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Abstract

In this paper, we are concerned with the long-time behavior of solutions in the time-
dependent functional space for the Kirchhoff wave equation with strong damping and
nonlinear perturbations. The existence of pullback attractor is achieved by using the

contraction function method to verify the asymptotic compactness of the process.
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1. 5|5
TELSRF A IR IO T © C RN (N > 3) th, % F A i [ R BULJE [ Kirchhof
R i

Uy — (1 +(5HVU”2)AU+/B(t)Ut = f(u)7 YIS Qat > 07
U(lﬂ,t) =0, r€0Nt>0, (1>
u(z,0) = ug(x), u(z,0) = uy (), T € €,

Heh s e[0,1], f(u) RARLMEIR.

TR BETER uy — (a+b [, |VulPde)Au = g(x,u). &2 H Kirchhoff #2111, H LAfiEY)
P A ] A A 2 i [ IR BN P S R K FE AR, HE) 1 25 4 1 D'lembert P72, Hrt o KR
BTN TR, b RN 2T VIR ), w FoRBI B RN, g(x, u) KR4 T 48
M. XTI (1), W2 E M 7 RENT T, HAFE 7RG, 785 I [ A8 JE 1) 15
BT, SCHER (1857 13 e M DA S 4 R R B0 51 1 AR AEE, SCHR [2)78 08 1 K TR P 2500 BT S
Wil EEFIRELJE Z 8, I Halas 1 i 15 7.

4 B(t) AKRT ¢ Wk EUN, PAEH T 208 5630 1 RG22 RG] LU AT ZIE 9 56 8) 7
ARG — BOR ] TR IR 5] T2 48 SR & — AN BE P SR Z ENZAE RSN ) R GE. 9 T AP A o)
Di Plinio, Duane and Temam [1] $3R 1 FH 7 I 1840060 18] 1R (0 fidg 557 S5 &, A8 1E 1 hz Rl 51 7
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2 g SCMPRIE, 45 1 I TR AR 51 7 L. AEBEIERL b, SCHR [3]WF 78 1 ik 8] 4 4 18] _E W
SITHIETE A K. SCHR (43518 1A AR ZR A BE B A9 7 R I TR AR 51 5 A AEE. STk [5)0F /¢
T Plate 77 B2 I TAM O 51 7 FOWTIE M. SCHR [6-8)WF 7T 1 il R F& J7 A% 1R I TR 4t 4 SR e 51 . 3C
R 9,107 F& 1 Kirchhoff B4 77 #% I [R]85 42 Jm W 51 5.

5 LIRS 25 LRI JA &, A 308 ISR o8 BRI VA R 1 AT I TR A BEL e 1Y) Kirchhoff
BT RE, JF HAERE R A (8] EAS 3 1 R AR [ IR 5 1.
BA(t) R — REMELRE, BT LY.(R) AW Cp > 12 LU MERBE:

t+1 t+1 t+1
1< / B(s)ds = / a(s)ds — / v(s)ds < Cs, VteR (2)
t t t

/:0 v(s)ds < 0. (3)

HorA R a(t) Ay (1) 70 R R KL B(t) B IE SRS, B o) := max{B(t), 0}, v(t) := max{—p(t),0}.
e (2) w1 e LHAEEMIERE Cs, KB, RE Cy > Cp, W],
BEAELRPETN f /2 R Lipschitz ZESE R, Ji L Im A 18 K 2544

[f(u) = f(0)] < Clu—o|(1+ |ul" + |v]"), u,v €R, (4)

ﬁ%%ﬁ020,0<r<q;—2,q:5—%.

T AL FERIE 25 A
f(u)

lim sup . < 1, Yu € R, (5)

|u|—o00

HH gy > 028 —A fEDirichlet 14 54544 T 15 —RHEE.
PN Br € R MERIANEIR], ATAAFLER 0 < Co < py, O € R fif5

uf(u) < Cylul + Colu?,  Vu€eR, (6)
b, UIA LI AIEI) Br, TR Co € (0,4) W2 L3k (6) K.
& FAIR
BT LA R R
Lr=17Q), H* =w*(Q), Vi=Hg, Voao=H [l =1llee, [-11= 122,
Hfp>1

ZE[A] L2 (Q) A AR S e SR

o) = [ u@p@ds,Jul = [ juo)Pde.
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EX L2 M EMER T AV — Vo, (Au,v) = (Vu, Vo), Vu,v € Vi B B A )58 U8
D(A) ={ue L*|Au € L*} = H* N H}, Au= —Au Xt u € D(A).

BATTLLE XA WIREHT A%(s € R), &M V, = D(A%) j&Hilbert ¥ [], H WA FEEL

(u,v)s = (A%u, A%v), lully, = [ A3u].

KRICHZE V= H x L*().

EX1[11] W A{X Her £—IRBIEEN, WSHHETE{UE ) X, = Xot > 7,7 € R} E
UM CHiE

1) AMEE 7 e R, U(r,7) = Id 2 X, ERIESE T,

2) MMEER 0 e RAMEREW t > 7 > 0,U(t,7)U(7,0) = U(t,0).
WFR U, 7) R— AR

EX 2[11] WENGA t € R WHFEE-NEHR >0, 8 C, c {z€ X, : |2]lx, < R} =

Bi(R),Vt € R. WFRAH HE C, € X, MEETR C = {Ci}ier & BUH 1.

EX 3[11] WREAWE B = {Bi}1er —EHF, HXHMEER R > 0, fAAEHH to(t, R) < t, fH15
7 <to = U(t,7)B,(R) C By, WFR B =247 R 1)

EMX 4 [11] HXEA t € R, FAEARE B(t) C X, B 5] X i 7 rEEn %) o, By
BEDCX,7<t, A Jim_dist(U(r,5)D, B(t)) =0, MIFREFE U (-, -) R S amFERr).

TEMX 5 [11] #FVt € R T {Si} < t(k — 00,8, — —o0), AFFH {x} € X, JFHI{U(t, sp)xr}
AT F, AR B s B X R IR U (-, ) Az AT R .

EN 6[11] t %A B(C X) B w— WEREEE LR

w(B,t) == (N U U(t,s)B, 83, il w(B,t) ={ye X :[FH {s} <t s, = —oolk —

o<t s<o

00), {z} € B, fifg y = klggo Ul(t, sk)Tr}-

EE (1] HERE UG, ) &F P ERFER, FLR#HL SR, B B() 2R THEE (B C X),
ffif3 vt € R, B(-) fERZ 7 fr W 51 F 74 (7 < ¢), MU, ) BER RG] 1 A, H15
A(t) = w(B(t), 1), BVt € R, U, Als) A .

/HE_‘S( 7 [4] -& {Xt}te]R %#jﬁ Banach *I‘Iﬂ C = {Ct}tGR % {Xt}te]R H’J*iﬁ*ﬁlﬁﬁ%% ?‘Z'ﬂ\]
FRE T X, x X; EHIRELOL(-,-) N O, x C B R % AR EEM ¢ € R, S FAER
o {a,}52, C Cr, FFEETH {152, C {20 )52, 17

lim hm O (Tnys Tny) =0, T <UL
k—o0 l—

BATH C(C,) Fom O x C, FIIRZE BN ES
FH 3 [4] W U(-, ) MEAT {Xi}ier BIERE, HAFER MR EE B = {Bi}ier. #E—2, i
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WX TAEREM €0 > 0, fAE T = T(eo) > 7,67 € C(B), 3 TEREN 7> 0,4
WU(T,7)e —U(T,T)y|| <€ + ¢ (z,y), Va,y € B.

W U(-,-) B, Hb C(B) AEXT B x B LRIk LA

3. EELER
3.1. BGEEME—

Wl =[rT,VT > 7. % f e L*(Q) HZJxH 2 = (u,u), 2 (u,us) € L=(I;V) N
C(L;V),uy € LA Vh). BF 2(¢) AW (1) JWVHME 2(1) = 2, BIEX T _ERS5#E, W (uy,v) —
(14 0||Vul|*)Au, v) + (B(t)us, v) = (f(u),v) X THAEM v e L2(Q) K ae. t €T LT

JSFISCHR (9] ) Galerkin @30T 77 7%, AT 45 A8 (1) fif HOAFAEME— 145 2R,

EIB 4 (fRFAFAEME—ME ) W f € L2(Q), B2 (2)-(6) L. At TAL S 4 € MVIE 2., [
(1) AFAEME— R 2(t) = (u(t), ue(t)), W2

2(t) € C(L V)N CHL; V), H || Vul? < M.
UEBR 455 7% (1) LA wy, FEHAE Q BRI, IS

jt[én wlP + 3Vl + §1vul = [ Flada] + 50l =0 "

Hrf F(u) = fo s)ds Eoa~ f I R EL.
7E s, 1] Hﬂ/\mﬁ, e
1 ‘ 1 )
gl + [ Blwldr + 519ul + J1val = | Fluas
1 )
= 5lu@I + 5IVa@) I + IV = [ Fluo)ds (5)

HIARZAE TR f AR, WA [ [F (uo)|de < Cllug| 72

Lr+2(Q)

H—J7iH, i f BFEBR R Young A4 5, AT ARl
1 )
SO+ IVal* - | Pz
Q
1 1) 1
>3 IVu)F + IV = Seollliiamy — [ calulds

1 5 1
>§||V1L(t)\|2 + ZHVU(tWL — 5(co+ O)l[ullZz ) — Ce

1 co+ € 1)
> 2 IVa(@) (1 = ) + S Tu() -
1
1 ) Co+ €
>= 2 - — - C.. 9
25 IVuIPa+ 5 - 5 ¢ (9)
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Xt e>0,0. >0, XEHF T Poincaré &5,
_i(ﬁ
1 2 1 2 6 4 r42
Mo = C(Gllu($)lz2i@) + 5 IVuls)I™ + 2 IVuls)I” + luls)lre o) + Ce (10)
¥ (9) LA FNFEL (8) H, 715

1 t
Immm)ﬂ%+/ () ] By I (11)

1 Gronwall 5| 82 L% 5 (3) ST 75

t

||Ut||%2(ﬂ) < 2Myexp{2 y(7)d7}
<2Mp - e (12)
Hrpr, = fot'y(s)ds
454 (9) A (12) R, A8 FRASER
1 0 cote t
§HVU(t)||2(1 +5———)< M +/ V() luel|72 0y dT
< My + 2rgMoe®™ £ M (13)

B SR IR V = H x L2(Q) 1, iR u T ¢ € [, T) 5 80H Fei0.

EIES5 W 2(t) = Ult,r)z, &R (1) R TYHEMFE, R TAERVME 2, = (uo,u1) €
B, (R) C X, %1F (2)-(6) BOL, WIAFAE To > 0, (43X ¢ — s > To, LML (|05u(t) (|72 ) < Ro,
Hrb Ry SVHAMIGECL K.

MERR & B C V 2 A FH5, (uo,v0) = (u(s),v(s)) € B. iEE 2

S10u(1) 30 + / B(T)|\3ﬂg(t)||iz(sz)d7
<lu(s sy + gl + Slhuls) I - / F(ug)da (14)

W og() = 2 Glluls)1% + 2lluls)f — [, Fuo)dz), B Gronwall 5| ¥ A 13

t
10 (t)]|72 0 <||8tU(8)|iz(meXp{—/ B(o)do}

1 5 t i
(@) + 5l =2 | Fluokde) [ exp{= [ s(o)doyar
1 5 S S t (s
<)@+ (o) + Gl — 2 [ Flugyda) - [ e ¢ar
<loru(s) e + = (s + el =2 | Pla)da) - (1= -9)

t
c
Lepe ) 4 i(l — e (=9, (15)
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Hortr e = max([|0vu(s) 122 ), ()1 + §llu(s)llG =2 Jo F(

R , lim {coe™ 17 4 (1 — e~ (=9))} = 0, MRS Ry > 0 W/, F74E Ty > 0, A XAERE
t—s>To, [0ut)]|7z(q) < Ro AL

EI 6 (hum k) & Q£ RY R EARNEDLANA T WE/RE (2)-(6) F, T#
{U(t,s) : t > s} A FERFERUT.

IERR % B C V 2AH R A wo = (u, v0) € B, W w(t) = (u(t),us(t)) = (1) KIfE. %
FEESRE Dy : X — R EXWT:

1 1 1)
Py(w) = §||3tu||i2(m + §||UH?1 + le“ll‘é + O(u, ug) — /QF(u)dﬂf (16)
HArEH 0 > 0.

i (6) 2NAT1E, Ve e RT, C. > 0,
L 2 4
0l ey + 2l + 2l
= ®y(w) — Ou, us) + / F(u)dz
Q

0 1
< Dp(w) + —||ul| g]|Osu]| L2 () + =col|u(t 22+c/ua:,t dx
o(w) \/171” lzllcullz20) + eollul®)lizs + e Q\ (2, )]

0 0 co+e

< Py(w) + mllﬂll% + §||3tUH2L2(Q) + = || 7 + Ce, (17)

KA T Young A% Poincaré A5, KL

0

1 0 co + € 1
)H 1% + *|IUH§§ +(5 - §)I|3tUIIiz<Q) < Pp(w) + Ce.

HHE O < min(1, p), e £/, AIRHEECCo > 0,01 > 0 SHIME (B[R] B, A
lull; + 10:ul72(0) < Co®o(w) +Cr (18)
BT y(¢) RESL AT R AL, WATTE 0 < M, < oo fIfFXT L TP 7 € (—o00, +00), A
0<~(r) < M, (19)

EHRIEEH C, +Cs < M, <oo, EX A:={t eR|— M, < B(t) < My}, B :={t € R|B(s) > M,}.

R (2) 775 m(A) = cc.
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BAR, BT (1) W15

d
£¢0(W) = (Oyu, Oy} + (Vu, V) + (8| Vul|*Vu, V) + 0)|0,ul|? + 0{u, Opu) — (f(u), Ou)

= (D, =B(t)uy + (14 8[|Vul*) Au + f () + (Vu, Vug) + (8[| Vul*Vu, Vauy)

+ 0|0wu|]® + O(u, —B(t)us + (1 + 8| Vu|*) Au + f(u)) — (f(u), Opu)

= —(B(t) = O)|0cu]]* — 08(t){u, Byu) — O(1 + 8[| Vul|*)[|Vue]* + G/Quf(U)dx

<~ (B - B)9vul* — (0 + 2 - 9<ch+6>

; )IVul? +63(8)(w, ) + C.. (20)

XHEHIF T Poincaré A553X, Cauchy — Schwarz A%FH LK Young AFEAIMERM 0 < e < £, i
(6) R co < &, HE 0 < e < &, BIRAHXPGATLMRIE 0 + £ — Lot >,

K1
75 s, 8] LB LR T

05 6(co+¢)

NVl + 08(7)(u, dyu) + C.)dr
2 Ha

By(w(t)) < / (—(B(r) — 0)[Byull® — (8 +

+ <I>9(w0)

05 9(cZ+ NIVl + 08(r) u, ) + C.)dr

< [ o)+ o)loal? - 6+

2
% EIRAEE N IL AR x4
05 0
Xa®o(w(t)) < / (Y(7) + 0)[|0ul* — (6 + 5 - M)HVU”Q + 08(r) (u, Byu)
AN[s,t] 1
+ Ce>d7' + (I)G(WO)
< /A [ ](v(f) +0)|10,ul)? — (0 + %5 _ "(C(LTQ)HWHQ L O(M, + M) (u, Oy
+ Co)dr 4+ Pg(wp)
<[ )0+ 00 (M, + Mo - 0+ G - Kt
AN[s,t] L
0yt M) e L o e -

1

X H A% T Poincaré A% XA Cauchy — Schwarz A3 X e > 0. EFE 0 < ¢, < SO 15

05 _ O(cote) _ Oer(My+Ma)
0+ % - ™ ) > 0.
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EE/‘\’_E’}E’L \V/t—S>T0,ﬁ

06  OB(co+e
Xa®o(w(t)) < / ((7) + 0+ 6C, (M, + M) Ry — (64 2 — X0
AN[s,t] L
_ W)HVUIQ +C)dr + B(wo)
1
g5 0
< ko + / (0 +0C., (M, + My)Ry — (0 + — — O(co +¢)
AN(s,t] 2 1
_ W)HVUIQ +C)dr + B(wo), (23)
1

HAr g = fj;o v(s)ds.

Ny = 2 2p10704+2p10Cc; (My+Ma)Ro+2p1Ce
S AR (18) W (| Vull® > Ry > g5 51— O a1y B

xall8eull? + [Vull?) < To(—Com(An [5,1]) +10Ro + @a(wo)) + T, (24)
Horb C5 > 0. £ 5 —J5T, % 0 = 0 FATH L Po(w(t)) = —B(1)||Opul?,
e [s,t] ERGr Bid%ER 15
t
Do(w(t)) = - / B(r) |l 2dr + Do(wo) (25)
45 (25) AMWLFIE x5, 19
X5 ®o(w(t)) = — / B(r) |ul2dr + Bo(wo)

BN([s,t]

< —/ M ||0pu|?dT + ®o(wo)
BN(s,t]

5 0vul® > L Ro, M

x5®0(w(t)) < —MaRom(B N s, 1]) + 2®0(wo) (26)
xb (18) A AE A FIRE I, W AT

lall? 3 + 18cull 720y < Coo(w) + Ci (27)
gE4r (24), (26) A1 (27) AT
lall?, 3 + 10rullia0) < Co(=Csm(AN [s,8]) +y0Ro + P5(wo)) + Cr

< 6'T)(—]\LJ;L’OW(B N [s,]) + 2Py (wo)) + C,
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R, BT m(A) = oo, fA1E Ty > 0, fHEXHMERER t — s > max(Ty, Ta) B
.y + 19wy < Ro + min(Ry, Ty + Cy) (28)

KHE] TR U (¢, ) ¢ > s SEBRFERUR, BIXER A 4 B C V, f74E R > 0, {13 X E &N Z)
t>T(B), i U(t+s,s)BCB,.(0,r), VseR (29) L.

4. REIRS|FRIFEN

4.1. FERufhit
9T AF B FR R B S, FRAT e AT DR e g At it
B (wg, i, (1) (6= 1,2) TN (1) HBAME (uig, ui,) € {Br}rer M,
e w(t) = uy(t) — ua(t), i w(t) WAE LU TR

J J
wi = 5 (IVur |” + [ Vuz ) Aw = 2V (w1 + u2), V) Alus + us)

—Aw + B(t)wy = fur) — f(u2); (x,t) € 2 x RT, (30)
w(z,t) =0, z €00 teR,
w(z,0) = uy, () — ug, (x),wi(x,0) = uq, () — us, (x), x € €.

75 (30) I L w(t), HHLE [7,T) x Q LB, A

/&w dx—i—/ /|Vw pPdadt + 2 / / IV ]? + [z |2)| Veo(£) | 2dadt

/ [(V(u1 + us), Vw)| dt—l—/ /6 (t)Opwwdadt

/&w d:L'Jr/ / (uy) — f(ug))w(t d;vdtJr/ |0,w]|2dt. (31)

Rk, "T15,
T 5 T 5 T
/ [Veo(r)|Pdr + 3 / / (V|2 + [ Va]?) [ Veo(t) Pt + / (9 (g + ), Veo) Pt
T T Q
T
— t)Oywwdxdt (9,5 d t)dxdt
/T/QB()wwx +/Qw (IJ+// (uq) Yw(t)dx
T
+ / |92t — / Bo(T)eo(T)dz. (32)
T Q
%E, o (30) v v\ (Ut( ) I HAE [S T] x Q RS ,ﬁ

[0 (T |2+2/ Bt)[|ow*dt + [|Vw|* + 5 (IIVU1II2+ Vs ||*) [ Ve (T) ||
+ 5/ Ul + Ug ><V(U1 + Ug), th>
1)
/ u) = f(u2), o) dt +[[0(s)I* + IV () I” + S (IVur|* + [V )V (s)* - (33)
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% g(t) = 2f(w) — Flu). o) + IV + S(Vual® + [[Vuall)Veo( )] B F H6 e 1
[¥)Gronwall5| ¥, 7] 13

1020 (T2

< ()| Pexp{—2 / B(o)do} +2 / (F(ur) — fuz), Bw)exp{—2 j B(o)do}dr

S

t 6 i
+/ iHIVw(s)HMg(IIVmHM 1Vus||?) | Veo ()] ]exp{z/ B(0)do}dr (34)
ity B(-) BFKAIE, 13
10 (T)]1*
< ||8tw(5)||2e*2(T78) + 2/t<f<u1) B f(uQ),atw>672(t7T)dT

+ L VeI + 2wl + [ Vusl )| Vels) |2 / -2y (35)
t—s 2 ! 2 s
BRI B R AR
1)
B(t) = 510l + IVl + S(Vu? + [ Vo) Vo] (36)
25 (30) LA wy(t), I HAE [t, T] x Q LA, Al
T
EL(T) / B(r)|Buw|Pdr + 2 / (V11 + 1), V() + ), Veoy)dr
_ / 2), dw)dr + E, (1) (37)
15 [s,T) LR BT)RKT ¢, i3

(T —S)E,(T)+ = / / (V(uy 4 uz2), Vw){(V(u; + ug), Vw)drdt

/ / B(r)|Ow|2drdt < / / (1) — f(us), Dw)drdt + /ST E.(dt  (38)

g4 (32)A(38) Al 1

(T — S)E,(T) + g/ /t (V(u1 + uz), Vw)(V(ug + ug), Vwy)drdt

i /ST /tT B(7) ||| *drdt

</ /t (f(uy) —f(uQ),atuJ)det—&—/ ||(9tw||2dt— 5/ [(V(u1 + us), Vw>|2dt
+;<8tw(s),w(s)>+;/ (f(u1) — fug),w)dt — 7<8tw —/ B(t){(Oyw,w)dt  (39)
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PRt
(T~ §)E.(T)
/ / 0wl drdt+/ / (ur) — F(uz), O det+/ |9 2dt
30t + 5 [ () S )t - Houm) o) - 3 [ 500,00
—/ 1V (ur + us) det—/ / (w1 + ua), Vo) (V (u1 + ), Voo, )drdt (40)
i (35) AT 13
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