

2 Ú E1 þ�J²ï:. d I1 > I2 ��, /�¾²ï: E2 ��J

²ï:. Ïd, XÚ (2.1)�3���¢²ï: E0
1 .

½n3.1. XJ R1 < 1, @oXÚ (2.1)�3���Ã¾²ï: E0
1 , �T²ï:3 R2

+ þ´�ÛìC

­½�.

y². �Ä Lyapunov¼ê

V1(S, I) =
1

2
(S − A

η1
)2 +

A

η1
I,

K
dV1

dt
|(2.1) = (S − A

η1
)(A− βSI − η1S) +

A

η1
(βSI − η2I − εvI)

≤ (S − A

η1
)(A− βSI − η1S) +

A

η1
(βSI − η2I)

= −(βI + η1)S
2 +

2AS

η1
(βI + η1)−

A2

η1
− Aη2I

η1

= −(η1 + βI)(S − A

η1
)2 +

AI

η21
(Aβ − η1η2)

≤ 0.

¤±, �â LasalleØC�n [19], XÚ (2.1)�²ï: E0
1 3R2

+S�ÛìC­½. �

�/2: 1 < R1 < 1 + v
η2
.

d��íÑ R2 < 1, XÚ (2.1)�3 E1Ú E0
2 ü�²ï:.

½n3.2. XJ 1 < R1 < 1 + v
η2

, K

(i)� A2β2 < 4 (Aβ − η1η2) η22 �, E0
2 ´f�ÛìC­½�.

(ii)� A2β2 ≥ 4 (Aβ − η1η2) η22 �, @oXÚ (2.1)�3��Ø­½��Q(: E1 Ú��­½�(

: E0
2 , ��3�^ë� E1 Ú E0

2 �É�;.

y². (i)� 1 < R1 < 1 + v
η2
�, �íÑ R2 < 1 , d·K 2.1�� E0

2 ´fXÚ (2.3)3 R2
+ S�Û
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�

ìC­½�²ï:, ÏdXÚ (2.1)l E1Ñu�;�©ª u«� G2S¿Âñ� E0
2 , Xã 1(a)¤

«. Ïd, XÚ (2.1)Ø�3�7>.²ï: E1�;�, ¤±XÚ (2.1)lB�� Σc1 Ñu�)©ª

Ê33«� G2 ¥¿Âñ� E0
2 . � A2β2 < 4 (Aβ − η1η2) η22 ¤á�, fXÚ (2.2)�/�¾²ï:

E1 ´­½��:, Ïdl«� G1 ½B�� Σc2 Ñu�)l E1 e���B�� Σc1 , ��Âñ�­

½�(: E0
2 . du E1 �´XÚ (2.3)��:, Ïd�3�^� E1 ���);�, 3 R+

2 SØù^

);�±	, Ù¦;�þÂñ� E0
2 , � E0

2 ´f�ÛìC­½�.

(ii)� A2β2 > 4 (Aβ − η1η2) η22 �, fXÚ (2.2)�/�¾²ï: E1 ´­½�(:, dXÚ��þ

|����, lB�� Σc2 Ñu�)©ª3«� G1 ¥¿Âñ� E1. 
l«� G1 Ñu�)kü«

�¹, �oÂñ� E1, �o��B�� Σc1 . d·K 2.1�� E0
2 ´fXÚ (2.3)3 R2

+ S�ÛìC

­½�²ï:, ÏdXÚ (2.1)lB�� Σc1 Ñu�);�©ª u«� G2 S¿Âñ� E0
2 , Xã

1(b)¤«. �â©z [18]¥�½Â��, E1 3XÚ (2.3)¥´���Àò:, Ïd���þ� E1 ´

���Q(:. l�: E1 Ñu�;�3k��mSÂñ� E0
2 , ùÒ`²�3ë� E1 Ú E0

2 �É

�;. 
l«� G2 Ñu�)�o©ªÊ33«� G2 ¥¿Âñ� E0
2 , �oBLB�� Σc2 �ªÂ

ñ� E1. �

Figure 1. Schematic diagram of the trajectory of system (2.1) at 1 < R1 < 1 + v
η2

ã 1. XÚ (2.1)3 1 < R1 < 1 + v
η2
��;�«¿ã

�/3: R1 > 1 + v
η2
.

d��íÑ R2 > 1, XÚ (2.1)�3 E1, E
0
2 Ú E2n�²ï:.

½n3.3. XJ R1 > 1 + v
η2

, KXÚ (2.1)�3��Q: E0
2 , ��>.²ï: E1 , ��ìC­½�

¢²ï: E2 , ±9�^ë� E1 Ú E2 �É�;, �k±e(Ø¤á:

(i)e A2β2 ≥ 4 (Aβ − η1η2) η22, K E1 ��Q(:, � E2 3 R+
2 \ {E1}þ�ÛìC­½.

(ii)e A2β2 < 4 (Aβ − η1η2) η22, K E1 ��Q:, � E2 3 R+
2 þf�ÛìC­½.

y². d R1 > 1 + v
η2
�� 1 < R2, �= det(E2) > 0, tr(E2) < 0, K²ï: E2 ´ìC­½�(:

½�:, E0
2 ´��Q:. d·K 2.1�� E2 ´fXÚ (2.3)3 R2

+ S�ÛìC­½�²ï:, Ïd

l E1 Ñu�)©ª u«� G2 S¿3k��mSÂñ� E2 , ùÒ`²�3ë� E1 Ú E2 �É

�;, Xã 2(a)§ã 2(b)¤«. ù�, XÚ (2.1)Ø�3�7>.²ï: E1 �;�, ÏdXÚ (2.1)

lB�� Σc1 Ñu�)©ª3«� G2 ¥¿Âñ� E2.
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Figure 2. Schematic diagram of the trajectory of system (2.1) at 1 + v
η2
< R0 . Where the parameters of

figure (c) are A = 0.9, β = 0.6, η1 = 0.3, η2 = 0.6, v = 0.2; the parameters of figure (d) are A = 5, β = 2, η1 =
2, η2 = 3, v = 1, respectively

ã 2. XÚ (2.1)3 1 + v
η2
< R0 ��;�«¿ã. Ù¥ã (c)�ëê©O�A = 0.9, β = 0.6, η1 = 0.3, η2 =

0.6, v = 0.2ã (d)�ëê©O�A = 5, β = 2, η1 = 2, η2 = 3, v = 1

(i)� A2β2 > 4 (Aβ − η1η2) η22 �, fXÚ (2.2)�/�¾²ï: E1 ´­½�(:, dXÚ��þ

|����, lB�� Σc2 Ñu�)©ª u«� G1 ¥¿Âñ� E1. �â©z [18]¥�½Â�

�, E1 3XÚ (2.3)¥´���Àò:, Ïd���þ� E1 ´��Ø­½��Q(:, � E2 3

R+
2 \ {E1}þ�ÛìC­½.

(ii)� A2β2 ≤ 4 (Aβ − η1η2) η22 ¤á�, fXÚ (2.2)�/�¾²ï: E1 ´­½��:, Ïdl«

�G1½B�� Σc2 Ñu�)l E1e���B�� Σc1 , ��Âñ� E2. du E1�´XÚ (2.3)�

�:, Ïd�3�^� E1���);�, 3 R+
2 SØù^);�±	, Ù¦;�þÂñ� E2, � E1

´�Q:, E2´f�ÛìC­½�. Xã 2(c)§ã 2(d)¤«. �

4. (�

�!Ì�?ØþãnØ(J�)ÔÆ¿Â, ¿�Ñ£Ø��é�Ô¾Á³�K�. �
�\k
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�/���Ô¾Á³�DÂ, ·�ÏLïÄü �mSa/�¿�êþCz5û½´Äæ�£Ø�

�. � dS
dt
< 0�, L«ü �mSa/�¿�êþ3~�, ùL²Øæ�£Ø��, �Ô¾Á³�ª

�¬��; � dS
dt
> 0�, L«ü �mSa/�¿�êþ3O\, I�æ�£Ø��±���Ô¾

Á³�DÂ.

ÏLþãïÄ(J��, � R1 < 1�, ½n 3.1L²Ã¾²ï: E0
1 ´�ÛìC­½�, Ïd,

=BØæ������U��;¾�DÂ, �¾Á³�ª¬��. � 1 < R1 < 1 + v
η2
�, ½n 3.2

L²ÏLæ�����;¾k�U¬á6Ê33�.�, ��ª�¬��. � R1 > 1 + v
η2
�, æ�

����U
;�;¾��u.

¯¢þ, �/¾�¿��½�L,�K�Y², <�â¿£�¯K�î­5¿æ���, �ÃØ

/¾�¿O�õ¯, ��vk���½�Y², <�ÒØ¬æ�����, ù�U���Ô¾³��

u, E¤'�î­�²L��. �©ÏLü �mS/¾�¿�êþCz5��;¾�DÂ, ù3,


�¡�±;�¾Á³�þ�u.
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