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Abstract

In this paper, the global dynamics of a class of double-spring oscillator model with

dry friction is studied. Firstly, according to Newton’s second law, the differential

equation of the double-spring oscillator model with dry friction is established to obtain

the equilibrium point of the system. Next, the Filippov correlation theory proves

that there is one equilibrium set or three equilibrium sets in the system. Then, the

asymptotic stability of the equilibrium set in different cases is discussed according to

the non-smooth Lyapunov function, the set-valued derivative and LaSalle’s invariant

principle. Finally, the bifurcation diagram is drawn to analyze the bifurcation of the

system, and the appropriate parameters are selected for numerical simulation to verify

the conclusion.
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1. Úó

3L�A�c¥, ���f�.3ÔnÆ!ó§ÆÚåÆ�õ�+�k­��A^d�, É�

Æö��2�'5 [1–3]. 3���f�.¥, �Þ���ØëY�ÄK�J±�À, U�)´L�

ÄåÆ1�. ¿�, y¢)¹¥��Þy��©E,, �âØÓ�¹©akÄ�ÞÚ·�Þ, wÄ�

ÞÚEÄ�Þ, ±9Z�ÞÚ��Þ�. ��BïÄ, ���f�.¥��Þå�õ^Z�Þ5£

ã. �X��5ÄåÆnØ�ØäuÐ, <�éu�Z�Þ����f�ÄåÆ1�k
��\�

@£ [3]. 3nØþ, ïÄZ�Þé���f�.�K� [4] �±�Ï·��Ð/n)�ÄÚZ�Þ

��p�^Å�. 3¢SA^¥, X/�ó§, Å��O�+�, éZ�Þ�Ä�K�k�\�n)

�±kÏu�OÚ`zXÚ [5].

Cc5, �
�Ð/Ýº�ÞÄåÆ�n, ~��ÞéÅ�ó§�K�, NõÆöm©ïÄZ�
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ÞK�e����f�.. ©z [6, 7]ïÄ
Z�ÞK�e©ã1w����fXÚ, ��©Û
X

Ú��ÛÄåÆ. ©z [8]©Û
3Z�ÞK�e�aÔN�uY²¡����f�.��ÛÄå

Æ1�. ©z [9–11]JÑ
�a#�1wØëY�.�f. ��5¿�´, ©z [9]JÑ�V���

f�.kü��å����.�ÚØ ���, ©Û
4��¹eXÚ�ÄåÆ1�. �´, 3¢S

ó§A^¥, éJ�yü����å����. �ü����åØ���, ü���¤ë��Ô¬¬

��1w�ç�\u)@Ø�)�Þå, 3�Þå�K�e¬�)�´L�ÄåÆ1�. ÄudÄ

Å, �©ò©z [9]JÑ�V���.?1í2, �Ä�ÞåéXÚÄåÆ1��K�, ��©Û


�aäkZ�Þ�V���f�ÄåÆ1�.

�©�Ù{Ü©Xeµ31 2!¥, ·�ïá���f�êÆÔn�.¿�Ñ
 FilippovXÚ

��'nØ. 31 3!¥, Ì�?Ø²ï:8��35Ú­½5. 3���!, ±�XÚ�©
ã¿

?1ê��[.

2. �.0�9ý��£

�©ïÄ����f�.«¿ãXã 1¤«. �þ� m�Ô¬�üý©OÏL��fÝ� k1

Ú��fÝ� k2 ��.�ÚØ �����½:ë�, ���fÝ k1 Ú k2 Ø��, ��B?ØP

k1 > k2. L������, l��½:��1wç�\�ål. b�Ô¬©ª3ç��½\þ$Ä,

Pç��e�������.

Figure 1. Schematic diagram of the model

ã 1. �.«¿ã

�Ô¬��m$Ä� �, �Ý, \�Ý©O� x, ẋ , ẍ , Ô¬Ú�1w�ç��½\�m��

ÞXê� µ. �âÚî1�½Æ��

mẍ = FT + FS

Ù¥, FT �Ô¬$Ä��þ¤É��å, FS �Ô¬��1w�ç��½\�m¥Õ�Þå, L�ª

©O�

FT = −(k1 + k2)x

(
1− L√

x2 + l2

)
,
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FS ∈ −µ (k1 − k2) l

∣∣∣∣1− L√
x2 + l2

∣∣∣∣Sign(ẋ),

�n��XeXÚµ

mẍ+ (k1 + k2)x

(
1− L√

x2 + l2

)
∈ −µ (k1 − k2) l

∣∣∣∣1− L√
x2 + l2

∣∣∣∣ Sign(ẋ). (2.1)

Sign(ẋ)�L�ª�:

Sign(ẋ) =


{1}, ẋ > 0,

[−1, 1], ẋ = 0,

{−1}, ẋ < 0.

- ẋ=y , KXÚ (2.1)��d� ẋ = y,

ẏ ∈ −k1+k2
m

x

(
1− L√

x2 + l2

)
− µ(k1−k2)

m
l

∣∣∣∣1− L√
x2 + l2

∣∣∣∣ Sign(ẋ).
(2.2)

XÚ (2.2)�?�Úz�

F (x, y) =

(
y,−k1 + k2

m
x

(
1− L√

x2 + l2

)
− µ (k1 − k2)

m
l

∣∣∣∣1− L√
x2 + l2

∣∣∣∣Sign(ẋ)

)T

.

3ùp, TL«=�, XÚ (2.1) ��L«�

(ẋ, ẏ)T ∈ F (x, y). (2.3)

du�þ|�ØëY5, XÚ (2.3)�)Ì�æ^ Filippov¤JÑ��©�¹��ª5½Â, ë�©

z [12]. e¡?ØXÚ (2.3)�fXÚÄåÆ.

� l ≥ L �, 1 − L√
x2+l2

≥ 0 ð¤á, R2 �©�ü�«�, G+ =
{

(x, y)T ∈ R2 | y > 0
}
Ú

G− =
{

(x, y)T ∈ R2 | y < 0
}

. XÚ (2.3) k±eü�fXÚ:

F+ :

{
ẋ = y,

ẏ = −f+(x),
y > 0, (2.4)

F− :

{
ẋ = y,

ẏ = −f−(x), y < 0.
(2.5)

Ù¥,

f+(x) =
k1 + k2

m
x

(
1− L√

x2 + l2

)
+
µ (k1 − k2)

m
l

(
1− L√

x2 + l2

)
, (2.6)

f−(x) =
k1 + k2

m
x

(
1− L√

x2 + l2

)
− µ (k1 − k2)

m
l

(
1− L√

x2 + l2

)
. (2.7)
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XÚ (2.3)����� Σ = {(x, y) | y = 0}, ���þ����þ� −→n1 = (0, 1), �
�¡©Û��

� ΣNC�ÄåÆ1�, 3dÚ\o�êVg, éu?¿� p ∈ h−1(0), ∇h(p) 6= 0, do�ê½Â

�, h'u�þ|�o�ê�L«�

LFh = 〈∇h, F 〉,

Ù¥, 〈·, ·〉L«IOSÈ, 
 h'u�þ|�m ≥ 2����ê�L«� LmF h = 〈∇Lm−1
F h, F 〉.

½Â2.1 [13] b� ∇ho�� G+, K Σ�±©�±en�«�:

(1)eéu��� Σþ�: X ÷v LF+
h(X) · LF−h(X) > 0, � X ∈ Σc, K¡ Σc�B��;

(2)eéu��� Σþ�: X ÷v LF+
h(X) ≤ 0, LF−h(X) ≥ 0, � X ∈ Σs , K¡ Σs �áÚ

w��;

(3)eéu��� Σþ�: X,÷v LF+
h(X) ≥ 0, LF−h(X) ≤ 0, � X ∈ Σe , K¡ Σe �ü½

w��.

�
(½ Σs ½ Σe þ)�5�, �â Filippov à�{ [14]�, XÚ (2.3)3w�«�þ�Äå

Æ�§(=w��§)�:
dX

dt
= Fs(X) = (1− λ)F+(X) + λF−(X),

Ù¥, λ =
LF+

h(X)

LF+
h(X)−LF−h(X)

∈ (0, 1).

ÏL{üO�, � l > L�, XÚ (2.4)k���²ï: (−x1, 0), XÚ (2.5) k���²ï:

(x1, 0). � l = L�, XÚ (2.4)kü�²ï: (−x1, 0)Ú (0, 0), XÚ (2.5)kü�²ï: (x1, 0)Ú

(0, 0), Ù¥, x1 = µl(k1−k2)
k1+k2

.

�â²ï:������é �, kXe½Â.

½Â2.2 [15] éuXÚ (2.3) ¥�²ï:, k

(1) ÷ve¡^���: (i) X ∈ G+, F+(X) = 0; (ii) X ∈ G−, F−(X) = 0, K¡²ï: X ´

XÚ (2.3)�¢²ï:;

(2)÷ve¡^���: (i) X ∈ G−, F+(X) = 0; (ii) X ∈ G+, F−(X) = 0, K¡²ï:X ´X

Ú (2.3)�J²ï:;

(3)� X ∈ Σs ∪ Σe�,÷v Fs(X) = 0�, ¡²ï: X ´XÚ (2.3)��²ï:;

(4)� X ∈ Σ�,�÷v F+(X) = 0½ F−(X) = 0, K¡ X ´XÚ (2.3)�>.²ï:;

(5) � X ∈ Σ �, �÷ve¡^���: (i) LF+
h(X) = 0, F+(X) 6= 0; (ii) LF−h(X) =

0, F−(X) 6= 0, K¡ X ´XÚ (2.3)��:.

�
Bu?Ø²ï:�­½5, ©z [8]é©z [16]?1
í2, ÏLfz­½5��
^�5

U?©z [16]¥�½n. l
, ØI�ò��²ï:=C�(0, 0)T , �Ø�¦¼ê V 3��²¡S

´�½�, ��
XeÚn.

Ún2.3 �(x∗, y∗)
T
´XÚ(2.3) ���²ï:, b½�3(x∗, y∗)

T
����� U ⊆ R2Ú��

¼êV : D → R, ¦�V ´ÛÜLipschitz ëY�!�K�, �3U S:(x∗, y∗)
T
�NC´�½�.
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eéu¤k�(x, y)T ∈ U , k

max ˙̄V (2.3)(x, y) ≤ 0,

K²ï:(x∗, y∗)
T
´­½�.

� L > l�, XÚ (2.3)kn^���:

Σ1 = {(x, y)T |y = 0}, Σ2 = {(x, y)T |x =
√
L2 − l2}, Σ3 = {(x, y)T |x = −

√
L2 − l2},

���þ����þ©O� −→n1 = (0, 1),−→n2 = (1, 0),−→n3 = (1, 0), ¤± R2�©�8�«�:

G1 =
{

(x, y)T ∈ R2 | y > 0, x >
√
L2 − l2

}
,

G2 =
{

(x, y)T ∈ R2 | y > 0,−
√
L2 − l2 < x <

√
L2 − l2

}
,

G3 =
{

(x, y)T ∈ R2 | y > 0, x < −
√
L2 − l2

}
,

G4 =
{

(x, y)T ∈ R2 | y < 0, x >
√
L2 − l2

}
,

G5 =
{

(x, y)T ∈ R2 | y < 0,−
√
L2 − l2 < x <

√
L2 − l2

}
,

G6 =
{

(x, y)T ∈ R2 | y < 0, x < −
√
L2 − l2

}
.

8�«��fXÚ©O�

S1 :

 ẋ = y,

ẏ = −f+(x),
(x, y)T ∈ G1,

S2 :

 ẋ = y,

ẏ = −f−(x),
(x, y)T ∈ G2,

S3 :

{
ẋ = y,

ẏ = −f+(x),
(x, y)T ∈ G3,

S4 :

 ẋ = y,

ẏ = −f−(x),
(x, y)T ∈ G4,

S5 :

 ẋ = y,

ẏ = −f+(x),
(x, y)T ∈ G5,
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S6 :

{
ẋ = y,

ẏ = −f−(x),
(x, y)T ∈ G6.

ÏL{üO�, fXÚ Sikn�²ï::

S1 : (−x1, 0) , (−x2, 0) , (x2, 0) ;

S2 : ( x1 , 0) , (−x2, 0) , (x2, 0) ;

S3 : (−x1, 0) , (−x2, 0) , (x2, 0) ;

S4 : ( x1 , 0) , (−x2, 0) , (x2, 0) ;

S5 : (−x1, 0) , (−x2, 0) , (x2, 0) ;

S6 : ( x1 , 0) , (−x2, 0) , (x2, 0) .

Ù¥,

x1 =
µl(k1 − k2)

k1 + k2

, x2 =
√
L2 − l2.

x1 Ú x2 ���'X�ûuëê lÚ L�'X. � l < L < Pl , x1 > x2 ; � L = Pl, x1 = x2 ; �

L > Pl , x1 < x2 . Ù¥,

P =

√
µ2 (k1 − k2)

2
+ (k1 + k2)2

k1 + k2

> 1.

3. ²ï:8��35Ú­½5

du l ≥ L�,XÚ (2.3)�k�^���, l < L�,XÚ (2.3)kn^���. �e5, ·�©

l ≥ LÚ l < Lü«�¹5?ØXÚ (2.3)��ÛÄåÆ.

�/1: l ≥ L

XÚ (2.3)����� Σ = {(x, y) | y = 0}, ���þ����þ�−→n = (0, 1). �âw���

½Â, ÏL{üO���, XÚ (2.3) �w���

Σs = {(x, 0) | x ∈ (−x1, x1)}

?�Ú, Σs�ÄåÆ�ûuw��§

ẋ = y, y = 0.

w,, w��þ�z�:Ñ´�²ï:, ù¿�X Σs�¹
XÚ (2.3)��²ï:8, �©{P�²

ï:8.

�e5, ò�â FilippovnØÚ�1w� Lyapunov¼ê±9 LaSalleØC�n?Ø²ï:8

��35Ú­½5, � l ≥ L�, XÚ (2.3) ²ï:8��35Ú­½5d½n3.1�Ñ.

½n3.1 � l ≥ L�, XÚ (2.3)k���²ï:8 Ē = {(x, 0)T | − x1 ≤ x ≤ x1} , �²ï:8

Ē ´�ÛìC­½�.
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y² � l ≥ L�, w��� {(x, 0) | x ∈ [−x1, x1]}, d�XÚ (2.3) �3���²ï:8

Ē = {(x, 0)T | − x1 ≤ x ≤ x1}.

�²ï:8´áÚ�, Ù3��� ΣNC��þ|Xã 2¤«y²²ï:8 Ē �­½5, I�y²

²ï:8¥?¿�:Ñ´­½�. 3²ï8 Ē ¥?���²ï: (x̄∗, 0)T ∈ Ē, �Ä���1w¼

ê

Vx̄∗(x, y) =


∫ x
x̄∗ f

+(ρ)dρ+ 1
2
y2, x ≥ x̄∗,∫ x

x̄∗ f
−(ρ)dρ+ 1

2
y2, x < x̄∗.

(3.1)

Figure 2. When l ≥ L , the vector field of the system (2.3) near Sigma

ã 2. � l ≥ L�, XÚ (2.3)3 ΣNC��þ|

d�, k Vx̄∗(x̄∗, 0) = 0, � Vx̄∗ 3 R2S´ÛÜ LipschitzëY�!�K�, d	, Vx̄∗ 3 R2S:

(x̄∗, 0)T NC´�½�. ²L{üO�� Vx̄∗ �2ÂFÝ�

∂Vx̄∗ =


{(f+(x), y)T}, x > x̄∗,

{(f−(x), y)T}, x < x̄∗,

{(ξ, y)T | f−(x) ≤ ξ ≤ f+(x)}, x = x̄∗.

��Bå�, �©�¹ (2.3)�8�N� F (x, y)�­#Lã�

F (x, y) =


{

(y,−f+(x))
T
}
, y > 0,{

(y,−f−(x))
T
}
, y < 0,{

(y,−ξ)T | f−(x) ≤ ξ ≤ f+(x)
}
, y = 0.

(3.2)

K�±�� Vx̄∗ �8��ê�

V̇ x̄∗ =



0, x > x̄∗, y ≥ 0,

y(f+(x)− f−(x)), x > x̄∗, y < 0,

y(f−(x)− f+(x)), x < x̄∗, y > 0,

0, x < x̄∗, y ≤ 0,

∅, x = x̄∗, y 6= 0,

0, x = x̄∗, y = 0.

(3.3)
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� l ≥ L�, f+(x)− f−(x) ≥ 0, ¤±k

max V̇
(3.3)

x̄∗ (x, y) ≤ 0. (3.4)

dÚn2.3�, ²ï: (x̄∗, 0)T´­½�, �²ï:8 Ē´­½�. ¿�, Vx̄∗ ´XÚ (2.3) ���

Lyapunov¼ê, d�,

Z
(3.3)
V = {(x, y)T | x > x̄∗, y ≥ 0} ∪ {(x, y)T | x < x̄∗, y ≤ 0} ∪ (x̄∗, 0)T ,


 Z
(3.3)
V ���fØCf8� Ē, d LaSalleØC�n�, Ē ´�ÛáÚ�, � Ē ´­½�, � Ē ´

�ÛìC­½�.

�/2: l < L

XÚ (2.3)kn^���, ©O� Σ1 = {(x, y)T | y = 0},Σ2 = {(x, y)T | x =
√
L2 − l2},Σ3 =

{(x, y)T | x = −
√
L2 − l2}. ÏLO�´�, ��� Σ2 Ú Σ3 þÃw�, �Ì�?Ø Σ1 þ�w��.

� l < L ≤ Pl�, XÚ (2.3)�w���

Σs = {(x, 0) | x ∈ [−x1, x1]}.

� L > Pl�, XÚ (2.3)�w���

Σs = {(x, 0) | x ∈ [−x1, x1] ∪ [−x2] ∪ [x2]}.

d�XÚ (2.3) 3��� Σ1 þ�w�ÄåÆ�§�

ẋ = y, y = 0.

Ó�/, w��þz�:Ñ´�²ï:, w��9Ùà:�¤²ï:8. � l < L�, XÚ (2.3)²ï

:8��35Ú­½5d½n3.2�Ñ.

½n3.2 � l < L�, k±e(Ø¤á:

(i)� l < L ≤ Pl�, XÚ (2.3)k���²ï:8 Ẽ = {(x, 0)T | − x1 ≤ x ≤ x1} ´�ÛìC­
½�;

(ii)� L > Pl�, XÚ (2.3)kn�²ï:8 E1 = {(x2, 0)T} , E2{(−x2, 0)T} , Ê = {(x, 0)T | −
x1 ≤ x ≤ x1} , Ù¥ E1Ú E2´ìC­½�, Ê Ø­½.

y² éu (i), � l < L ≤ Pl�, −x1 ≤ −x2 < 0 < x2 ≤ x1, w��� {(x, 0) | x ∈ (−x1, x1)},
d�XÚ (2.3)�3��²ï:8

Ẽ = {(x, 0)T | − x1 ≤ x ≤ x1}.

�²ï:8´áÚ�, Ù3��� ΣNC��þ|Xã 3¤«�e5, ©ã� Lyapunov¼êy²
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²ï:8�­½5. 3²ï8 Ẽ ¥?���²ï: (x̃∗, 0)T ∈ Ẽ, �÷v^� −x1 ≤ x̃∗ ≤ −x2 ½

x2 ≤ x̃∗ ≤ x1 , �Ä���1w¼ê

Vx̄∗(x, y) =


∫ x
x̃∗ f

+(ρ)dρ+ 1
2
y2, x ≥ x̃∗,∫ x

x̃∗ f
−(ρ)dρ+ 1

2
y2, x < x̃∗.

(3.5)

Figure 3. When l < L , the vector field of the system (2.3) near Sigma

ã 3. � l < L�, XÚ (2.3)3 ΣNC��þ|

d�, k Vx̃∗(x̄∗, 0) = 0, � Vx̃∗3 R2 S´ÛÜ LipschitzëY�!�K�, d	, Vx̃∗3 R2S:

(x̃∗, 0)TNC´�½�. ²L{üO�� Vx̃∗�2ÂFÝ�

∂Vx̃∗ =


{(f+(x), y)T}, x > x̃∗,

{(f−(x), y)T}, x < x̃∗,

{(ξ, y)T | f−(x) ≤ ξ ≤ f+(x)}, x = x̃∗.

�©�¹ (2.3)�8�N� F (x, y)�­#Lã�

F (x, y) =


{

(y,−f+(x))
T
}
, y > 0,{

(y,−f−(x))
T
}
, y < 0,{

(y,−ξ)T | f−(x) ≤ ξ ≤ f+(x)
}
, y = 0.

(3.6)

K�±�� Vx̃∗�8��ê�

V̇ x̃∗ =



0, x > x̃∗, y ≥ 0,

y(f+(x)− f−(x)), x > x̃∗, y < 0,

y(f−(x)− f+(x)), x < x̃∗, y > 0,

0, x < x̃∗, y ≤ 0,

∅, x = x̃∗, y 6= 0,

0, x = x̃∗, y = 0.

(3.7)

� −x1 ≤ x̃∗ ≤ −x2½ x2 ≤ x̃∗ ≤ x1�, f+(x)− f−(x) ≥ 0, ¤±k

max V̇
(3.7)

x̃∗ (x, y) ≤ 0. (3.8)
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� −x2 < x < x2�, 3²ï8 Ẽ ¥?���²ï: (x̃∗, 0)T ∈ Ẽ, �Ä���1w¼ê

Vx̄∗(x, y) =


∫ x
x̃∗ f

−(ρ)dρ+ 1
2
y2, x ≥ x̃∗,∫ x

x̃∗ f
+(ρ)dρ+ 1

2
y2, x < x̃∗.

(3.9)

K�±�� Vx̃∗ �8��ê�

V̇ x̃∗ =



0, x > x̃∗, y ≥ 0,

y(f−(x)− f+(x)), x > x̃∗, y < 0,

y(f+(x)− f−(x)), x < x̃∗, y > 0,

0, x < x̃∗, y ≤ 0,

∅, x = x̃∗, y 6= 0,

0, x = x̃∗, y = 0.

(3.10)

−x2 < x̃∗ < x2�, f+(x)− f−(x) < 0, ¤±k

max V̇
(3.10)

x̃∗ (x, y) ≤ 0. (3.11)

ÏLüg8��ê�O�, dÚn 2�, ²ï: (x̃∗, 0)T´­½�, �²ï:8 Ẽ ´­½�. ¿�,

Vx̃∗ ´XÚ (2.3)� Lyapunov¼ê, d�,

ZV = {(x, y)T | x > x̃∗, y ≥ 0} ∪ {(x, y)T | x < x̃∗, y ≤ 0} ∪ (x̃∗, 0)T ,


 ZV���fØCf8� Ẽ, d LaSalleØC�n�, Ẽ ´�ÛáÚ�, qÏ Ẽ ´­½�, � Ẽ 3

´�ÛìC­½�.

e¡y² (ii) . � L ≥ Pl�, k−x2 < −x1 < 0 < x1 < x2, w��� {(x, 0) | x ∈ [−x1, x1]}.
d	, XÚ (2.3) �kü��á�²ï: (x2, 0)T Ú (−x2, 0)T , �XÚ (2.3) kn�²ï:8

E1 = {(x2, 0)T} , E2 = {(−x2, 0)T} , Ê = {(x, 0)T | − x1 ≤ x ≤ x1} , XÚ (2.3)3��� ΣNC�

�þ|Xã 4¤«�e5, ©Oy² E1, E2, Ê �­½5. éu E1, �Ä Lyapunov¼ê

Figure 4. When l > L , the vector field of the system (2.3) near Sigma

ã 4. � l > L�, XÚ (2.3)3 ΣNC��þ|
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Vx2
(x, y) =


∫ x
x2
f+(ρ)dρ+ 1

2
y2, x ≥ x2 ½x ≤ −x2∫ x

x2
f−(ρ)dρ+ 1

2
y2, −x2 < x < x2

(3.12)

÷XÚ (2.3)¦��±��

V̇ x2
=



0, y ≥ 0, x ≥ x2 ½x ≤ −x2,

y(f+(x)− f−(x)), y < 0, x ≥ x2 ½x ≤ −x2,

0, y ≥ 0,−x2 < x < x2,

y(f−(x)− f+(x)), y < 0,−x2 < x < x2.

qÏ�� x ≥ x2 ½ x ≤ −x2 �, k f+(x) > f−(x), � −x2 < x < x2 �, k f+(x) < f−(x), ��

�V̇ x2
≤ 0. �â LaSalleØC�n��, ²ï:8 E1´ìC­½�. éu E2, aqu E1�y²L

§�y� E2 ´ìC­½�. éu Ê, aqu (i)�y², � Lyapunov¼ê (3.9), � −x1 < x̂∗ < x1

�, k max V̇ x̂∗ ≤ 0, ²ï: (x̂∗, 0)T ´­½�, �´d� (−x1, 0)T Ú (x1, 0)T Ø­½, �²ï:8

Ê Ø­½.

4. ê��[�©
©Û

c¡�(ØL², XÚ (2.3)´(�Ø­½�. �
�yþ�!�(Ø, �!òÀ� L > 0Ú

l > 0�©|ëê, �½ëêm = 1, µ = 1, k1 = 4, k2 = 2. 3ëê²¡ (l, L) ¥, uykü^{��

©
­� L1 = {(l, L)|L = l, } L2 = {(l, L)|L = Pl}. Xã 5 ¤«, ü^ëê­�rëê²¡©�

n�«� G1! G2! G3, Ù¥,

Figure 5. Branching plot of system (2.3) on
the parameter plane (l, L)

ã 5. XÚ (2.3)3ëê²¡ (l, L)þ�©|ã
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G1 = {(l, L)|0 < L < l},

G2 = {(l, L)|l < L ≤ Pl},

G3 = {(l, L)|L ≥ Pl},

Figure 6. When L ≤ l , the phase plot of the system (2.3)

ã 6. � L ≤ l�, XÚ (2.3)�� ã

Figure 7. When l < L ≤ Pl , the phase plot of the system (2.3)

ã 7. � l < L ≤ Pl�, XÚ (2.3)�� ã
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Figure 8. When L > Pl , the phase plot of the system (2.3)

ã 8. � L > Pl�, XÚ (2.3)�� ã

�ëê (l, L)B�©
­� L1 l«� G1 �� G2 �, XÚ (2.3)²ï:��êu)UC. B�

©
­� L2 l«� G2 �� G3 , XÚ (2.3)²ï:8��êu)UC. 3«� G1! G2! G3 ¥,

©O�AÏëê�5�y½n.�ëê�«� G1 S��: (l, L) = (12, 10)�, ÷v½n 3¥�^

�, d��3���²ï:8 Ē, � Ē ´�ÛìC­½�, Xã 6¤«;�ëê�«� G2 S��:

(l, L) = (12, 13)�, ÷v½n 3¥ (i)�^�, d��3��²ï:8 Ẽ ´�ÛìC­½�, Xã

7¤«;�ëê�«� G3S��: (l, L) = (12, 15)�, ÷v½n 3¥ (ii)�^�, d��3n�²ï

:8, E1Ú E1´ìC­½�, Ê Ø­½, Xã 8¤«.

Ä7�8
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