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Abstract

Given a vertex coloring of a plane graph G, if all the vertices of a face F of G receive

mutually different colors, then the face F is called a rainbow face. A valid coloring

is a coloring of G such that no face of G is rainbow. The maximum number of colors

used in a valid coloring of a plane graph G is referred to as the valid coloring number,

denoted by χf (G). Jungič, Král′ and Škrekovski focused on the valid coloring number

of a class of plane graphs with girth at least 4. In this paper, we mainly study the valid

coloring number of a class of plane graphs containing 3-cycles and faces with cycles of

length at least 5 and get its lower bound.
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1. ïÄ�µ

é�½�º:/Ú²¡ãG, XJãG�¡F�º:ôÚÑ�Ó, @o¡F´üÚ�. XJãG

�¡F�º:ôÚÑØÓ, @o¡F´çô�. XJ²¡ãG¥vk?Û��¡´çô¡, ·�¡ù

«/Ú�k�/Ú. 3²¡ãG�k�/Ú¥¦^���ôÚê¡�k�/Úê, P�χf (G).

çôã�ïÄ´ãØïÄ�9:¯K��, ²¡ã¥çô¡�ïÄáÚ
�5�õïÄö�'

5. CzapÚJendrol′ [1]é²¡ã�¡�å/Ú?1
Vã. @ÏÆö��õïÄ²¡ã¥Ø¹üÚ

¡�/Ú¯K. 'uüÚ¡�ïÄåuZykov [2]�@Ïó�, ��KündgenÚRamamurthi [3]é

Ù?1
�\�&¢Ú*Ð. Cc5, ïÄö�m©ò5¿å=�²¡ã¥Ø¹çô¡�ïÄ.

Ù¥, Ü©Æö�éØÓa.�ã�Ðm
ïÄ, Xn�¿©ã [4, 5], o�¿©ã [6], ²¡á�

ã [7, 8], ��Kõ¡Nã [9]. Ó�, k'çô/Ú�4�¯K [10–17]!·Ü/Ú¯K [18–22] ��

�
2��ïÄ. Ù¥, Penaud [22]y²
z�²¡ãÑk��2-º:/Ú, ¦�Tã¥QvküÚ

¡�vkçô¡. Diwan [18]?�Ú�Ñ, z����¹5�º:�²¡ãÑk��3-º:/Ú, ¦�

Tã¥QvküÚ¡�vkçô¡.
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2004c, RamamurthiÚWest [23]uyz�n�²¡ãGÑkk�/Ú, ¿�¦�uyk�/Ú

êχf (G)�Ù§ëê�m�3�½�êþ'X, �=

χf (G) ≥ α(G) + 1 ≥ d n

χ(G)
e+ 1.

Ù¥α(G)´Õáê, χ(G)´�~/Úê.

d	, ©z [23]�y²
�ãG��~/Úêχ(G)©O�2Ú3�, �A�k�/Úêχf (G)�e

.�dn
2
e + 1Údn

3
e + 1. ¿�ùü�e.´;�. ÏLoÚ½n��z�²¡ãG Ñk��ôÚê

���dn
4
e+ 1�k�/Ú. �âGrötzsch½n [24]��, z�Ø¹3-��²¡ãÑ´3-�/�. Ïd

z�Ø¹3-��n�²¡ãG�k�/Úêχf (G)���dn
3
e + 1. ,Ramamurthi ÚWest [23] í

ÿd�χf (G)�3�`�e., u´¦�JÑXeß�.

ß�1. XJG´Ø¹3-��n�²¡ã�n ≥ 4, @oχf (G) ≥ dn
2
e+ 1.

Král′ [25]y²
ß�13²¡ãG�����5�^�e¤á. ��Jungič, Král′ÚŠkrekovski

[26]��y²
ß�1. Dvořák, Král′ÚŠkrekovski [27]ò5¿å=£�k�/Úêχf (G)�þ.�

ïÄ¥. ¿�¦���
�ãG©O�3-, 4-, 5-ëÏ²¡ã�χf (G)�þ..

5¿�Jungič, Král′ÚŠkrekovski [26]y²
Xe½n

½n1.1. [26] �G´��²¡ã. ãGkn�º:, ���g�4 ≤ g ≤ n. @o

χf (G) ≥


dn
2
e+ 1, eg = 4,

d g−3
g−2n−

g−7
2(g−2)e, eg ≥ 5´Ûê,

d g−3
g−2n−

g−6
2(g−2)e, eg ≥ 6´óê.

d	, XJG�¡ê´óê, @o

χf (G) ≥ dg − 3

g − 2
n− 2

g − 2
e.

l½n1.1¥��, �ö��Ä
�����4�²¡ã�k�/Úê. �©3ÙÄ:þïÄ


�aQ�¹3-�q�¹�Ý���5�¡��²¡ã�k�/Úê. Äk·��ã
�
��©Ì

�(Ø�'�½nÚÚn, ��YïÄJø
7��óäÚ�â. ��·��\&?Ø�¹A��

{���²¡ëÏã�CX¯K¿(½Ù>ê�þ.. ?�Ú/, ·��Ñ
Q�¹3- �q�¹�

Ý���5�¡��²¡ã�k�/Úê�e., �=�©�Ì�(Ø.

2. Ì�(Ø

XJãG���©|�º:ê´Ûê, @où�©|�¡�ãG�Û©|. Ó�/, XJ��©

|�º:ê´óê, @où�©|�¡�ãG�ó©|. d	, XJãG���>8S�?¿ü^>

Ñvk�Ó�º:, @où��>8�¡�ãG�����. ·�^q(G)5L«ãG¥Û©|�ê
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þ, def(G)L«ãG�º�.

½n2.1. [28] �G´��n�ã. @oãG����õ¹kn−def(G)
2

^>, Ù¥

def(G) = maxS⊆G(q(G\S)− |S|).

ãG���CX´�G���)¤fã, Ù¥z�º:�Ýê���1, �TfãØ�½´ëÏ

�.

Ún2.2. [25] �G´��n�²¡ã. XJG�éóãG∗k��m^>�CX, @oχf (G) ≥ n−m.

�G´��n�ã. XJ����CX
G¥n− 1�º:, @o¡ù����G���A��{

��.

½n2.3. �G´��²¡ëÏã. Tãkf�¡, k����3�>�8, �Ù{>�8�����g,

Ù¥g ≥ 4. XJGØ�¹A��{��, @oG�¹���õkb f−2
g−2 + k(g−3)

2(g−2) c ^>�CX.

y²:

�G�º:ê�n, >ê�m, �����>ê�µ. Ï�G¹kk����3�>�8, �Ù{>

�8�����g, ¤±G�õ¹kk�Ýê�3�º:, �Ù{º:�Ýê���g. �â½n2.1�

�, �38ÜS ⊆ V (G)¦�def(G) = n− 2µ = q(G \ S)− |S|.

Äk�Ädef(G) = 0��/. d�G¹k�{��, �ãG���CX�±dT�{���¤.

TCX¥�>ê÷v

n

2
=
ng − 2n

2(g − 2)
≤ 2m+ k(g − 3)− 2n

2(g − 2)
=
m− n
g − 2

+
k(g − 3)

2(g − 2)
=
f − 2

g − 2
+
k(g − 3)

2(g − 2)
.

Ï�GØ¹kA��{��, ¤±�e5�I��Ädef(G) ≥ 2��/. 5¿SØ´�8, Ä

KG´ØëÏ�. �
�B�Y�y²,·�½Â±eÎÒ.

-α2i−1�G \ S¥º:ê�2i− 1�Û©|ê, α =
∑∞

i=1(2i− 1)α2i−1 �G \ S¥Û©|�º:
ê. aq/, -β2i�G \S¥º:ê�2i�ó©|ê, β =

∑∞
i=1 2iβ2i �G \S¥ó©|�º:ê. -γi

�S¥Ýê�i�º:ê, γ =
∑∞

i=3 γi�S¥�º:ê. -α′�G \ S ¥TÐÏLn^>�S�ë�Û
©|ê. -α∗Úβ∗ ©O�G \ S¥Û©|Úó©|¥�Ý�3 �º:ê.

w,SÚG \ S¥Û©|�m�>êØ�LS¥¤kº:�ÝêÚ, Ïd��

qg − α′(g − 3) ≤
∞∑
i=3

iγi =
∞∑
i=g

iγi + 3γ3.

�âãG�>ê�º:Ý�'X, �±��

2m ≥αg − α∗(g − 3) + βg − β∗(g − 3) +
∞∑
i=3

iγi

=αg − α∗(g − 3) + βg − β∗(g − 3) +

∞∑
i=g

iγi + 3γ3
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=(α+ β)g +
∞∑
i=g

(i− 2)γi + 2
∞∑
i=g

γi + gγ3 − (α∗ + β∗ + γ3)(g − 3)

≥(α+ β)g +
∞∑
i=g

(i− 2)

i
iγi + 2

∞∑
i=3

γi + (g − 2)γ3 − k(g − 3)

≥(α+ β)g +
(g − 2)

g

∞∑
i=g

iγi + 2γ + (g − 2)γ3 − k(g − 3)

≥(α+ β)g +
(g − 2)

g
(
∞∑
i=g

iγi + 3γ3) + 2γ +
g2 − 5g + 6

g
γ3 − k(g − 3)

≥(α+ β)g +
(g − 2)

g
(qg − α′(g − 3)) + 2γ − k(g − 3)

=(α+ β)g + (g − 2)q − α′(g − 2)(g − 3)

g
+ 2γ − k(g − 3).

éuG¥�¹µ^>�����, òz�����º:ÏLG¥�>ë����®�����º

:, l/¤C = µ+ def(G)^>�CX. �ân = α+ β + γ, def(G) = q− γ Údef(G) = n− 2µ,

�íäÑ

2C = 2µ+ 2def(G) = n+ def(G) = α+ β + γ + q − γ = α+ β + q.

,��¡, �âî.úª��

2f =2m− 2n+ 4

≥(α+ β)g + (g − 2)q − α′(g − 2)(g − 3)

g
+ 2γ − k(g − 3)− 2(α+ β + γ) + 4

=(α+ β + q)(g − 2) + 4− α′(g − 2)(g − 3)

g
− k(g − 3)

=2C(g − 2) + 4− α′(g − 2)(g − 3)

g
− k(g − 3).

?

C ≤f − 2

g − 2
+
α′(g − 3)

2g
+
k(g − 3)

2(g − 2)

≤f − 2

g − 2
+
k(g − 3)

2g
+
k(g − 3)

2(g − 2)

=
f − 2

g − 2
+
k(g − 1)(g − 3)

g(g − 2)
.

u´��¤�E�CX�õ¹kb f−2
g−2 + k(g−1)(g−3)

g(g−2) c ^>.
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nþ¤ã, ½n2.3y²�.. �

½n2.4. �G´��²¡ã. ãGkn�º:, ���3, �Ø¹k�Ý�u3�ug��, Ù¥4 ≤
g ≤ n. �GQ�¹k�3-�q�¹�Ý���5�¡�. @o

χf (G) ≥



d 2n−k
4
e+ 1, eg = 4,

d g−3
g−2n−

g−7+k(g−3)
2(g−2) e, eg ≥ 5´Ûê,

d g−3
g−2n−

g−6+k(g−3)
2(g−2) e, eg ≥ 6´óê.

d	, XJG�¡ê´óê, @o

χf (G) ≥ dg − 3

g − 2
n− 2− k(g − 3)

g − 2
e.

y²: -f�G�¡ê, m�>ê. XJG´Ã��, @oχf (G) = n− 1, ÙÎÜ½n2.4¥�.�. Ï

db�G¹k�. Ï�£Ø��xØ¬K�G¥����ÝÚG�¡(�(�Ø¬K�º:/Ú), ¤

±b�G´Ãx�. XJG¹k�á:, @oéØ�á:	�Ü©/Ú, ¿��á:��#ôÚ=�.

Ïdb�GØ¹k�á:.

�G∗´G�éóã, @on∗ = f�f∗ ≤ n. Ï�G´Ãx�, ¤±G∗´Ã��. Ï�G∗�z|>

���éAuG¥����, ¤±G∗�z|>�8������3, �Ø¹k�u3�ug�>�8.

�â½n2.3��,�G∗Ø¹kA��{���, G∗¹k���õkb f
∗−2
g−2 + k(g−3)

2(g−2) c ≤ b
n−2
g−2 + k(g−3)

2(g−2) c
^>�CX.

�e5�ÄG∗¹kA��{����/. XJG∗¹kA��{��, @oÏLV\�^G∗¥

�>5ë�G∗¥����º:�Ù������º:, ����G∗ �CX. �G¹kk′��Ý

�3�¡�, @oTCX>ê÷v

n∗ + 1

2
=
gf − 2f

2(g − 2)
+

1

2

≤2m+ k′(g − 3)− 2f

2(g − 2)
+

1

2

≤ n

g − 2
+
g − 6 + k′(g − 3)

2(g − 2)

≤ n

g − 2
+
g − 6 + k(g − 3)

2(g − 2)
.

DOI: 10.12677/aam.2025.141005 29 A^êÆ?Ð

https://doi.org/10.12677/aam.2025.141005


!V<

XJg´Ûê, @ofg − k′(g − 3) + 1 ≤ 2m. lTCX�>ê÷v

n∗ + 1

2
=
gf − 2f

2(g − 2)
+

1

2

≤2m+ k′(g − 3)− 1− 2f

2(g − 2)
+

1

2

≤ n

g − 2
+
g − 7 + k′(g − 3)

2(g − 2)

≤ n

g − 2
+
g − 7 + k(g − 3)

2(g − 2)
.

XJG�¡ê´óê, @oG∗�½Ø¹kA��{��, ÏLÚn2.2��

χf (G) ≥ n− bn− 2

g − 2
+
k(g − 3)

2(g − 2)
c = dg − 3

g − 2
n+

2− k(g − 3)

g − 2
e.

XJg ≥ 5´Ûê, ��

χf (G) ≥ n− b n

g − 2
+
g − 7 + k(g − 3)

2(g − 2)
c = dg − 3

g − 2
n− g − 7 + k(g − 3)

2(g − 2)
e.

XJg ≥ 6´óê, ��

χf (G) ≥ n− b n

g − 2
+
g − 6 + k(g − 3)

2(g − 2)
c = dg − 3

g − 2
n− g − 6 + k(g − 3)

2(g − 2)
e.

��, �e��¹�g = 4¿�G∗¹kA��{��. �âî.úª��, G�¡ê�õ

�n− 3 + k
2
. dA��{��Ú�^�	�>|¤�CX�>ê�õ�n∗+1

2
= f+1

2
≤ n−2+ k

2

2
, ��

χf (G) ≥ n− b
n− 2 + k

2

2
c = d2n− k

4
e+ 1.

nþ¤ã, ½n2.4y²�.. �

3. o(

�©É�©z [26]�éu, ¿3ÙÄ:þïÄ
�aQ�¹3-�q�¹�Ý���5�¡��²

¡ã�k�/Úê. �©ÄkÏLïÄ²¡ãG�éóãG∗���CX�>ê����. Ùg�â

Ún2.2��
�¹3-�q�¹�Ý���5�¡��²¡ã�k�/Úê�e.. ù�ïÄ��8

�UYïÄ²¡ã3Ù¦¡�å^�e�k�/ÚêJø
g´. �5�ïÄ��, Ì�´UYï

Ä�aQ�¹3-�q�¹�Ý���5�¡��²¡ã�k�/Úê��`e., ±9&¢�¹Ø

Ó�Ý���²¡ã�k�/Úê.
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[24] Thomassen, C. (1994) Grötzsch’s 3-Color Theorem and Its Counterparts for the Torus and the

Projective Plane. Journal of Combinatorial Theory, Series B, 62, 268-279.

https://doi.org/10.1006/jctb.1994.1069

[25] Král’, D. (2004) On Maximum Face-Constrained Coloring of Plane Graphs with No Short Face

Cycles. Discrete Mathematics, 277, 301-307. https://doi.org/10.1016/j.disc.2003.08.001
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