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Abstract

This paper investigates an optimal investment problem of defined contribution (DC)
pension with VaR (Value-at-Risk) constraint. The fund managers invest his wealth in
a financial market consisting of a risk-free asset, a stock and an index bond, with the
objective of maximizing the expected utility of terminal wealth under VaR constraint.
In this model, we take account into stochastic inflation and salary process. The drift
terms of the risky assets are described by random variables, and the market price of
risk has a known probability distribution. We first introduce an auxiliary process to
transform the original problem into a self-financing optimization problem. Then using
the Lagrange dual method and martingale method, we derive the optimal investment
strategy under CRRA utility.
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1. 5|8

B WAL H a3 IR AN 2 AR R R, EFE N EINE R R R N A, e RIITH S
OREE A AR 1 AL AR 73, R AR BINATIRIRE (ARG KT, D BT 7U 97 28 2k 4 1) 2 B AY 22
IR BT 7R DC IR R S iRl opo ly B < Al 5 R R SH XU, PRIk DC R FR 2 JE AR TR 32 a4
I A SE S, TR T IRAR S K DC LR Bl it FL Ik S AR Bk TR IR AR AT R B A A
IR, B R B B LB RO DC IR &N E B S CE . H Al a7 KE AR
<Rl T 3 KURSE R WEFT 1 DC R IRE G B3 08 In) il B 2 e 508 IRz, 13 XU, 3 B B K XU
. B, Gao [1J5E T HBEEM KA CEV BRI DC BIRZ &M R4l G AL AL Guan Al
Liang [2] (IR 4% M A\ Heston BEALIEN AR FEREHLAI A RBENL B ENF T T DC B FRE
BRI B R L 5356, Boulier 5 [3]WF4L 1 Vasicek BEHLMZAMY T DC B F7E G B R HE R
W%, Han Al Hung [4]7%5 A Z AR CIR #8, A 70 7 RAE AKX DC BIRE B4 &k
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e fi L.

T DC B35 2 & M SRR, @59 % 20 40 4], [R5 18T 37 v 1 0d 57 2K X
K2 2 0 Y. 7E Battocchio Al Menoncin [5] #, B IX{E DC M FEE LM A 5] N 7 I8 T IK X
ke, Tl BRI KRS X DC AL 7R 548 B0, Zhang 55 [6]7E B b 5] N 1 38 1% I IK £
B3 Z7, AU SR i B B I XU, S #0724 3 1 DC MR 2 R & iy R L% % 4 & . Han Al
Hung [4] [R5 5& 70 2 XU A0 RE AL I8 B B2 XUz, N BENL ) 2RI 7 VE4E CRRA ZUHAEN T
W5t 7 DC R FRE SR B =Rl E 0 . AR T, VaR A RELS E MBS AKCE T, X T 2 it
INZIHR, fiR 7 AE— @ B2 25 1 N I B R U0 2% BasakflIShapiro [7)75 1 VaR RS EE, B H #t
JNEAEF T AR E S, Guan M Liang [8] 7£ VaR YW TR | DC 772 5 W S 015 55 7] .
FAlits, Dong M Zheng [9] #HFT 1 i VaR ZIR A HALHC & 7 7. Dong 5% A [10] #£ VaR Al ES £
W N HEOTER M T DC 772 4 M R4 5 @, BauerleM Chen [11]17% 18 1 7E #4015 B & H
VaR 23N B #O7vER R A AR A R . 55 2 56T VaR ZIW W78 2 WLOCHR Ly 56 [12),
Liu 4§ [13]LAJ Guan %% [14].

AT T VaR 43R DC I 1000 £ VE L A5 Mt 1 L. 961 3 T B
BT BB 7, J MO R S LA 1 . A SOH 38 SR KUK R B T i R
SNBI, BRSO RA B SR, F AR S 4 VaR 203000 DO Fe & & R1L 1
(R VR S AEBUAT SRS, TRV 7 0V SO 7 B 0 4, T A SO o R e
eSS B R SR e B LA 2%, 3 FLIEESE R PR 175 04 1 B 5, A2 651 A B I
34 R {1, 9 2 0, 85 1) Lagrange (B8 W ABOTHERARHY T CRRA 2T T 24K
PR B AL,

SCHEIAMS AR AR T G A A BRI B R, 2T DC RS
AR BTN AR, 55 =531 A0 MRBYITRE, 445 AR A T F R DAL AL 5
Y45 2] Lagrange XHEHEIS RIS 11 T H# VaR LA DO I & 101 BBV 4L A,
5 AR 2,

2. {RAEN

EREEMETE (Q,F,P). X W(t) = (Wp(t), Ws(t))g<per 23201 — dEbriEAT
BB (A T FRon¥E), SR NENZIF GRS, £ T 2121k, SAMEE R 20 E g
NXAHHEMASZHIBELE B Op M Og, HI5 W () tHEM.. HARAIZEE) W() Fl 05 5 0p AR
NG 2 {G(t) =(W(t) Va(Os)Va(Op)0<t<T}

2.1. &g

AN EE T RENT Chen 55 [15] P IRl 37, BOXERTT 7 =Fm] 52 5 B8 41 TER
BB, FRAUGUR M SR, oS B A8 ¢ I ZI IR So(t) T 2 4 T % ik T e

dSo(t)
So(t)

= rdt,

Hodr > 0 NFHL, R SRR,
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FEAR SRR ) JRATT75 RE I B A XS0 IR B £E Rz o, i /K73 i T ek
G MK BUR A IR L, AN SCE U R KT P(t) T a2 W0 R BRI 23 e

dpP
Hitop > 0 HEBL FRMEAT R, 0p HHNER, 0p0p Fom HUNIE R IIKE, bl
&{Wp(t)}ogth y‘j*ﬂ—“{/ﬁ%ﬁgﬂﬁiﬂ

DR IE B AR KRS, A SC S NFEEUGTT, HAE ¢ I ZIRIORS 1(¢) AR AN BEA LR > 1 A

dI(t) dP(t)
T =+ Ty

= 6dt + O'P@pdt + O'Pde(t), I(O) = io,
Forbr o wH, FRoR LR,
JBEEETE ¢ I ZU A4 S (¢) TR BEALIR 2 7 R

ds(t)

W =rdt + O‘S[(@pdt + de(t)) + Us(esdt + dWS(t)), S(O) = Sp,

Hof ogr > 0v 05 > 0 FHAEEHEL Wet) 55 Wp(t) MM B —SEAHEA BHES), 0p 5 04 5
HTHOLR AN R, 3 H 0, 55 05 AT Ws(t) 55 Wp(t).

2.2. MEIIE

BT DC IR Sl AR R R Z DK TR — S AF ATRZ LM, IR 40 SCHk Han Al
Hung [4], Chen &% [15], FAMEBEH B 3 ik e il 03 1) B8 AR [ 171 73 b, 5 b sl 0 1) T 9 52 313 B
JRK XU (52 . A SO RE ¢ I Z0 A B8 M(¢) AR BEATL A 70 T 2

dM (t)
M(?)

= [J,Mdt +omr (@pdt + dWP(t)) + OMS (@S + dWS(t)) y M(O) = My, (21)

HA iy >0, 001 > 05 oprs > 0 BPNHEEL HE c e (0,1) RorlllE Gt BY ¢ B 28525 T
cM(t).

BRI G BN 20 > 0, mo(t), ms(t) 5 mr(t) MR ARER TR B, BEEATR
MR B S8, 12 7(0) = (ms (), (1)), {X(0)} g BAFTEREALE Ny m(t) I LIS 1 ¢
B ZI R & 8, L3 A DA AL 20 7

dSSOOét)) n Ws(t)d;(%) + 7T,(t)dll(gf)) + cM(t)dt

= TX(t)dt + W](t) ((5 — 7") dt + 7'('[(15)0’1) (@pdt + de(t))
+ 7s(t) [os1 (Opdt + AWp(t)) + 05 (Osdt + dWs(t))] + cM (t)dt.

dX () = mo(t)

(2.2)

e X (t) = mo(t) + ms(t) + 71 (1)
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& U
dYi(t) £ o5 (Opdt + dWp(t)) + o5 (Ogdt + dWs(t)),
dYz(t) £ (8 — r)dt + opOpdt + opdWpe(t).
K HE AT

dY (t) = Odt + cdW (1),

- C) ©

HAY(t) = (Yi(t), Ya(t )) W(t) = (Wp(t), Ws(t )) 6= (251 TP—:-UUSG s)7 o (USI (75)7
- rOp

B o R,

BN o AT, & X Z(t) = oY (¢), WA
dZ(t) = o7'dY (t) = ©dt + dW (), (2.3)

He

@:a*@:(i}H) —gsrloor) +®)T

ogsop

NIRRT . © 2 Z4ERLAR &, AR C 1 © KRR A N
w(A)=P(© € A), VA € B(R?).
M & i (2.2) /T 5 N

dX(t) =rX(t)dt + w(t)o (Odt + AW (t)) + cM (t). (2.4)

TGN R AE VRSB SR E X
EM2.1. BFFRE w{m(t): t€[0,T)} ATEHFRTE%, dm X3t Vt € [0,T], m ith ZheF F4+:

(i) 7 (t) € G(1);
(11)]0 |7 (®)||* dt < +o00, a.s.;

(iii) 742 (2.4 ) B AR — %,
& SO A VR SN AL
B4 B 1) H AR R B BE % A5 I 4 0 1 2 o T O 2R e R A )4 B SR, BRItk e BAAR

BB )
max E[U(X(T))],
T HOTFER(2.4),
(2.5)
s.t. X(0) = xo,

P(X(T)>L)> 1.
Hrry e [0,1], HBRE U : [0,00) — R U {—oo} /38 3 HAE & I A% 1] 1) 3% 252 bR 4L,
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£ (0,00) LSRR, KRB U (-) W2 LU 24T

lim U'(z) =0, limU'(z) = oo.

T —00 z—0

3. [O)@nEE1L

FEASL AR g il A A BB i [ IR 2E 2 K P 403k, DRI E I s A (2.4) AR HRBEI. N
IS FH 805 2R A 1), 2526 SCHR Chen 5% [15], FEARNT RGN — Ml B AR, 7320 175U B S840 B
i % )

SI33.1. (W)}, 7 (G P)AREAR BB, & L
A(t) £ exp {—eTW(t) — % |(9||2t} ,

W {A(t)} 50 # (G, P)- ¥k,
JERA. A F V0 <s<t< oo,
E[W(t)|G(s)] = E[W(t) — W(s) + W(s)|F"(s) v FV"(s) V o(Op) V 0(Os)]
=E [W(s)|F"3(s) VF""(s) Va(Op)Vo(Og)]
= W(s),
Bit, {W(t)}, & (G, P)-¥k. 33k,
E[(W(t) - W(s))?|G(s)] =E[(W(t) - W(s))*] =t —s.
AE Lévy RIZT 4, {W(1)},o, AHRES (G, P)-FRIEF). | [t6 AN X, T AT 2]

dA(t) = —A()®TdW (1),

A {A(1)} s 7 (G, P)-#k. O
VT € (0,00), X
Q(A) 2 E[AT) - 14], A€ G(T),
QN G(T) b PN, I H 92 o = A(T). IG5 EE3ALLK Z(t) 5 W(t) Z 8]
F(2.3) A3 340 5] 2.
513E3.2. {Z(t)},com & (G Q)-A7EM HEF, Z(t) HEMMEE © MEMT, Z X
1

K(t) 2 A = O {@Tz@) - % ||(-)||2t} , (3.1)

(Ko & (6.Q)- %.
WERA. &%= dZ(t) = Odt + AW (t), HLARYE Girsanov ®3Z, {Z(t)},co ) 2AE (G, Q)-477E A B
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BF).

WA B IR BN T 4o, Z(t) — Z(0) 5 GO) MER =, £+ Z(t) — Z(0) = Z(t),
G(0) =0(Op) Vo (Og), FIAN TVt [0,T], Z(t) 5 @ MErR=.

HFV0<s<t<T,

B K (0/6(9)] = B° | 115160)
E[E [ AMIG0)] 16()]
E[EAD)IGH)]1G(s)]
1
A(s)

#H {K(t)}tE[O,T] "3 (G’ Q)' Pe. O
2 D(t) Fon I t INZIE) T I 205 HUYLE S0k i BUE, & HLRIE N

D(t) = cE [/tT M(s)g((‘g ds‘g(t)] L telo,T),

Hr ,
H(t) = exp {—m ~ O TW(t) - 3 ||®||2t} : (3.2)

IR
J(t) = X(t) + D(t), (3.3)

HT D(T) =0, B8F J(T) = X(T). HHEX21FRIF&M(E) /TS5 H J(t) >0, V€ [0,T]. #%TF
SRy HILFE D(t) M J(t) BI— LR,
WRN3.3. (i) At BF %I 2] T o %) 69 FH0 8 20 3F a9 A7 AR A

1
D(t) = eM(t)————— [elrmr—en=n)T=0) _q]
( ) ( )MM —O0mMm —T [ ]

(i) J(t) % B B AL, % 4o T HEAVALS 7742
dJ(t) = rJ(t)dt + (w(t)a n D(t)aM) (AW (L) + ©(t)dt) . (3.4)

(iv) 2 7T ZiF Rk 7, HEA R

1
mE [H(T)J(T)|G(t)] < J(t) (3.5)
MR, B EMY 1w hREAAT R RIS T,
MERR. (1) & (2.8)7T ¥ (2.1)% B A4 T X

AM(t)
M(t)
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— osr(d—
‘E“:P 0 = O-MI% —Ujvjs%, o)\ = (O'M[,O'jus). 9]’]5"1’1':":% s > tﬁ

]\]\ﬁg = exp {(MM —om)(s —t) +oumlZ(s) = Z(1)] - % ol (s - t)}

B IARIE (2.5)5 (3.2)H d K(t) 892 3L (3.1)TH

M(s) H(s) T 1 2
O3 el = ew{eTze - el s

cexp { uar = 0an)(s — 1) + owl2(5) - 2(0] - 3 ol - 0}
- exp {—r(s —1) - OT[Z(s) — Z(t)] + % 10]% (s — t)}

=exp {(um — om —7)(s — 1)} - K (1)

- exp {a’M[Z(s) _ 7z - % lorll? (s — t)} .

R, SE&E s>t A

B | K(6) ot 73000 = ex s = e = (s = 0} K0,

3B D(t) 8% K i
D(t) = cE [ /t M(S)Z((g ds‘g(t)]

— cM()E [ /t ' ZE;) % ((‘g ds]g(t)]

T TH(s) M(s)
=em) [ B {Hu) M) ‘g(“} as.
s
H(s) M(s) 1 0 SH(S)M(S)
[H(t) M) g(“] OR [K( VEH@) M) g(t)]
= eXP{(MM — Om — 7’)(5 - t)} .
A 3t

T
D(t) = eM(2) / e =150 g
t

_ MO rmen=nir-n _ 1],
By —Om —T
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(iii) £ A2+ D(t) #5913

1

dD(t) = ——— [e(“M*QM’T)(T’t) — 1] cdM(t)
Uy — OM — T
cM(t) (it — ong — r)elma = —m(T=) gy
Mli/f —O0M—T
= 4;1 o [e(uM—gM—r)(T—t) — 1] -eM(t) [(MM —on)dt + oy
— _

cM(t)
MUy —OM — T
= D(t) [(uar — oar)dt + o ar (AW (t) + ©(t)dt)] — D(t)(uar — oar — ) — cM(t)dt
= D(t) [rdt + op (AW () + O(t)dt)] — cM (t)dt.

(AW (E) + @(t)dt)} -

(MM — on — rr)e(IHVI—QM—T)(T—t)dt

BT RE A LS R4 F155

dJ(t) = dX () + dD(t)
=rJ(t)dt + (w(t)o + D(t)or) (AW () + O(t)dt) .

(iv) B2 L (2.1) 89 &4 (i) A, MEEL € 0,7, Aaxfdf Jt) R, B,
{H(t)J ()} e P (G P)- L. B (8.5) Rz, RAL®RN KaratzasheShreve [16]F € 693 &
$eor ey A LR, O

MR A 3.1 11 (iv) 13RI T LR A SE R
E[H(T)J(T)] < jo, ¥ € A,

HH jo = 20 + do, HH D(0) = do.
DI JE [ 5 (2.5 ) ST 4n s fe Ak 1a) @t

max E[U(J(T))],

PEOTFER(3.4), (3.6)
s.t. J(O) == jo,
PJ(T)=L)>1-17.

4. s LERBE K%

F2 R SR B FH 7 vt LB I R A, AR 5 AR 26 2R (3.3) RIVAT SR A5 IR B A i) #5(2.5) i et
A
4.1, £ VaR 29 Nt &t & A

=

C(kH(T)), H(T)< H
X*(T)=JT) = L, H<H(T)<H.
C(kH(T)), H(T)>H

Horb ¢() B U(C) BRES, H = U/(L)/k, H i P(H(T) > H) = ~ 5], ks 0T k
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E[H(T)J(T)] = jo f3%, /£ H > H BIIEHL T, VaR LR TR
MERR. ETF & VaR Y REILT, B (5.6)0RKL#ME A ((kH(T)), ¥ k AMH LR AT
xR 694544 B B RT

EHEE VaR AR P(J(T) > L) > 11—, BMBIE ((KH(T)) EHZILAR

LH<HW, C#PHT) >H) =y, AtAPHT)<H) =1-—~, #m P(H(T) < H) >
1—7v. Bt

okt (1) > 1) =P (1) < T1 ) — plar(r) <

#1325 JX(T) = ((kH(T)).
Y 0> H B, I (3.6)0 3548 8 B F 3k

£(I(T), ko) = E[UIT)] - B [HT)I(T)] + ko
+ ko E [1{J(T)2L} + (v — 1)] .

BN TEREAN B RT Lk, KBFIA

max L (J(T),k,ks),

J(T)>0

FNT KRR A

max E[U(J(T)) = kH(T)J(T) + kal{scr)>1)) (4.1)

B R (4.1)8 BAS B 2R KRAEA ((kH(T)) & L. Taes J«(T) = ((kH(T)) & J*(T) = L B4+t
M8 BARR A, it d K E 4 B KA.
(i)% H(T) < H &, Bp kH(T) < U'(L), &1 F &5 ¢(-) #R@ER, Pk ((kH(T)) > L
Sk 5
g {U(z) — kH(T)z} =U'(x) — kH(T),
H R SRS, TR U (C(KH(T))) —kH(T) =0, m U'(L) — kH(T) > 0. Bt L& FHHAE
X [L,C(kH(T))] EXFH TR Admd$ {U(z) — kH(T)z} £ X [L,((kH(T))] L$A#3,
# A
U(C(kH(T))) — kH(T)C(kH(T)) + ky > U(L) — kH(T)L + ky.
# J(T) = C(kH(T)).
(ii)% H< H(T)< H, & H(T) > H A kH(T) > U'(L), W ((kH(T)) < L. %J&
U(L) — kH(T)L + k;

U(L)—kH(T)L+U(((kH)) — kH((kH) + kHL — U(L)
= U(C(kH)) — kHC(EKH) + kL(H — H(T)),

DOI: 10.12677/aam.2025.143131 459 I FH#e e t J


https://doi.org/10.12677/aam.2025.143131

R

st > H,

Q{ U(¢(kx)) — kaC(ka) + ka}

— U'(C(kx)) - (' (k) - k — k¢ (k) — ke (kx) - k + kL
= kax('(kx) - k — k¢(kz) — k' (kx) - k + kL

— k[L — ¢(kx)] > 0

WY x> Hu, &3 {UC(kx)) — kx¢(kz) + kLz} $R&E3. KdxtT H> H(T) > H A

U(C(kH)) — kH((KH) +kLH — kLH(T)
> U(C(kH(T))) — kH(T)((KH(T)) + kLH(T) — kLH(T)
=U(C(kH(T))) — KH(T)C(KH(T)),
PP U(L) — kH(T)L + ko > U(C(KH(T))) — kH(T)¢(KH(T)).
¥ JH(T)=L.
(i5i)% H(T) > H > H, &B2¥ H(T) > H, A ((kH(T)) < L. £8F (ii)F 69529, &
U(C(kH)) — kH((kH) +kLH — kLH(T)

< U(C(KH(T))) — kH(T)¢C(kH(T)) + kLH(T) — kLH(T)
= U(C(KH(T))) — kH(T)¢(KH(T)),

¥ JH(T) = C(kH(T)).
T—FiEW J*(T) ARV (3.6)69 RN, 3HEZ i LR P L R ey %sams J(T),

(M) =EU(T))] = kjo + ka(1 =) + kjo — k2(1 =)
> E[U(J(T)] = kE [H(T)J*(T)] + k2 [1( (1) 1y]
—E[U(J(T))] + kE[H(T)J(T)] = k2E [15(r)>1]

> 0.

Bk, J*(T) &P (3.6)4 RAL . O
WER4.2. /£ CRRA AT A AP £ ¢ /20 RALME T4 H

0=+ [ oyt {@-n (r+ glel) @ -} (12)
1 @ (1) + 9 (1)) (0)
L [T [Bay() ~ B(da(1D)] 1(06) — DI (1),
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HF O() WAREESH; AR R, UK

In (ﬁ) —E[NT] — (1 - B)Var|N]]

dy(z) = T , (4.3)
In (5% ) — EINT] - Var[N]]
E [NF] = —(r+ 5 6]°)(T —t), Var [N]] = ||0]* (T — t).
Ft B 6 AR %A
i (t) = [(W /R PO W(@) [1 = @(di(H)) + 2(di(H))] 536" 11(d6) (4.5)
s [ PW(@) _ -
R Ay |G + ()] 67 (d6)
e—r(T t) T
L [ Ry 4(() = 0l ()] 6 u(d9)>
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