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Abstract

In this paper, we are concerned with the long-time behavior of solutions in the time-

dependent functional space for the Kirchhoff wave equation with strong damping and

nonlinear perturbations. The existence of pullback attractor is achieved by using the

contraction function method to verify the asymptotic compactness of the process.
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1. Úó

3>.¿©1w�k.� Ω ⊂ RN (N > 3)¥,�ÄXe�k�m�6{Z� Kirchhoff

.Å�§ 
utt − (1 + δ‖∇u‖2)∆u+ β(t)ut = f(u), x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1)

Ù¥ δ ∈ [0, 1] , f(u)´��5�.

�§(1)
u�. utt− (a+ b
∫

Ω
|∇u|2dx)∆u = g(x, u).åÐ´d Kirchhoff JÑ�,^±£ãÔ

nÆ¥�� -î��Ä¤Úå��ÝCz�y�,í2
Í¶� D′lembertÅ�§.Ù¥ aL«�

´-fSf�5�, bL«�´-fÐ©�Üå, uL«�´î�� £, g(x, u)L«�´��� 

-î��å.éu�§ (1),NõÆö�
�þïÄ§���
�'(Ø.3vk�m�6{Z��

¹e,©z [1]ïá
·½5±9�ÛÚ�êáÚf��35,©z [2]�Ä
��m5�é�2Â�

fÝÚ{ZXê,¿�ºX
��.�/.

� β(t)�'u t�¼ê�,± ^u�xg£ÄåXÚ��ÛáÚf±9^u�x�g£Äå

XÚ���áÚfÚ.£áÚf�²;Vg��ØU^5�xTÑÑÄåXÚ.�
)ûù�¯K,

Di Plinio, Duane and Temam [1] £ã
�^u�m�6�mx�)�f�Vg,?�
.£áÚf
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�²;½ÂÚnØ,�Ñ
�m�6áÚf�½Â.3dÄ:þ,©z [3]ïÄ
�m�6�mþá

Úf�ìC(�.©z [4]?Ø
�k��5{Z�Å�§�m�6áÚf��35.©z [5]ïÄ


 Plate�§�m�6áÚf�ìC5.©z [6–8]ïÄ
Ä�uÐ�§��m�6�ÛáÚf.©

z [9, 10]�Ä
 Kirchhoff .Å�§��m�6�ÛáÚf.

Éþãë�©z�éu,�©$^Â ¼ê��{?Ø
�k�m�6{Z� Kirchhoff

Å�§,¿�3Uþ�mþ��
�m�6.£áÚf.

� β(t) : R −→ R´��ëY¼ê,áu L∞loc(R) ,k~ê Cβ > 1÷v±eb�:

1 6
∫ t+1

t

β(s)ds =

∫ t+1

t

α(s)ds−
∫ t+1

t

γ(s)ds 6 Cβ, ∀t ∈ R (2)

∫ +∞

−∞
γ(s)ds <∞. (3)

Ù¥¼êα(t)Ú γ(t)©O´¼ê β(t)��ÜÚKÜ,=α(t) := max{β(t), 0}, γ(t) := max{−β(t), 0}.

5µ (2)ª�à� 1�±^?¿��~ê Cβ0
�O,�� Cβ > Cβ0

=�.

���5� f ´ÛÜ LipschitzëY�,÷v�.O�^�

|f(u)− f(v)| 6 C|u− v|(1 + |u|r + |v|r), u, v ∈ R, (4)

ùp~ê C > 0 , 0 < r 6 q−2
2

, q = 2Q
Q−2

.

÷vÑÑ5^�

lim sup
|u|→∞

f(u)

u
< µ1, ∀u ∈ R, (5)

Ù¥ µ1 > 0� −∆3Dirichlet >.^�e�1�A��.

�r�©� BR ⊂ RÚ§�Ö�m,���3~ê 0 6 C0 < µ1, C1 ∈ R¦�

uf(u) 6 C1|u|+ C0|u|2, ∀u ∈ R, (6)

d	,�·�ÀJÜ·� BR,���3~ê C0 ∈ (0, µ1

2
)÷vþã (6)ª.

2. ý��£

·�k±e{P:

Lp = Lp(Ω), Hk = W k,2(Ω), V1 = H1
0 , V−1 = H−1, ‖ · ‖p = ‖ · ‖Lp , ‖ · ‖ = ‖ · ‖L2 ,

Ù¥ p > 1.

�m L2(Ω)¥�SÈ��ê½ÂXe:

〈u, v〉 =

∫
Ω

u(x)v(x)dx, ‖u‖2 =

∫
Ω

|u(x)|2dx.
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½Â L2 ¥�g��f A : V1 −→ V−1, 〈Au, v〉 = 〈∇u,∇v〉,∀u, v ∈ V1.Ù¥�f A�½Â�

D(A) = {u ∈ L2|Au ∈ L2} = H2 ∩H1
0 , Au = −∆ué u ∈ D(A).

·��±½Â A����f As(s ∈ R),�m Vs = D(A
s
2 )´Hilbert�m,kSÈÚ�ê

〈u, v〉s = 〈A s
2u,A

s
2 v〉, ‖u‖Vs = ‖A s

2u‖.

�©��m V := H × L2(Ω).

½Â 1 [11] � {Xt}t∈R ´�xD��m,Vëê�fx {U(t, τ) : Xτ → Xt, t > τ, τ ∈ R}÷v
Xe5�:

1)é?¿� τ ∈ R, U(τ, τ) = Id´ Xτ þ�ð��f;

2)é?¿� σ ∈ RÚ?¿� t > τ > σ, U(t, τ)U(τ, σ) = U(t, σ).

K¡ U(t, τ)´��L§.

½Â 2 [11] XJéz� t ∈ R,þ�3��~ê R > 0,¦� Ct ⊂ {z ∈ Xt : ‖z‖Xt 6 R} =

Bt(R),∀t ∈ R.K¡k.8 Ct ⊂ Xt�8Üx C = {Ct}t∈R´��k.�.

½Â 3 [11] XJ8Üx B = {Bt}t∈R ��k.,�é?¿� R > 0,�3~ê t0(t, R) 6 t,¦�

τ 6 t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt,K¡ B´.£áÂ�.

½Â 4 [11] eéz� t ∈ R,�3k.8 B(t) ⊂ X,.£áÚ X ¥�k.f83�� τ,=ék

.8 D ⊂ X, τ 6 t,k lim
s→−∞

dist(U(τ, s)D,B(t)) = 0,K¡L§ U(·, ·)´k.rÑÑ�.

½Â 5 [11] e ∀t ∈ R ,S� {Sk} 6 t(k →∞, Sk → −∞),k.S� {xk} ∈ X,S� {U(t, sk)xk}
kÂñf�,K¡Ýþ�m X ¥�L§ U(·, ·)´.£ìC;�.

½Â 6 [11] t��8Ü B(⊂ X)� ω−4�8½ÂXe:

ω(B, t) :=
⋂
σ6t

⋃
s6σ

U(t, s)B,½ö,�d/, ω(B, t) = {y ∈ X :S� {sk} 6 t, sk → −∞(k →

∞), {xk} ∈ B,¦� y = lim
k→∞

U(t, sk)xk}.

½n 1 [11] eL§ U(·, ·)´k..£rÑÑ,.£ìC;�,� B(·)´k.f8x (B ⊂ X),

¦� ∀t ∈ R, B(·) 3�� τ .£áÚk.f8 (τ 6 t), K U(·, ·) k;.£áÚf A(·), ¦�
A(t) = ω(B(t), t),� ∀t ∈ R,

⋃
s6tA(s)´k.�.

½Â 7 [4] � {Xt}t∈R´�x Banach�m, C = {Ct}t∈R´ {Xt}t∈R��x��k.f8.·�

¡½Âu Xt ×Xt þ�¼ê Φt
τ (·, ·)� Cτ × Cτ þ�Â ¼ê,XJé?¿�½� t ∈ R,éu?¿

S� {xn}∞n=1 ⊂ Cτ ,�3f� {xnk}∞k=1 ⊂ {xn}∞n=1¦�

lim
k→∞

lim
l→∞

φtτ (xnk , xnl) = 0, τ 6 t.

·�^ C(Cτ )L« Cτ × Cτ þ�Â ¼ê�8Ü.

½n 3 [4] � U(·, ·)��^u {Xt}t∈R�L§,��3�m�6áÂ8 B = {Bt}t∈R.?�Ú,b
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�éu?¿� ε0 > 0,�3 T = T (ε0) > τ, φτt ∈ C(B),¦�éu?¿� τ > 0,k

‖U(T, τ)x− U(T, τ)y‖ 6 ε0 + φτt (x, y), ∀x, y ∈ B.

K U(·, ·)ìC;,Ù¥ C(B)�½Âu B ×B þ�Â ¼ê8Ü.

3. Ì�(J

3.1. )��3��5

P I = [τ, T ], ∀ T > τ . � f ∈ L2(Ω) ���| z = (u, ut), ÷v (u, ut) ∈ L∞(I;V ) ∩
C(I;V ), ut ∈ L2(I;V1).¡ z(t)�¯K (1)�Ð� z(τ) = zτ �3«m I þ�f),XJ 〈utt, v〉 −
〈(1 + δ‖∇u‖2)∆u, v〉+ 〈β(t)ut, v〉 = 〈f(u), v〉 éu¤k� v ∈ L2(Ω)9 a.e. t ∈ I ¤á.

A^©z [9]¥� Galerkin%C�{,��¯K (1))��3��5(J.

½n 4 ()��3��5 ) � f ∈ L2(Ω),�^� (2)-(6)¤á.@oéu?¿�½�Ð� zτ ,¯

K (1)�3��) z(t) = (u(t), ut(t)),÷v

z(t) ∈ C(I;V ) ∩ C1(I;V ), � ‖∇u‖2 6M.

y² ��§ (1)¦± ut,¿�3 ΩþÈ©,��

d

dt
[
1

2
‖ut‖2 +

1

2
‖∇u‖2 +

δ

4
‖∇u‖4 −

∫
Ω

F (u)dx] + β(t)‖ut‖2 = 0. (7)

Ù¥ F (u) =
∫ u

0
f(s)dsL« f ��¼ê.

3 [s, t]þÈ©(1)ª,��

1

2
‖ut‖2 +

∫ t

s

β(τ)‖ut‖2dτ +
1

2
‖∇u‖2 +

δ

4
‖∇u‖4 −

∫
Ω

F (u)dx

=
1

2
‖ut(s)‖2 +

1

2
‖∇u(s)‖2 +

δ

4
‖∇u(s)‖4 −

∫
Ω

F (u0)dx (8)

d��5� f �O�^�,��
∫

Ω
|F (u0)|dx 6 C‖u0‖r+2

Lr+2(Ω).

,��¡,d f �ÑÑ^�ÚYoungØ�ª,���O

1

2
‖∇u(t)‖2 +

δ

4
‖∇u(t)‖4 −

∫
Ω

F (u)dx

>
1

2
‖∇u(t)‖2 +

δ

4
‖∇u(t)‖4 − 1

2
c0‖u‖2L2(Ω) −

∫
Ω

c1|u|dx

>
1

2
‖∇u(t)‖2 +

δ

4
‖∇u(t)‖4 − 1

2
(c0 + ε)‖u‖2L2(Ω) − Cε

>
1

2
‖∇u(t)‖2(1− c0 + ε

µ1

) +
δ

4
‖∇u(t)‖4 − Cε

>
1

2
‖∇u(t)‖2(1 +

δ

2
− c0 + ε

µ1

)− Cε. (9)
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é ε > 0, Cε > 0,ùp^�
 PoincaréØ�ª.

�

M0 = C(
1

2
‖ut(s)‖2L2(Ω) +

1

2
‖∇u(s)‖2 +

δ

4
‖∇u(s)‖4 + ‖u(s)‖r+2

Lr+2(Ω)) + Cε (10)

ò (9)ª�\��ª (8)¥,��

1

2
‖ut‖2L2(Ω) 6M0 +

∫ t

s

γ(τ)‖ut‖2L2(Ω)dτ (11)

dGronwallÚn±9b� (3)ª��:

‖ut‖2L2(Ω) 6 2M0exp{2
∫ t

s

γ(τ)dτ}
6 2M0 · e2r0 . (12)

Ù¥ r0 :=
∫ t

0
γ(s)ds.

(Ü (9)ªÚ (12)ª,��eãØ�ª

1

2
‖∇u(t)‖2(1 +

δ

2
− c0 + ε

µ1

) 6M0 +

∫ t

s

γ(τ)‖ut‖2L2(Ω)dτ

6M0 + 2r0M0e2r0 ,M (13)

dþã�O��3�m V = H × L2(Ω)¥,) u'u�m t ∈ [s, T )´��k.�.

½n 5 � z(t) = U(t, τ)zτ ´¯K (1) 'uÐ��), XJéu?¿Ð� zτ = (u0, u1) ∈
Bτ (R) ⊂ Xτ ,^� (2)-(6)¤á,K�3 T0 > 0,¦�é t−s > T0,±e�O¤á ‖∂tu(t)‖2L2(Ω) 6 R0,

Ù¥ R0�Ð���êÃ'.

y² � B ⊂ V ´k.�, (u0, v0) = (u(s), v(s)) ∈ B.5¿�

1

2
‖∂tu(t)‖2L2(Ω) +

∫ t

s

β(τ)‖∂tu(t)‖2L2(Ω)dτ

6‖∂tu(s)‖2L2(Ω) +
1

2
‖u(s)‖2H +

δ

4
‖u(s)‖4H −

∫
Ω

F (u0)dx (14)

� g(·) = 1
t−s(

1
2
‖u(s)‖2H + δ

4
‖u(s)‖4H −

∫
Ω
F (u0)dx),d GronwallÚn��

‖∂tu(t)‖2L2(Ω) 6‖∂tu(s)‖2L2(Ω)exp{−
∫ t

s

β(σ)dσ}

+
1

t− s
(‖u(s)‖2H +

δ

2
‖u(s)‖4H − 2

∫
Ω

F (u0)dx)

∫ t

s

exp{−
∫ t

s

β(σ)dσ}dτ

6‖∂tu(s)‖2L2(Ω)e
−(t−s) +

1

t− s
(‖u(s)‖2H +

δ

2
‖u(s)‖4H − 2

∫
Ω

F (u0)dx) ·
∫ t

s

e−(t−τ)dτ

6‖∂tu(s)‖2L2(Ω)e
−(t−s) +

1

t− s
(‖u(s)‖2H +

δ

2
‖u(s)‖4H − 2

∫
Ω

F (u0)dx) · (1− e−(t−s))

6c0e
−(t−s) +

c0

t− s
(1− e−(t−s)). (15)
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Ù¥ c0 := max(‖∂tu(s)‖2L2(Ω), ‖u(s)‖2H + δ
2
‖u(s)‖4H − 2

∫
Ω
F (u0) .

5¿� lim
t−s→∞

{c0e
−(t−s) + c0

t−s(1− e
−(t−s))} = 0,Ké R0 > 0v
�,�3 T0 > 0,¦�é?¿

t− s > T0, ‖∂tu(t)‖2L2(Ω) 6 R0¤á"

½n 6 (.£áÂ8) � Ω ´ RN ¥äk1w>.�k.�. K3b� (2)-(6) e, L§

{U(t, s) : t > s}´k.rÑÑ�.

y² � B ⊂ V ´k.8.éz� ω0 = (u0, v0) ∈ B,� ω(t) = (u(t), ut(t))´¯K (1)�).�

ÄëY¼ê Φθ : X → R½ÂXe:

Φθ(ω) =
1

2
‖∂tu‖2L2(Ω) +

1

2
‖u‖2H +

δ

4
‖u‖4H + θ〈u, ut〉 −

∫
Ω

F (u)dx (16)

Ù¥~ê θ > 0.

d (6)ª��, ∀ε ∈ R+, Cε > 0,k

1

2
‖∂tu‖2L2(Ω) +

1

2
‖u‖2H +

δ

4
‖u‖4H

= Φθ(ω)− θ〈u, ut〉+

∫
Ω

F (u)dx

6 Φθ(ω) +
θ
√
µ1

‖u‖H‖∂tu‖L2(Ω) +
1

2
c0‖u(t)‖2L2 + c1

∫
Ω

|u(x, t)|dx

6 Φθ(ω) +
θ

2µ1

‖u‖2H +
θ

2
‖∂tu‖2L2(Ω) +

c0 + ε

2µ1

‖u‖2H + Cε, (17)

ùp^�
 YoungØ�ª±9 PoincaréØ�ª,Ïd

(
1

2
− θ

2µ1

− c0 + ε

2µ1

)‖u‖2H +
δ

4
‖u‖4H + (

1

2
− θ

2
)‖∂tu‖2L2(Ω) 6 Φθ(ω) + Cε.

ÀJ θ < min(1, µ1), εv
�,��~ê C0 > 0, C1 > 0�Ð�(½�m)Ã',k

‖u‖2H + ‖∂tu‖2L2(Ω) 6 C0Φθ(ω) + C1 (18)

du γ(t)´ëY�È¼ê,K�3 0 < Mγ <∞¦�éA�??� τ ∈ (−∞,+∞),k

0 6 γ(τ) 6Mγ (19)

ÀJ�~ê Cγ + Cβ < Mα <∞,½Â A := {t ∈ R| −Mγ 6 β(t) 6Mα}, B := {t ∈ R|β(s) > Mα}.

�âb� (2)��m(A) =∞.
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w,,d�§ (1)��:

d

dt
Φθ(ω) = 〈∂tu, ∂ttu〉+ 〈∇u,∇ut〉+ 〈δ‖∇u‖2∇u,∇ut〉+ θ‖∂tu‖2 + θ〈u, ∂ttu〉 − 〈f(u), ∂tu〉

= 〈∂tu,−β(t)ut + (1 + δ‖∇u‖2)∆u+ f(u)〉+ 〈∇u,∇ut〉+ 〈δ‖∇u‖2∇u,∇ut〉

+ θ‖∂tu‖2 + θ〈u,−β(t)ut + (1 + δ‖∇u‖2)∆u+ f(u)〉 − 〈f(u), ∂tu〉

= −(β(t)− θ)‖∂tu‖2 − θβ(t)〈u, ∂tu〉 − θ(1 + δ‖∇u‖2)‖∇u‖2 + θ

∫
Ω

uf(u)dx

6 −(β(t)− θ)‖∂tu‖2 − (θ +
θδ

2
− θ(c0 + ε)

µ1

)‖∇u‖2 + θβ(t)〈u, ∂tu〉+ Cε. (20)

ùp^�
 PoincaréØ�ª, Cauchy − SchwarzØ�ª±9 YoungØ�ªé?¿� 0 < ε < µ1

2
,d

(6)ª�� c0 <
µ1

2
,�� 0 < ε < µ1

2
,þãØ�ª¥Ò�±�y θ + θδ

2
− θ(c0+ε)

µ1
> 0.

3 [s, t]þÈ©þãªf��

Φθ(ω(t)) 6
∫ t

s

(−(β(τ)− θ)‖∂tu‖2 − (θ +
θδ

2
− θ(c0 + ε)

µ1

)‖∇u‖2 + θβ(τ)〈u, ∂tu〉+ Cε)dτ

+ Φθ(ω0)

6
∫ t

s

(γ(τ) + θ)‖∂tu‖2 − (θ +
θδ

2
− θ(c0 + ε)

µ1

)‖∇u‖2 + θβ(τ)〈u, ∂tu〉+ Cε)dτ

+ Φθ(ω0) (21)

�þãØ�ªü>Ó¦ χA

χAΦθ(ω(t)) 6
∫
A∩[s,t]

(γ(τ) + θ)‖∂tu‖2 − (θ +
θδ

2
− θ(c0 + ε)

µ1

)‖∇u‖2 + θβ(τ)〈u, ∂tu〉

+ Cε)dτ + Φθ(ω0)

6
∫
A∩[s,t]

(γ(τ) + θ)‖∂tu‖2 − (θ +
θδ

2
− θ(c0 + ε)

µ1

)‖∇u‖2 + θ(Mγ +Mα)〈u, ∂tu〉

+ Cε)dτ + Φθ(ω0)

6
∫
A∩[s,t]

(γ(τ) + θ + θCε1(Mγ +Mα))‖∂tu‖2 − (θ +
θδ

2
− θ(c0 + ε)

µ1

− θε1(Mγ +Mα)

µ1

)‖∇u‖2 + Cε)dτ + Φθ(ω0) (22)

ùp^�
 PoincaréØ�ªÚ Cauchy − SchwarzØ�ªé ε > 0.ÀJ 0 < ε1 <
µ1

2(Mγ+Mα)
¦�

θ + θδ
2
− θ(c0+ε)

µ1
− θε1(Mγ+Mα)

µ1
) > 0.
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�'

d½n 7, ∀t− s > T0,k

χAΦθ(ω(t)) 6
∫
A∩[s,t]

(γ(τ) + θ + θCε1(Mγ +Mα))R0 − (θ +
θδ

2
− θ(c0 + ε)

µ1

− θε1(Mγ +Mα)

µ1

)‖∇u‖2 + Cε)dτ + Φθ(ω0)

6 γ0R0 +

∫
A∩[s,t]

(θ + θCε1(Mγ +Mα))R0 − (θ +
θδ

2
− θ(c0 + ε)

µ1

− θε1(Mγ +Mα)

µ1

)‖∇u‖2 + Cε)dτ + Φθ(ω0), (23)

Ù¥ γ0 :=
∫ +∞
−∞ γ(s)ds.

(ÜØ�ª (18)��: ‖∇u‖2 > R1 >
2µ1θr0+2µ1θCε1 (Mγ+Mα)R0+2µ1Cε
2θµ1+θδµ1−2θ(C0+ε)−2θε1(Mγ+Mα)

,k

χA(‖∂tu‖2 + ‖∇u‖2) 6 C0(−Cδm(A ∩ [s, t]) + γ0R0 + Φδ(ω0)) + C1, (24)

Ù¥ Cδ > 0.3,��¡,é θ = 0·�k d
dt

Φ0(ω(t)) = −β(t)‖∂tu‖2,

3 [s, t]þÈ©þã�ª,�

Φ0(ω(t)) = −
∫ t

s

β(τ)‖∂tu‖2dτ + Φ0(ω0) (25)

� (25)ªü>Ó¦ χB,�

χBΦ0(ω(t)) = −
∫
B∩[s,t]

β(τ)‖∂tu‖2dτ + Φ0(ω0)

6 −
∫
B∩[s,t]

Mα‖∂tu‖2dτ + Φ0(ω0)

e ‖∂tu‖2 > 1
2
R0,K

χBΦ0(ω(t)) 6 −MαR0m(B ∩ [s, t]) + 2Φ0(ω0) (26)

é (18)ª¦^Ó���{,��

‖u‖2
X

1
2

+ ‖∂tu‖2L2(Ω) 6 C̃0Φ0(ω) + C̃1 (27)

(Ü (24), (26)Ú (27)ª��:

‖u‖2
X

1
2

+ ‖∂tu‖2L2(Ω) 6 C0(−Cδm(A ∩ [s, t]) + γ0R0 + Φδ(ω0)) + C1

6 C̃0(−MαR0m(B ∩ [s, t]) + 2Φ0(ω0)) + C̃1
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�'

Ïd,dum(A) =∞,�3 TA > 0,¦�é?¿� t− s > max(T0, TA)k

‖u‖2
X

1
2

+ ‖∂tu‖2L2(Ω) 6 R0 + min(R1, C1 + C̃1) (28)

ùÒy²
L§ U(t, s) : t > s´rÑÑ�,=é?¿�k.8 B ⊂ V,�3 R > 0,¦�é?¿��

t > T (B),k U(t+ s, s)B ⊂ Br(0, r), ∀s ∈ R (29)¤á.

4. .£áÚf��35

4.1. k��O

�
��L§�.£ìC;5,·�k?1±ek��O.

� (ui, uit(t))(i = 1, 2)�¯K (1)�AÐ� (ui0 , ui1) ∈ {Bτ}τ∈R�),

P ω(t) = u1(t)− u2(t),K ω(t)÷v±e�§
ωtt −

δ

2
(‖∇u1‖2 + ‖∇u2‖2)∆ω − δ

2
〈∇(u1 + u2),∇ω〉∆(u1 + u2)

−∆ω + β(t)ωt = f(u1)− f(u2), (x, t) ∈ Ω× R+,

ω(x, t) = 0, x ∈ ∂Ω, t ∈ R,
ω(x, 0) = u10

(x)− u20
(x), ωt(x, 0) = u11

(x)− u21
(x), x ∈ Ω.

(30)

� (30)ª¦± ω(t),¿�3 [τ, T ]× ΩþÈ©,k∫
Ω

∂tω(T )ω(T )dx+

∫ T

τ

∫
Ω

|∇ω(t)|2dxdt+
δ

2

∫ T

τ

∫
Ω

(‖∇u1‖2 + ‖∇u2‖2)|∇ω(t)|2dxdt

+
δ

2

∫ T

τ

|〈∇(u1 + u2),∇ω〉|2dt+

∫ T

τ

∫
Ω

β(t)∂tωωdxdt

=

∫
Ω

∂tω(τ)ω(τ)dx+

∫ T

τ

∫
Ω

(f(u1)− f(u2))ω(t)dxdt+

∫ T

τ

‖∂tω‖2dt. (31)

Ïd,��;∫ T

τ

‖∇ω(t)‖2dt+
δ

2

∫ T

τ

∫
Ω

(‖∇u1‖2 + ‖∇u2‖2)|∇ω(t)|2dxdt+
δ

2

∫ T

τ

|〈∇(u1 + u2),∇ω〉|2dt

= −
∫ T

τ

∫
Ω

β(t)∂tωωdxdt+

∫
Ω

∂tω(τ)ω(τ)dx+

∫ T

τ

∫
Ω

(f(u1)− f(u2))ω(t)dxdt

+

∫ T

τ

‖∂tω‖2dt−
∫

Ω

∂tω(T )ω(T )dx. (32)

,�,� (30)ª¦± ωt(t),¿�3 [s, T ]× ΩþÈ©,k

‖∂tω(T )‖2 + 2

∫ T

s

β(t)‖∂tω‖2dt+ ‖∇ω‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(T )‖2

+ δ

∫ T

s

〈∇(u1 + u2),∇ω〉〈∇(u1 + u2),∇ωt〉dt

= 2

∫ T

s

〈f(u1)− f(u2), ∂tω〉dt+ ‖∂tω(s)‖2 + ‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2 (33)
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�'

é g(t) = 2〈f(u1) − f(u2), ∂tω〉 + 1
t−s [‖∇ω(s)‖2 + δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2] A^ÿÐ.

�GronwallÚn,��

‖∂tω(T )‖2

6 ‖∂tω(s)‖2exp{−2

∫ t

s

β(σ)dσ}+ 2

∫ t

s

〈f(u1)− f(u2), ∂tω〉exp{−2

∫ T

τ

β(σ)dσ}dτ

+

∫ t

s

1

t− s
[‖∇ω(s)‖2 +

δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]exp{−2

∫ T

τ

β(σ)dσ}dτ (34)

(Ü β(·)�^�,�

‖∂tω(T )‖2

6 ‖∂tω(s)‖2e−2(T−s) + 2

∫ t

s

〈f(u1)− f(u2), ∂tω〉e−2(t−τ)dτ

+
1

t− s
[‖∇ω(s)‖2 +

δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ t

s

e−2(t−τ)dτ (35)

�e5�EÂ ¼ê.½ÂUþ�¼

Eω(t) =
1

2
‖∂tω‖2 +

1

2
‖∇ω‖2 +

δ

4
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω‖2 (36)

� (30)ª¦± ωt(t),¿�3 [t, T ]× ΩþÈ©,��

Eω(T ) +

∫ T

t

β(τ)‖∂tω‖2dτ +
δ

2

∫ T

t

〈∇(u1 + u2),∇ω〉〈∇(u1 + u2),∇ωt〉dτ

=

∫ T

t

〈f(u1)− f(u2), ∂tω〉dτ + Eω(t) (37)

3 [s, T ]þÈ©(37)ª'u t ,��

(T − S)Eω(T ) +
δ

2

∫ T

s

∫ T

t

〈∇(u1 + u2),∇ω〉〈∇(u1 + u2),∇ωt〉dτdt

+

∫ T

s

∫ T

t

β(τ)‖∂tω‖2dτdt 6
∫ T

s

∫ T

t

〈f(u1)− f(u2), ∂tω〉dτdt+

∫ T

s

Eω(t)dt (38)

(Ü(32)ªÚ(38)ª��

(T − S)Eω(T ) +
δ

2

∫ T

s

∫ T

t

〈∇(u1 + u2),∇ω〉〈∇(u1 + u2),∇ωt〉dτdt

+

∫ T

s

∫ T

t

β(τ)‖∂tω‖2dτdt

6
∫ T

s

∫ T

t

〈f(u1)− f(u2), ∂tω〉dτdt+

∫ T

s

‖∂tω‖2dt− δ

4

∫ T

s

|〈∇(u1 + u2),∇ω〉|2dt

+
1

2
〈∂tω(s), ω(s)〉+

1

2

∫ T

s

〈f(u1)− f(u2), ω〉dt− 1

2
〈∂tω(T ), ω(T )〉 − 1

2

∫ T

s

β(t)〈∂tω, ω〉dt (39)
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�'

Ïd

(T − S)Eω(T )

6
∫ T

s

∫ T

t

γ(τ)‖∂tω‖2dτdt+

∫ T

s

∫ T

t

〈f(u1)− f(u2), ∂tω〉dτdt+

∫ T

s

‖∂tω‖2dt

+
1

2
〈∂tω(s), ω(s)〉+

1

2

∫ T

s

〈f(u1)− f(u2), ω〉dt− 1

2
〈∂tω(T ), ω(T )〉 − 1

2

∫ T

s

β(t)〈∂tω, ω〉dt

− δ

4

∫ T

s

|〈∇(u1 + u2),∇ω〉|2dt− δ

2

∫ T

s

∫ T

t

〈∇(u1 + u2),∇ω〉〈∇(u1 + u2),∇ωt〉dτdt (40)

d(35)ª�� ∫ T

s

‖∂tω‖2dt

6 ‖∂tω(s)‖2
∫ T

s

e−2(t−s)dt+ 2

∫ T

s

∫ t

s

〈f(u1)− f(u2), ∂tω(τ)〉e−2(t−τ)dτdt

+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ T

s

∫ t

s

1

t− s
e−2(t−τ)dτdt (41)

∫ T

s

∫ T

t

γ(τ)‖∂tω‖2dτdt

6 ‖∂tω(s)‖2
∫ T

s

∫ T

t

γ(τ)e−2(τ−s)dτdt

+

∫ T

s

∫ T

t

γ(τ)

∫ τ

s

〈f(u1)− f(u2), ∂tω(σ)〉e−2(τ−σ)dσdτdt

+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ T

s

∫ T

t

γ(τ)
1

τ − s

∫ τ

s

e−2(τ−σ)dσdτdt

6 ‖∂tω(s)‖2
∫ T

s

e−2(t−s)
∫ T

t

γ(τ)dτdt

+

∫ T

s

∫ T

t

γ(τ)

∫ τ

s

〈f(u1)− f(u2), ∂tω(σ)〉e−2(τ−σ)dσdτdt

+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ T

s

∫ T

t

γ(τ)
1

τ − s

∫ τ

s

e−2(τ−σ)dσdτdt

6 Cγ,B

∫ T

s

e−2(t−s)dt+

∫ T

s

∫ T

t

γ(τ)

∫ τ

s

〈f(u1)− f(u2), ∂tω(σ)〉e−2(τ−σ)dσdτdt

+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ T

s

∫ T

t

γ(τ)
1

τ − s

∫ τ

s

e−2(τ−σ)dσdτdt (42)

Ù¥~ê Cγ,B �6u
∫∞
−∞ γ(s)dsÚk.� B ��».
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Ïd,d(40),(41)Ú(42)ª��

(T − S)Eω(T )

6 ‖∂tω(s)‖2
∫ T

s

e−2(t−s)
∫ T

t

γ(τ)dτdt+ 2

∫ T

s

∫ t

s

〈f(u1)− f(u2), ∂tω(τ)〉e−2(t−τ)dτdt

+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ T

s

∫ T

t

γ(τ)
1

τ − s

∫ τ

s

e−2(τ−σ)dσdτdt

+

∫ T

s

∫ T

t

〈f(u1)− f(u2), ∂tω〉dτdt+ ‖∂tω(s)‖2
∫ T

s

e−2(t−s)dt

+

∫ T

s

∫ T

t

γ(τ)

∫ τ

s

〈f(u1)− f(u2), ∂tω(σ)〉e−2(τ−σ)dσdτdt

+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ T

s

∫ t

s

1

t− s
e−2(t−τ)dτdt

+
1

2
〈∂tω(s), ω(s)〉+

1

2

∫ T

s

〈f(u1)− f(u2), ω〉dt− 1

2
〈∂tω(T ), ω(T )〉 − 1

2

∫ T

s

β(t)〈∂tω, ω〉dt

− δ

4

∫ T

s

|〈∇(u1 + u2),∇ω〉|2dt− δ

2

∫ T

s

∫ T

t

〈∇(u1 + u2),∇ω〉〈∇(u1 + u2),∇ωt〉dτdt (43)

½Â

ΨT,s(u1, u2) =
1

T − s
[

∫ T

s

∫ T

t

γ(τ)

∫ τ

s

〈f(u1)− f(u2), ∂tω(σ)〉e−2(τ−σ)dσdτdt

+

∫ T

s

∫ T

t

〈f(u1)− f(u2), ∂tω〉dτdt+
1

2

∫ T

s

〈f(u1)− f(u2), ω〉dt

+ 2

∫ T

s

∫ t

s

〈f(u1)− f(u2), ∂tω(τ)〉e−2(t−τ)dτdt− 1

2

∫ T

s

β(t)〈∂tω, ω〉dt] (44)

Kk

Eω(T ) 6
1

T − s
{Cγ,B

∫ T

s

e−2(t−s)dt+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]·∫ T

s

∫ T

t

γ(τ)
1

τ − s

∫ τ

s

e−2(τ−σ)dσdτdt+ ‖∂tω(s)‖2
∫ T

s

e−2(t−s)dt

+ [‖∇ω(s)‖2 +
δ

2
(‖∇u1‖2 + ‖∇u2‖2)‖∇ω(s)‖2]

∫ T

s

∫ t

s

1

t− s
e−2(t−τ)dτdt

+
1

2
〈∂tω(s), ω(s)〉 − 1

2
〈∂tω(T ), ω(T )〉 − δ

4

∫ T

s

|〈∇(u1 + u2),∇ω〉|2dt

− δ

2

∫ T

s

∫ T

t

〈∇(u1 + u2),∇ω〉〈∇(u1 + u2),∇ωt〉dτdt}+ ΨT,s(u1, u2) (45)

4.2. .£ìC;5

3ùÜ©·�ÏLÂ ¼ê��{5y²¯K (1)éA�L§´.£ìC;�.
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�'

½n 7 XJ^� (2)-(6)¤á,éu?¿�½� s ∈ R,?¿k.S� {xn}∞n=1 ⊂ V ±9?¿

S� {tn}∞n=1 ⊂ [s,∞),� n→∞�,k tn →∞,KS� {U(s, tn)xn}∞n=1kÂñf�.

y² é?¿�½� ε0 > 0, é�½� s, � T > s, ¦� T − s v
�, (Ü(45) ªÚ�

�Âñ½n, �� Eω(T ) 6 ε0 + ΨT,s(u1, u2). Ïd, �â½n 3, �I�yé?¿�½� s, k

ΨT,s(u1, u2) ∈ C(B).

� (un, unt)�¯K (1)'uÐ� (u0, u1) ∈ V �).�e5,·�y²

lim
n→∞

lim
m→∞

ΨT,s(un, um) = 0.

�â½n 4,Ø���5,·�b�

un → u3 L∞(τ, T ;H1
0 (Ω))¥f ∗Âñ, (46)

unt → ut3 L∞(τ, T ;L2(Ω))¥f ∗Âñ, (47)

un → u3 Lp+1(τ, T ;Lp+1(Ω))¥rÂñ, (48)

un → u3 L2(τ, T ;L2(Ω))¥rÂñ. (49)

ùp·�^�
;i\ H1
0 (Ω) ↪→ L2(Ω), H1

0 (Ω) ↪→ Lp+1(Ω).

e¡�O (44)ª¥�z��.d½n 69 (46)-(49)ª,k

lim
n→∞

lim
m→∞

∫ T

τ

∫ T

s

∫
Ω

(f(um)− f(un))(unt − umt)dxdtds = 0, (50)

lim
n→∞

lim
m→∞

∫ T

τ

∫
Ω

(f(um)− f(un))(um − un)dxdt = 0, (51)

lim
n→∞

lim
m→∞

∫ T

t

∫
Ω

β(τ)(unt − umt)(um − un)dxdτ = 0, (52)

lim
n→∞

lim
m→∞

∫ T

t

∫ T

s

γ(τ)〈f(un)− f(um), ∂tω(σ)〉e−2(τ−σ)dσdτ = 0 (53)

lim
n→∞

lim
m→∞

∫ t

s

〈f(u1)− f(u2), ∂tω(τ)〉e−2(t−τ)dτ = 0 (54)

¯¢þ,k ∫ T

τ

∫
Ω

(f(um)− f(un))(um − un)dxdt

6 C

∫ T

τ

∫
Ω

(1 + |um|p−1 + |un|p−1)|um − un|2dxdt, (55)
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�'

duS� {(un, unt)}∞n=1k.,(Ü (49)ª,��

lim
n→∞

lim
m→∞

∫ T

τ

∫
Ω

(f(um)− f(un))(um − un)dxdt = 0.

Ón��

limn→∞ limm→∞
∫ T
τ

∫
Ω

(f(um)− f(un))(unt − umt)dxdt = 0.

Ïd,·��y
 ΨT,s(·, ·)´Â ¼ê.

4.3. .£áÚf��35

½n 8 b�^� (2)-(6)¤á,Kd¯K (1))¤�L§ U(t, τ) : Xτ → Xt Pk.£áÚf

A(·).

y² d½n 6,½n 7,½n 1�,�3.£áÚf A(·) .
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