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Abstract

This paper investigates an optimal investment problem of defined contribution (DC)

pension with VaR (Value-at-Risk) constraint. The fund managers invest his wealth in

a financial market consisting of a risk-free asset, a stock and an index bond, with the

objective of maximizing the expected utility of terminal wealth under VaR constraint.

In this model, we take account into stochastic inflation and salary process. The drift

terms of the risky assets are described by random variables, and the market price of

risk has a known probability distribution. We first introduce an auxiliary process to

transform the original problem into a self-financing optimization problem. Then using

the Lagrange dual method and martingale method, we derive the optimal investment

strategy under CRRA utility.
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1. Úó

�XP#zFÃ\�Ú�¬�p�uÐ, Pc<�\J¦p�þ�)¹, �PÄ7´y1�¬

�æNX��|¤Ü©, 'X�<�ò>��Ä�)¹Y², ÏdïÄ�PÄ7�+näk�

�¿Â. du3 DC.�PÄ7Oy¥´dÄ7¤
5«úºx, Ïd DC.�PÄ73�P7+

�S�É�H, éuò>�� DC.�P7¤
ÙÄ7âr�ÂÃ�ûu3ò>cÄ7Ý]|Ü

�Ly, �È\�ã�]���ûüé DC.�P7�+n�'�. 8c®²k�þ©z3ØÓ

�7K½|ºxeïÄ
 DC.�P7�Ý]¯K, 'X�¦ÅÄºx, |Çºx, ÏÀ)äºx

�. ~X, Gao [1]�Ä
��¦d�Ñl CEV�.� DC.�P7�Ý]|Ü`z¯K. GuanÚ

Liang [2]¥��¦d�Ñl Heston�ÅÅÄÇ�., 3�Å|ÇÚ�ÅÅÄÇeïÄ
 DC.�P

7��`Ý]¯K. ,	, Boulier� [3]ïÄ
 Vasicek�Å|Ç�.e DC.�P7��`Ý]ü

Ñ. HanÚ Hung [4]�Ä|ÇÑl CIR�., ïÄ
äkÏÀ)äºx DC.�P7�Ý]|ÜÀ
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J¯K.

du DC.�P7�Ý]Ï���, Ï~�9 20 40c��m, Ïd�Ä½|¥�ÏÀ)äº

x´�'��. 3 BattocchioÚMenoncin [5] ¥, Äg3 DC.�P7�.¥Ú\
ÏÀ)äº

x, �Ä
ÏÀ)äºxé DC.�PÄ7+n�K�. Zhang� [6]3�.¥Ú\
ÏÀ)ä!

�Å , ±d5éÀÏÀ)äºx, A^��{í�Ñ
 DC.�PÄ7��`Ý]|Ü. HanÚ

Hung [4] Ó��Ä
|ÇºxÚ�ÅÏÀ)äºx, A^�ÅÄ�5y�{3 CRRA�^OKe

ïÄ
 DC.�P7�]���¯K. 3Ý]�.¥, VaR�å3�½��&Y²e, éýÏ���

\�å, £ã
3�½VÇ^�e���ýÏ��. BasakÚShapiro [7]�Ä VaRºx+n, A^�

�{í�Ñ
�`Ý]üÑ. GuanÚ Liang [8] 3 VaR�åe¦)
 DC�P7��`Ý]¯K.

aq/, DongÚ Zheng [9] ïÄ
�k VaR�å��`��¯K. Dong�< [10] 3 VaRÚ ES�

åeA^��{¦)
 DC�P7��`Ý]¯K. BäuerleÚChen [11]�Ä
3Ü©&EÚ°�

VaR�åeA^��{¦)Ý]|Ü�`z¯K. �õ'u VaR�å�ïÄë�©z Lv� [12],

Liu� [13]±9 Guan� [14].

�©ïÄ
�k VaR�å� DC.�P7��`Ý]|ÜÀJ¯K. Ä7+nö�±òãL

Ý]udÃºx]�, �êÅ Ú�¦¤|¤�7K½|¥. �©òÏÀ)äºxÚ�Åó]L§

B\�., Ú\�êÅ 5éÀÏÀ)äºx, 8I�í�Ñ�k VaR�å� DC�P7`z¯K

��`Ý]üÑ. 3yk©z¥, ºx]��¤£�Ï~�b½�~ê, 3�©�.¥ºx]�d

�L§�¤£�d�ÅCþL«, ¿�b�®�ºx½|d��VÇ©Ù, ·�ÄkÚ\9ÏL§

ò�¯K=z�gK]¯K, ,�A^ LagrangeéónØÚ��{¦)Ñ
 CRRA�^eÄ7â

r��`Ý]|Ü.

©ÙÙ{Ü©SNXe: 1�!£ã
7K½|�Ä��.ÚãLL§, ïá
 DC.�P7

�ªàãLýÏ�^`z�.. 1n!Ú\���9ÏL§, ò�¯K=z�
gK]`z¯K. 1

o!A^ LagrangeéónØÚ��{í�Ñ
�k VaR�å� DC.�P7���`Ý]|Ü.

1Ê!�Ø©�o(.

2. �.ïá

�Ä��VÇ�m (Ω,F ,P). ½ÂW(t) = (WP (t),WS(t))>0≤t≤T ´VÇ�mþ���IOÙ

K$Ä(�©¥“>” L«=�), Ä7ârl"��m©Ý], 3 T ��ª�, ,	3dVÇ�mþ½

Â�pÕá��ÅCþ ΘP Ú ΘS , Ùþ�W(t)�pÕá. dÙK$ÄW(·)Ú ΘS � ΘP )¤�

LÈ� G , {G(t) = σ(W(t)) ∨ σ(ΘS) ∨ σ(ΘP ); 0 ≤ t ≤ T}.

2.1. 7K½|

��!�Ä
aqu Chen� [15]¥�7K½|, b�7K½|dn«��´]�|¤: Ãº

x]�, �êÅ Ú�¦. Ãºx]�3 t���d� S0(t)÷vXe~�©�§:

dS0(t)

S0(t)
= rdt,

Ù¥ r ≥ 0�~ê, L«¶Â|Ç.
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3�©��.¥, ·��ÄÏÀ)äºxé�d�K�. 37K½|¥, d�Y²~�^u�N

ÏÀ)ä½; �§Ý, �©½Âd�Y² P (t)÷vXe�Å�©�§:

dP (t)

P (t)
= σP (ΘPdt+ dWP (t)) , P (0) = p0 > 0,

Ù¥ σP > 0 �~ê, L«d�Y²�ÅÄ, ΘP ��ÅCþ, σPΘP L«ýÏÏÀ)äÇ, ±

9{WP (t)}0≤t≤T �IOÙK$Ä.

�éÀÏÀ)äºx, �©Ú\�êÅ , Ù3 t���d� I(t)ÑlXe�Å�©L§:

dI(t)

I(t)
= δdt+

dP (t)

P (t)

= δdt+ σPΘPdt+ σPdWP (t), I(0) = i0,

Ù¥ δ�~ê, L«¢S|Ç.

�¦3 t���d� S(t)�ÌXe�Å�©�§:

dS(t)

S(t)
= rdt+ σSI(ΘPdt+ dWP (t)) + σS(ΘSdt+ dWS(t)), S(0) = s0,

Ù¥ σSI > 0!σS > 0�?¿~ê, WS(t)�WP (t)��pÕá���IOÙK$Ä, ΘP � ΘS �

�pÕá����ÅCþ, ¿� ΘP � ΘS ÕáuWS(t)�WP (t).

2.2. ãLL§

b�¤k DC.�P7¤
3ò>�còó]��Ü©�\�PÄ7âr¥, �X©z HanÚ

Hung [4], Chen� [15], ·�b��¤Ç´Ä7¤
�ó]��½z©', ,	¤
�ó]É�ÏÀ

)äºx�K�. �©�Ä t���ó]M(t)ÑlXe�Å�©�§:

dM(t)

M(t)
= µMdt+ σMI (ΘPdt+ dWP (t)) + σMS (ΘS + dWS(t)) , M(0) = m0, (2.1)

Ù¥ µM > 0, σMI > 0� σMS > 0þ�~ê. ~ê c ∈ (0, 1)L«�½z©', = t����¤�u

cM(t).

b�Ä7ârÐ©ãL� x0 > 0, π0(t), πS(t)� πI(t)©OL«Ý]uÃºx]�, �¦Ú�

êÅ �ãL7�, P π(t) = (πS(t), πI(t)), {X(t)}t≥0L«3Ý]|Ü� π(t)��PÄ7âr3 t

���ãL7�, Ù÷v±e�Å�©�§:

dX(t) = π0(t)
dS0(t)

S0(t)
+ πS(t)

dS(t)

S(t)
+ πI(t)

dI(t)

I(t)
+ cM(t)dt

= rX(t)dt+ πI(t) (δ − r) dt+ πI(t)σP (ΘPdt+ dWP (t))

+ πS(t) [σSI (ΘPdt+ dWP (t)) + σS (ΘSdt+ dWS(t))] + cM(t)dt.

(2.2)

Ù¥ X(t) = π0(t) + πS(t) + πI(t).
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½ÂL§

dY1(t) , σSI (ΘPdt+ dWP (t)) + σS (ΘSdt+ dWS(t)) ,

dY2(t) , (δ − r) dt+ σPΘPdt+ σPdWP (t).

òÙ��Ý
/ªXe

dY(t) = Θ̄dt+ σdW(t),

Ù¥ Y(t) = (Y1(t), Y2(t))
>

, W(t) = (WP (t),WS(t))
>

, Θ̄ =

(
σSIΘP + σSΘS

δ − r + σPΘP

)
, σ =

(
σSI σS

σP 0

)
,

w, σ´�_�.

Ï� σ´�_�, ½Â Z(t) = σ−1Y(t), Kk

dZ(t) = σ−1dY(t) = Θdt+ dW(t), (2.3)

Ù¥

Θ = σ−1Θ̄ =
(
δ−r
σP

+ ΘP ,−σSI(δ−r)
σSσP

+ ΘS

)>
�ºx½|d�. Θ´���ÅCþ, �©b�®�Θ�VÇ©Ù�

µ(A) = P (Θ ∈ A) , ∀A ∈ B
(
R2
)
.

KãLL§(2.2)���

dX(t) = rX(t)dt+ π(t)σ (Θdt+ dW(t)) + cM(t). (2.4)

e¡Ú\�NNÝ]üÑ½Â.

½Â2.1. Ý]üÑ π {π(t) : t ∈ [0, T ]}´�NNÝ]üÑ, XJé ∀t ∈ [0, T ], π÷vXe^�:

(i) π(t) ∈ G(t);

(ii)
∫ T

0
‖π(t)‖2 dt < +∞, a.s.;

(iii)�§(2.4)�3��).

½Â�NNÝ]üÑ8� A.

Ä7+nö�8I�é�U
¦Ä7âr�ªàãLýÏ�^��z�Ý]üÑ, Ïd�±�

�Ý]`z¯K

max
π∈A

E [U(X(T ))] ,

*Ñ�§�(2.4),

s.t. X(0) = x0,

P (X(T ) ≥ L) ≥ 1− γ.

(2.5)

Ù¥ γ ∈ [0, 1], �^¼ê U : [0,∞) → R ∪ {−∞}�î�4O¿�3½Â�þî�]�ëY¼ê,
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3 (0,∞)þëY��, Ù�¼ê U ′(·)÷v±e^�:

lim
x→∞

U ′(x) = 0, lim
x→0

U ′(x) =∞.

3. ¯K=z

3�©��.¥, Ä7¤
Øä/��PÄ7âr�¤, ÏdãLL§ (2.4)Ø´gK]�. �

A^��{¦)¯K, ë�©z Chen� [15], 3�!¥Ú\��9ÏL§, ��
�¯K��dg

K]¯K.

Ún3.1. {W(t)}t∈[0,T ] � (G,P)-IOÙK$Ä, ½Â

Λ(t) , exp

{
−Θ>W(t)− 1

2
‖Θ‖2 t

}
,

K {Λ(t)}t≥0 � (G,P)- �.

y². éu ∀ 0 ≤ s ≤ t <∞,

E [W(t)|G(s)] = E
[
W(t)−W(s) + W(s)|FWS (s) ∨ FWP (s) ∨ σ(ΘP ) ∨ σ(ΘS)

]
= E

[
W(s)|FWS (s) ∨ FWP (s) ∨ σ(ΘP ) ∨ σ(ΘS)

]
= W(s),

Ïd, {W(t)}t≥0 ´ (G,P)-�. ,	,

E
[
(W(t)−W(s))2|G(s)

]
= E

[
(W(t)−W(s))2

]
= t− s.

�â Lévy½n��, {W(t)}t≥0 �IO� (G,P)-ÙK$Ä. d Itôúª, �±��

dΛ(t) = −Λ(t)Θ>dW(t),

l {Λ(t)}t≥0� (G,P)-�. �

é ∀T ∈ (0,∞), ½Â

Q(A) , E [Λ(T ) · 1A] , A ∈ G(T ),

Q� G(T )þ P��dVÇÿÝ, ¿� dQ
dP

∣∣∣
G(T )

= Λ(T ). �âÚn3.1±9 Z(t)�W(t)�m�'

X(2.3)���XeÚn.

Ún3.2. {Z(t)}t∈[0,T ] ´ (G,Q)-IOÙK$Ä, Z(t)��ÅCþΘ�pÕá, ½Â

K(t) ,
1

Λ(t)
= exp

{
Θ>Z(t)− 1

2
‖Θ‖2 t

}
, (3.1)

{K(t)}t∈[0,T ]´ (G,Q)- �.

y². ®� dZ(t) = Θdt + dW(t), Ïd�â Girsanov½n, {Z(t)}t∈[0,T ] w,´ (G,Q)-IOÙK
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$Ä.

dÙK$Ä�ÕáOþ5��, Z(t) − Z(0) � G(0) �pÕá, Ù¥ Z(t) − Z(0) = Z(t),

G(0) = σ(ΘP ) ∨ σ(ΘS), ¤±éu ∀ t ∈ [0, T ]§Z(t)�Θ�pÕá.

éu ∀ 0 ≤ s ≤ t ≤ T ,

EQ [K(t)|G(s)] = EQ
[

1

Λ(t)
|G(s)

]

=
E
[
E
[

1
Λ(t)

Λ(T )|G(t)
]
|G(s)

]
E [E [Λ(T )|G(t)] |G(s)]

=
1

Λ(s)

� {K(t)}t∈[0,T ] ´ (G,Q)- �. �

- D(t)L«l t��� T ���ýÏo�¤�òy�, ½ÂÙL�ª�

D(t) = cE

[∫ T

t

M(s)
H(s)

H(t)
ds
∣∣∣G(t)

]
, t ∈ [0, T ],

Ù¥

H(t) = exp

{
−rt−Θ>W(t)− 1

2
‖Θ‖2 t

}
. (3.2)

Ú\9ÏL§

J(t) = X(t) +D(t), (3.3)

duD(T ) = 0, w,k J(T ) = X(T ). ¿�½Â2.1¥�^�(iii) ��� J(t) ≥ 0, ∀ t ∈ [0, T ]. �e

5�ÑL§ D(t)Ú J(t)��
5�.

·K3.3. (i)l t��� T ���ýÏo�¤�òy��

D(t) = cM(t)
1

µM − %M − r
[
e(µM−%M−r)(T−t) − 1

]
.

(ii) J(t)�gK]L§, ÷vXe�Å�©�§

dJ(t) = rJ(t)dt+
(
π(t)σ +D(t)σM

)
(dW(t) + Θ(t)dt) . (3.4)

(iv)é�NNüÑ π, ý��å

1

H(t)
E [H(T )J(T )|G(t)] ≤ J(t) (3.5)

¤á, ��=� π��`Ý]üÑ���Ò.

y². (i) d(2.3)�ò(2.1)U��Xe/ª:

dM(t)

M(t)
= (µM − %M )dt+ σMdZ(t),
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Ù¥ % = σMI
δ−r
σP
− σMS

σSI(δ−r)
σSσP

, σM = (σMI , σMS). Ké?¿ s > tk

M(s)

M(t)
= exp

{
(µM − %M )(s− t) + σM [Z(s)− Z(t)]− 1

2
‖σM‖2 (s− t)

}
,	�â(2.3)�(3.2)kd K(t)�½Â(3.1)��

K(s)
M(s)

M(t)

H(s)

H(t)
= exp

{
Θ>Z(s)− 1

2
‖Θ‖2 s

}

· exp

{
(µM − %M )(s− t) + σM [Z(s)− Z(t)]− 1

2
‖σM‖2 (s− t)

}

· exp

{
−r(s− t)−Θ>[Z(s)− Z(t)] +

1

2
‖Θ‖2 (s− t)

}
= exp {(µM − %M − r)(s− t)} ·K(t)

· exp

{
σM [Z(s)− Z(t)]− 1

2
‖σM‖2 (s− t)

}
.

Ïd, é?¿ s > tk

EQ
[
K(s)

H(s)

H(t)

M(s)

M(t)

∣∣∣G(t)

]
= exp {(µM − %M − r)(s− t)} ·K(t).

�â D(t)�½Âk

D(t) = cE

[∫ T

t

M(s)
H(s)

H(t)
ds
∣∣∣G(t)

]

= cM(t)E

[∫ T

t

H(s)

H(t)

M(s)

M(t)
ds
∣∣∣G(t)

]

= cM(t)

∫ T

t

E

[
H(s)

H(t)

M(s)

M(t)

∣∣∣G(t)

]
ds,

Ù¥

E
[
H(s)

H(t)

M(s)

M(t)

∣∣∣G(t)

]
=

1

K(t)
EQ
[
K(s)

H(s)

H(t)

M(s)

M(t)

∣∣∣G(t)

]
= exp {(µM − %M − r)(s− t)} .

Ïd

D(t) = cM(t)

∫ T

t

e(µM−%M−r)(s−t)ds

=
cM(t)

µM − %M − r
[
e(µM−%M−r)(T−t) − 1

]
.
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(iii)©Oé D(t)�©�

dD(t) =
1

µM − %M − r
[
e(µM−%M−r)(T−t) − 1

]
cdM(t)

− cM(t)

µM − %M − r
(µM − %M − r)e(µM−%M−r)(T−t)dt

=
1

µM − %M − r
[
e(µM−%M−r)(T−t) − 1

]
· cM(t)

[
(µM − %M )dt+ σM

· (dW(t) + Θ(t)dt)
]
− cM(t)

µM − %M − r
(µM − %M − r)e(µM−%M−r)(T−t)dt

= D(t) [(µM − %M )dt+ σM (dW(t) + Θ(t)dt)]−D(t)(µM − %M − r)− cM(t)dt

= D(t) [rdt+ σM (dW(t) + Θ(t)dt)]− cM(t)dt.

�e5d±þ(Jí���

dJ(t) = dX(t) + dD(t)

= rJ(t)dt+ (π(t)σ +D(t)σM ) (dW(t) + Θ(t)dt) .

(iv)�â½Â£2.1¤�^� (iii)k, é?¿t ∈ [0, T ], gK]L§ J(t)�K. Ïd,

{H(t)J(t)}t∈[0,T ]� (G,P)- þ�. Ïd(3.5) ¤á. �ª(Ø� KaratzasÚShreve [16]¥?Ø�·�

��{�;.(J. �

�â·K 3.1� (iv)��ý��åØ�ª

E [H(T )J(T )] ≤ j0, ∀π ∈ A,

Ù¥ j0 = x0 + d0, Ù¥ D(0) ≡ d0.

K�¯K(2.5)�duXe`z¯K

max
π∈A

E [U(J(T ))] ,

*Ñ�§�(3.4),

s.t. J(0) = j0,

P (J(T ) ≥ L) ≥ 1− γ.

(3.6)

4. �`üÑ¦)
�e5òA^��{é±þ`z¯K¦), ,��â'X(3.3)=�¦��8I¯K(2.5)��`

).

·K4.1. 3 VaR�åe�`ªàãL�

X∗(T ) = J∗(T ) =


ζ(kH(T )), H(T ) < H

L, H ≤ H(T ) < H̄

ζ(kH(T )), H(T ) ≥ H̄
.

Ù¥ ζ(·) � U ′(·) ��¼ê, H ≡ U ′(L)/k, H̄ d P
(
H(T ) > H̄

)
≡ γ ��, .�KF¦f k d
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E [H(T )J(T )] = j0��, 3 H ≥ H̄ ��¹e, VaR�å´Ã��.

y². 3Ø�Ä VaR�å��¹e, ¯K(3.6)��`ªàãL� ζ(kH(T )), Ù¥ k �ý��å¤

éA�.�KF¦f.

e�Ä VaR�å P (J(T ) ≥ L) ≥ 1− γ, ·��y ζ(kH(T ))´Ä÷vd�å.

� H̄ ≤ H �, ®� P(H(T ) > H̄) ≡ γ, lk P(H(T ) ≤ H̄) = 1 − γ, ? P(H(T ) ≤ H) ≥
1− γ. Ïd

P(ζ(kH(T )) ≥ L) = P
(
H(T ) ≤ U ′(L)

k

)
= P(H(T ) ≤ H) ≥ 1− γ.

��� J∗(T ) = ζ(kH(T )).

� H̄ > H �, ¯K(3.6)�.�KF¼ê�

L (J(T ), k, k2) = E [U(J(T ))]− kE [H(T )J(T )] + kj0

+ k2E
[
1{J(T )≥L} + (γ − 1)

]
.

Äkéu�½�.�KF¦f k, k2, ¦)¯K

max
J(T )≥0

L (J(T ), k, k2) ,

�du¦)¯K

max
J(T )

E
[
U(J(T ))− kH(T )J(T ) + k21{J(T )≥L}

]
(4.1)

¯K(4.1)�ü�ÛÜ4��� ζ(kH(T ))½ L. e¡'� J∗(T ) = ζ(kH(T ))� J∗(T ) = Lü«�

¹e�8I¼ê�, ?¦)�Û4��.

(i)e H(T ) ≤ H �, = kH(T ) ≤ U ′(L), du¼ê ζ(·)üN4~, ¤±k ζ(kH(T )) ≥ L.

�Ä�¼ê
∂

∂x
{U(x)− kH(T )x} = U ′(x)− kH(T ),

Ù�üN4~¼ê, ¿� U ′(ζ(kH(T ))) − kH(T ) = 0,  U ′(L) − kH(T ) ≥ 0. Ïdþã�¼ê3

«m [L, ζ(kH(T ))]þ�u�u". l¼ê {U(x)− kH(T )x}3«m [L, ζ(kH(T ))]þüN4O,

?k

U(ζ(kH(T )))− kH(T )ζ(kH(T )) + k2 ≥ U(L)− kH(T )L+ k2.

� J∗(T ) = ζ(kH(T )).

(ii)e H < H(T ) ≤ H̄, d H(T ) > H k kH(T ) > U ′(L), K ζ(kH(T )) < L. �Ä

U(L)− kH(T )L+ k2

= U(L)− kH(T )L+ U(ζ(kH̄))− kH̄ζ(kH̄) + kH̄L− U(L)

= U(ζ(kH̄))− kH̄ζ(kH̄) + kL(H̄ − Ĥ(T )),
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é x > H,

∂

∂x

{
U(ζ(kx))− kxζ(kx) + kLx

}
= U ′(ζ(kx)) · ζ ′(kx) · k − kζ(kx)− kxζ ′(kx) · k + kL

= kxζ ′(kx) · k − kζ(kx)− kxζ ′(kx) · k + kL

= k[L− ζ(kx)] > 0,

K� x > H �, ¼ê {U(ζ(kx))− kxζ(kx) + kLx}üN4O. léu H̄ ≥ H(T ) > H k

U(ζ(kH̄))− kH̄ζ(kH̄) + kLH̄ − kLH(T )

≥ U(ζ(kH(T )))− kH(T )ζ(kH(T )) + kLH(T )− kLH(T )

= U(ζ(kH(T )))− kH(T )ζ(kH(T )),

= U(L)− kH(T )L+ k2 ≥ U(ζ(kH(T )))− kH(T )ζ(kH(T )).

� J∗(T ) = L.

(iii)e H(T ) > H̄ > H, Äkd H(T ) > H, k ζ(kH(T )) < L. aqu(ii)¥�y², k

U(ζ(kH̄))− kH̄ζ(kH̄) + kLH̄ − kLH(T )

≤ U(ζ(kH(T )))− kH(T )ζ(kH(T )) + kLH(T )− kLH(T )

= U(ζ(kH(T )))− kH(T )ζ(kH(T )),

� J∗(T ) = ζ(kH(T )).

e�Úy² J∗(T )´�¯K(3.6)��`). é?¿÷v�¯K�å�ªàãL J(T ),

E [U(J∗(T ))]− E [U(J(T ))]

= E [U(J∗(T ))]− E [U(J(T ))]− kj0 + k2(1− γ) + kj0 − k2(1− γ)

≥ E [U(J∗(T ))]− kE [H(T )J∗(T )] + k2E
[
1{J∗(T )≥L}

]
− E [U(J(T ))] + kE [H(T )J(T )]− k2E

[
1{J(T )≥L}

]
≥ 0.

Ïd, J∗(T )´¯K(3.6)��`). �

·K4.2. 3 CRRA�^eÄ7âr3 t����`ãLL§�

X∗(t) = k−β
∫
R2

(H(t))−β exp

{
(β − 1)

(
r +

1

2
β ‖θ‖2

)
(T − t)

}
(4.2)

·
[
1− Φ(d1(H̄)) + Φ(d1(H))

]
µ(dθ)

+ L

∫
R2

e−r(T−t)
[
Φ(d2(H̄))− Φ(d2(H))

]
µ(dθ)−Df (t),
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Ù¥ Φ(·)�IO��©Ù�\È©Ù¼ê, ±9

d1(x) =
ln
(

x
H(t)

)
− E[NT

t ]− (1− β)Var[NT
t ]√

Var[NT
t ]

, (4.3)

d2(x) =
ln
(

x
H(t)

)
− E[NT

t ]−Var[NT
t ]√

Var[NT
t ]

. (4.4)

E
[
NT
t

]
= −(r + 1

2
‖θ‖2)(T − t),Var

[
NT
t

]
= ‖θ‖2 (T − t).

3 t����`Ý]üÑ�

π∗(t) =

[(
k−β

∫
R2

P (t,W(t))
[
1− Φ(d1(H̄)) + Φ(d1(H))

]
βθ>µ(dθ) (4.5)

+ k−β
∫
R2

P (t,W(t))√
Var[Nt]

[
−φ(d1(H̄)) + φ(d1(H))

]
θ>µ(dθ)

+ L

∫
R2

e−r(T−t)√
Var[Nt]

[
φ(d2(H̄))− φ(d2(H))

]
θ>µ(dθ)

)

−Df (t)σM

]
σ−1,

Ù¥ φ(·)�IO��©Ù�Ý¼ê, ±9

P (t,W(t)) = exp

{
(β − 1)

(
r +

1

2
β ‖θ‖2

)
(T − t)

}
· exp

{
β(rt+ θ>W(t) +

‖θ‖2

2
t)

}
.

.�KF¦f k÷v

j0 =k−β
∫
R2

exp

{
(β − 1)

(
r +

1

2
β ‖θ‖2

)
T

}
(4.6)

·
[
1− Φ(b1(H̄)) + Φ(b1(H))

]
µ(dθ) + Le−rT

∫
R2

[
Φ(b2(H̄))− Φ(b2(H))

]
µ(dθ),

Ù¥

b1(x) =
lnx− E[NT

0 ]− (1− β)Var[NT
0 ]√

Var[NT
0 ]

, b2(x) =
lnx− E[NT

0 ]−Var[NT
0 ]√

Var[NT
0 ]

.
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y². A^��{, 3�`Ý]üÑ π∗ e, �¦��`L§ J∗(t)�

J∗(t) =
1

H(t)
E
[
H(T )Jf,∗(T )|G(t)

]
(4.7)

=
1

H(t)

{
E
[
H(T )ζ(kH(T ))1{H(T )<H}

∣∣∣G(t)
]

+ E
[
H(T )L1{H≤H(T )<H̄}

∣∣∣G(t)
]

+ E
[
H(T )ζ(kH(T ))1{H(T )≥H̄}

∣∣∣G(t)
]}

.

(i)ÄkO�(4.7)1�Ü©,

1

H(t)
E
[
H(T )ζ(kH(T ))1{H(T )<H}

∣∣∣G(t)
]

= k−β
1

H(t)
E
[
(H(T ))1−β1{H(T )<H}

∣∣∣G(t)
]

= k−β
∫
R2

(H(t))−βE

[(
H(T )

H(t)

)1−β

1{H(T )
H(t)

< H
H(t)}

∣∣∣G(t),Θ = θ

]
µ(dθ),

b�

H(T )

H(t)

∣∣∣
Θ=θ

= exp{NT
t },

Ù¥ NT
t = −r(T − t)− θ> [W(T )−W(t)]− 1

2
‖θ‖2 (T − t). l NT

t Ñl��©Ù, =

ln

(
H(T )

H(t)

) ∣∣∣
Θ=θ

= NT
t ∼ N

(
−(r +

1

2
‖θ‖2)(T − t), ‖θ‖2 (T − t)

)
.

lk

E

[(
H(T )

H(t)

)1−β

1{H(T )
H(t)

< H
H(t)}

∣∣∣G(t),Θ = θ

]
(4.8)

= E
[
exp{(1− β)NT

t }1{NT
t <ln( H

H(t))}
∣∣∣G(t),Θ = θ

]

=

∫ ln( H
H(t))

−∞

e(1−β)x√
2πVar[NT

t ]
exp

{
−(x− E[NT

t ])2

2Var[NT
t ]

}
dx,

-

y =
x− E[NT

t ]− (1− β)Var[NT
t ]√

Var[NT
t ]

,
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�\(4.8)��

E

[(
H(T )

H(t)

)1−β

1{H(T )
H(t)

< H
H(t)}

∣∣∣G(t),Θ = θ

]

=

∫ d1(H)

−∞

1√
2π

exp

{
(1− β)y

√
Var[NT

t ] + (1− β)E[NT
t ] + (1− β)2Var[NT

t ]

}

· exp

−
(
y
√

Var[NT
t ] + (1− β)Var[NT

t ]
)2

2Var[NT
t ]

dy

=

∫ d1(H)

−∞

1√
2π

exp

{
−1

2
y2

}
· exp

{
(1− β)E[NT

t ] +
1

2
(1− β)2Var[NT

t ]

}
dy

= exp

{
(1− β)E[NT

t ] +
1

2
(1− β)2Var[NT

t ]

}
Φ(d1(H))

= exp

{
(β − 1)

(
r +

1

2
β ‖‖2

)
(T − t)

}
Φ(d1(H)),

Ù¥ Φ(·)�IO��©Ù�\È©Ù¼ê, ,	 d1(x)L�ª�(4.3).

Ïd(4.7)�1�Ü©�

1

H(t)
E
[
H(T )ζ(kH(T ))1{H(T )<H}

∣∣∣G(t)
]

(4.9)

= k−β
∫
R2

(H(t))−β exp

{
(β − 1)

(
r +

1

2
β ‖θ‖2

)
(T − t)

}
Φ(d1(H))µ(dθ).

(ii)aqu(i)¥�{, O�(4.7)�1�Ü©�

1

H(t)
E
[
H(T )L1{H≤H(T )<H̄}

∣∣∣G(t)
]

(4.10)

= L · E
[
H(T )

H(t)
1{ H

H(t)
≤H(T )

H(t)
< H̄

H(t)}
∣∣∣G(t)

]
= L

∫
R2

exp

(
E[NT

t ] +
1

2
Var[NT

t ]

)[
Φ(d2(H̄))− Φ(d2(H))

]
µ(dθ)

= L

∫
R2

e−r(T−t)
[
Φ(d2(H̄))− Φ(d2(H))

]
µ(dθ)

Ù¥ d2(x)L�ª�(4.4).

(iii)aqu(i)¥�{, O�(4.7)�1nÜ©�

1

H(t)
E
[
H(T )ζ(kH(T ))1{H(T )≥H̄}

∣∣∣G(t)
]

(4.11)

= k−β
∫
R2

(H(t))−βE

[(
H(T )

H(t)

)1−β

1{H(T )
H(t)

≥ H̄
H(t)}

∣∣∣G(t),Θ = θ

]
µ(dθ)

= k−β
∫
R2

(H(t))−β exp

{
(β − 1)

(
r +

1

2
β ‖θ‖2

)
(T − t)

}[
1− Φ(d1(H̄))

]
µ(dθ).
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ò(4.9), (4.10)±9(4.11)�\(4.7)��

J∗(t) = k−β
∫
R2

(H(t))−β exp

{
(β − 1)

(
r +

1

2
β ‖θ‖2

)
(T − t)

}
(4.12)

·
[
1− Φ(d1(H̄)) + Φ(d1(H))

]
µ(dθ)

+ L

∫
R2

e−r(T−t)
[
Φ(d2(H̄))− Φ(d2(H))

]
µ(dθ),

�â(3.3), �¦�Ä7âr��`ãLL§�(4.2). l, é(4.12) ¥ J∗(t)¦�©� (3.4)'�,

=�¦��`Ý]üÑ�(4.5).

Ù¥.�KF¦f k÷v�ª E
[
H(T )Jf,∗(T )

]
= j0, =

E
[
H(T )(kH(T ))−β1{H(T )<H}

]
+ E

[
LH(T )1{H≤H(T )<H̄}

]
(4.13)

+ E
[
H(T )(kH(T ))−β1{H(T )≥H̄}

]
= j0,

Äk(4.13)¥1�Ü©

E
[
H(T )(kH(T ))−β1{H(T )<H}

]
(4.14)

= k−β
∫
R2

E
[
(H(T ))

1−β
1{H(T )<H}

∣∣∣Θ = θ
]
µ(dθ)

= k−β
∫
R2

E
[
exp

{
(1− β)NT

0

}
1{NT

0 <lnH}
∣∣∣Θ = θ

]
µ(dθ)

= k−β
∫
R2

exp

{
(1− β)E[NT

0 ] +
1

2
(1− β)2Var[NT

0 ]

}
Φ(b1(H))µ(dθ)

= k−β
∫
R2

exp

{
(β − 1)

(
r +

1

2
β ‖‖2

)
T

}
Φ(b1(H))µ(dθ)

Ón(4.13)¥1�Ü©

E
[
LH(T )1{H≤H(T )<H̄}

]
= Le−rT

∫
R2

[
Φ(b2(H̄))− Φ(b2(H))

]
µ(dθ), (4.15)

±9(4.13)¥1nÜ©

E
[
H(T )(kH(T ))−β1{H(T )≥H̄}

]
(4.16)

= k−β
∫
R2

exp

{
(β − 1)

(
r +

1

2
β ‖θ‖2

)
T

}[
1− Φ(b1(H̄))

]
µ(dθ).

Ïd, ò(4.14), (4.15)±9(4.16)�\(4.13)=��.�KF¦f÷v�ª(4.6). �

5. (Ø

�©ïÄ
�k VaR�å� DC�P7�`Ý]¯K. �Ä��P7Ý]Ï���, �©�.

Ú\
ÏÀ)äºx±9�Å��]L§. Ä7+nö�±òârãLÝ]uÃºx]�, �êÅ
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