Advances in Applied Mathematics MFA#Fi#HR, 2025, 14(4), 218-235
Published Online April 2025 in Hans. https://www.hanspub.org/journal/aam
https://doi.org/10.12677 /aam.2025.144155 Hans}

FAMRIBIER T HEMRERESS LR
BRI S

", &, FALE

BT R A B 22 e, R

Wk 3. 2025 4 3 3 8 Hy FMAHBA: 2025 £ 3 A 31 H; KATHE: 2025 4 H 10 H

m R

AXMRTHBEESLNEREARFBRIEAT, EZRENREERTET Stackelberg FEHL
WA EEN RN BRE-RER#. ®REATBEWLEE G BREREBRNE, BREHALEER
BENZ A BRENRSE. RIEARMBEREQARMETZIEFTS Stackelberg FEHL M 1ETE,
EHFEENTEILFREARMBAEREATNBEREH, FIAZSHXIEE, B3 KEFHE~P
Hamilton-Jacobi-Bellman (HIB) F#2EH &K A RMBARIE A RN IFEREERN B RFIX
RN. w=E, FARIESHTE MCMC FAMITHERGHTEESH,

K 5EiA

FHERIPIESR, HMBRE-1LE, Stackelberg BEHIMMETE, HHFEEN, HHE

Optimal Reinsurance Contracts with
Ambiguity Aversion and Continuous
Dividends under the Principal-Agent
Framework

Didi Wang*, Zixin Yang, Yifei Li

School of Science, Hebei University of Technology, Tianjin

*EIES .

RG] R, Mieag, EIRGE. RIUAEAESE T A RO B ANE S AL M iR PRI 2 [J]. B A,
2025, 14(4): 218-235. DOI: 10.12677 /aam.2025.144155


https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2025.144155
https://www.hanspub.org
https://doi.org/10.12677/aam.2025.144155

Received: Mar. 8", 2025; accepted: Mar. 31%¢, 2025; published: Apr. 10", 2025

Abstract

This paper studies the optimal reinsurance-investment problem of an insurance com-
pany and a reinsurer with continuous dividends under the principal-agent framework,
based on the Stackelberg stochastic differential game. The insurance company trans-
fers risks by purchasing proportional reinsurance and pays the reinsurance premium
according to the expected value premium principle. The game process between the
insurance company and the reinsurer conforms to the Stackelberg stochastic differen-
tial game. Under the mean-variance criterion, the objective functions of the insurance
company and the reinsurer are established. By using the principle of dynamic pro-
gramming and solving the corresponding Hamilton-Jacobi-Bellman (HJB) equation,
the explicit expressions of the Nash equilibrium strategies of the insurance company
and the reinsurer are derived. Finally, data analysis and the Markov Chain Monte

Carlo (MCMC) method are used to estimate the main parameters in the model.
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B (Q, F, {Fi e, P) & — M &MRAN0, Hrb {F e AAELSEHRTMENE P
&R, Ko T > 0 FoR&mifZ), b e B AR AR S 2R S ] L RE R .
JE ARG 23 7] AR — A AR 2 ) 2H 1 ) DR 156 117 37 R ASE 2R o (R ez 2 ) 0 P DR 56 2 ) ) 481 A ik
PR L2 SRR R(t) = a0 + pt — SonD Z;, w0 > 0 AT KIRIIGE A, p TRk g,
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(22 A A o 2D AR ORI 2 =] AT DA S LG 8] PR B B [ St A% A B X, FRATTH g(2) € [0, 1]
KR IRARKE A T AERT 2 ¢ (K B B ELE], TEX PRSI0 T RIS A SIS TER 21 ¢ SO 4 PR 2
"] pa(t) MRS, FRAE PR e R A TR AR 2R T 5 pa(t) = Au(L +n(t) (1 — q(t)) -
n={n(t)>0:0<t<T}FRFEREAFMRE G BEREREZE, R ERIEREL
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dU () = Ma(6 = n(t) + q(t)n(t)dt + oV Aq(t)dB (), (1)
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AV (t) = Aun(t)(1 — q(t))dt + oV (1 — q(t))dB(t), (2)
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dX(t) =[rX(t) + (1 — Ly — r)mit) + A0 — n(t) + q()n(t))]dt

K 5
+ oV Aq(t)dB(t) + &m (t)dB(t) K

AY (1) =[rY () + (i — Lo — )71 (t) + \an(t) (1 — q(t) )t
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+ oVA(L = q(t))dB%(t) + &(t)dB%(¢).

(9)
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ueU (10)

v u,v m u,v
T30,0) = sup {EF, [vi(D)] = 2V, [V (D)}
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J(t@) = sup (B X3 (@)] = SV, [xp ()]}
(11)
u,v m u,v
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sup inf J. t,x
uGB Q1€Q 1 ( )

. 1 w,v m 1 u,v 1,T
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Hrp Xue ) 2 (6), WFAEE ve V.
5E AR

WUt ) = inf JU(E, ).
Tt x) Qllegjl (t,z)

EX 2.2, FRE 2 7] R E-T7 Z 000 RS BN REY LK 7] L

sup inf J22v v t,
ueg@zeQ 2 ( y)

:= sup inf {E(t@z [Y;*’U(T)] — %Var?iz [Y;*’U(T)] + E% [PQ(IP’HQQ)] },

vey Q2eQ
Hep yw o) i (9), u 2R (13) KIsmiE.

E XA
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AR SORG R R BOE SR

T
Py (P|Qu) = / Wy (5, 6n (5), X (5))ds,
R 5 SCARK /A 7 R e
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weld Q1EQ 2

+E9@[ZTWJ&¢AQHTw@Dd%}
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ueU

=
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vey Qa6 t

Hrp
¢§1(5) ¢32(5)

211 (5, Y"0(5)) - 2002 (5, Y0 (s))
TR § e {1,2}, AT oy £ —MEE HAIRESTLRIERE, H o (t, y) = Boy,

Hrfr By; & AAR RTH BB PG SEL H By > 0. 24 By — 0 I, FRORE 2 7%
OB E TR L.

3. BB IRRKE-1% 53R

3.1. RIE 2B RN BIRRE- 12 ZZORAG

W, (s, Pa2(s), Y“’”(s)) =

N T RIMAT S, LN BOE NS T SRR, XTI (tx) € [0,T] x R, FATE X
TR Wit ) € CH2([0,T] x R) LT INERMFT Ly WF:

oW, (t, N
LYWy (¢ x) = 719(75 ?) + [m’ + (i — Ly — )7 4+ (0 — 1) 4+ Aung+
~ 8W1 (t,l’) 1 ~ 82W1 (t,l‘)
U\/X¢11q+0'¢127(':|8x 5()\0—2q2 + G 2 2)T

EE 3.1 (GIEER, $IMREATMMALEIR) X TR (13), WIRAAEIAMEREL Wy (¢, z) M
gi(t,x) € D22([0,T] x R) % V(t,2) € [0,T] x R WL LA & HIB 724

sup inf {CT’”@“%WKL%)—L?’U’m 2 a1t 37)791( )+

wel P1EX1
2 ¢2 (15)
mag (t, 2) L2 g, (8, ) Z } =0,
j=1 /Blj
Hodr, WIGa%AFA:
Wi(T,z) = =z, (16)
a(T,z) =z, (17)
Ly gy () = 0, (18)

W FATA

m
(u”, ¢1) := argsup inf {E?’”’¢1’¢2W1(t,x) = L (¢ @) g (@)

weld P1EXL 2
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Wit z) = Vi(t,z), EL[Xe (T)] = gi(t, x),
w* SRR T RO TR M- B SR, o7 SRR A R H SRS S TE 55 /N T
EEE R 3.1 F TR (16), 532

sup inf {awl(t’ ?) + [m + (fi = Ly — r)m + Au(0 — n) + Mg + oV Arig + 5¢127r}
weld P1EX ot
oWy (t,z) 1 _ PW,(t, ) dgi(t,z)\’ . 7 ?
éix + 5()\02q2 + 02W2)T —m <l(9x> (A\o?q® +577%) + ﬁllll + 25122 =0.
(19)
NT TR (18) F1 (19), &R EEA LTI EA:
Wi(t,z) = Ai(t)x + Bi(t), A(T)=1, By(T)=0, (20)

g(t,z) = A (t)z + Bi(t), A(T)=1, Bi(T)=0,

Hrp Ay, By, Ay, By &4 E (16) Rl (17) FIZIRF& . BIRIX 8 m8Oe T . Xt
Wi Mgy RIRT ¢ Mz KT, RN (19), 530

sup inf {A'l(t)m + Bi(t) + [rx + (i — Ly — r)m + Au(0 — ) + Aumq + oV Ad11q + ram | Ay (t)

weld P1E€X1
mlfi? 29, ~2 2 (17%1 ?2 }
— — (NP + 5+ L A28~
g (A )+ 285+ 25,

(21)
MFRENEER w, KT ¢ MBREI BRI a m 7 o7 (1) = (65,(t), 672(t)) KB R:

P11 (t) = _Blla\F)\Al(t)Q@)a (22)
P1o(t) = —B120 AL (t)7(1).
PG =B SEES IR ERA, IREZUEM o7 RN # (22) RN (21) FFdEd —Fr i
PRAFAE SR T ORI 2 B 1 S L P ORI 3 B8 3w (¢) := (¢*(¢), 7% (¢)) W0F s
S pn(t) A (t)
¢ (1) = B1102AA%(t) + myo2AA3(t)’ (23a)
e (=L —r)A(t)
T TS AR ) + Bt D) (280)
¥ (23) i) ¢ Ao AR (16) F1(22), BE:
(AL +rAy)z+ By + [(i— Ly — )7 + (0 — 1) + Aumg™| Ay (24)

— B110°AA1(q")? — B126 A (7*)* = 0.
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PR
(AL +rA)z+ By + [(i — Ly — r)m* + (0 — ) + Aung™ | Ay
- AU2(q*>2(m12A% + ﬁ“ﬁ) — &2<7r*)2(m12A% + 5122‘4%) =0. >

IR @ AT o AR E, AT LIS 2 LLT 54

A~/1 + ’I"A~1 = 0,

A/l + ’I"Al = 07

B+ [(fi— Ly — )@ + (0 — 1) + Apng® — Brio®AA1(q7)? — Br262 Ay (m)?] Ay = 0, (26)
By + [(f — Lo — r)m* + Au(0 — ) + Mung*] A — Ao®(q*)? <ml;‘? i+ ﬂ“ﬁ)

—52(*)? (’”1;‘? + ﬁl‘;“?> =0.

W (16) AT, LA

Al(t) — er(Tft)v Al(t) _ er(Tft)v

Bi(t) :/tT Au(e—n)dH/tTBu(s)dH/tT 1o (s)ds,

T T T
Bilt)= | Aulb =n)d bui(s)d biz(s)ds, 27
1(2) /t 1( 77)5+/t 11(5)8+/t 12(8)ds (27)
Hrp
bui(s) = |Aung*(s) — 61102>\(q*(5))26T(T5):| er(T=9),
) (28)
bia(s) = |(ft — Ly — r)m*(s) — ,612&2(W*(3))26T(TS)} er(T=9)
i
bi1(s) = | Aung*(s) — M(ml + By e s)} er(1=5)
s (29)
bia(s) = [(f = L = r)w*(s) = 50 (my + 512)6’"(”)] err =),
[FS, B8 L, 57 R ETLARA, 0T ORES A R R SR AL R 4 404
— 2X0%((ma + Bi2)
L, = /\M - \/2 — /612)\02 ey (30)

3.2. BIRE A RMNE-I B RIE

A EAR R AR AL B, ¥k, XTI (ty) € [0,T) x R, RATE L — A% T
Walt,y) € CP2(0,T] x R) BIF55 NERTE Lo 11
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W, (t, _ -
Ly"P Wyt y) = g(t 9 4 {ry + (= L = )7+ M1 = q) + 0VAd (1 — q)}
Wa(t,y)  L() 5 o 22\ Wa(ty)
ay t3 Xo“(1—q)" +o°7 o7

ZIREIR (3.1) RTERKA HIB 72 (15) T

¢ OW,(t,
SW>mf{awﬂ’m+—Py+@—lw—ﬂﬁ+AM1—¢7+a%Wmﬂ—qU+5%ﬂ] )

veY $2€32 ot
1 201 _ o %\2 4 5222 PWs(t,y) - 9ga(t,y) ’
+2()\a (1-gq") +U7r>< 9y? Mo 9y

P53 |
+2@J+wm}_0 31

N TR (32) 1 (33), FHIEANT LI fE R AL

W (t,y) = Ax(t)y + Ba(t), ga(t, y) = Ax(t)y + Ba(t),
Ay(T) =1, By(T)=0,A5(T) =1, By(T)=0.

K Wy A gy BIXE R S EAUN (35), 53

sup inf {A’zy + Bj + [ry F(fi— Ly — )7 + Al — ¢°) + 0V A1 (1 — ) + Gbant | As

veY P2€X2

)\2
—mQAg U( + +

2 2/821 2522

_s\2 | ~2~2 2 2
1 Q) +o°m P35y o5 } —0. (32)

XFTREANEE R v, KT ¢ BHERE AR AR R 95 (8) == (03, (1), 93, (1)) WITF:
P31 (t) = *521UﬁA2(t)(1 —q*(1)), (33)
(b;z(t) = _5225A2(t)ﬁ'(t)-

¥ (33) /RN (32), JF (23a) 1 ¢* 10N (33), 153:

An® Ay

sup A'2y+B§+[ry+(ﬁ—Lt—r)ﬁ+Aun— — | Az
veV ,6110'214% + m102A1
~ 2
o? <m2A2 n 521A§> (1 _ 2pm Ay 4 pen* AL )
2 2 5110'214% + m1021412 (5110'214% —+ m102/112)2

=0.
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R, KT o BE R BB SAIUERAF IR K R 0¥ (t) := (n*(t), 7 (1)) M-

As(H)o* (B A3(H) + mi Ay (£) + A (0% (B A3 (1) + ma Ay’ (1))

12 A1 (8) (Ba1 AZ(t)+ma Az (1))
2#*’41 (t>A2 (t) + BllaQA%(t)+m102A~12(t)

n(t) =

; (34a)

7 () = poboor . (34b)

52(Ba A3 (t) + ma Ay (1))

B o A2 AANRE:
(Ay +rAs)y + By + {(,& — Ly — )7 4 Aun (1 = ¢°) = Bor0?AAs(1 — ¢%)% — Basd? As(7°)? | Ay = 0,

’ / ~ ~ % * * )\0-2<1 — q*)2 12 2
(A +rAa)y+ By + |(2— Lo — 17"+ dun™ (1= q) | Ao = 2700 ny 3 4 3,02
6_2(7}*)2

2

(ma A2 + B A2) =0

> B AR, BAAR R AN H R 7 R

Ay 474y =0, Ah+rA; =0,

By + [(fi— Ly — r)& + A" (1 — ¢*) —

B} + [(ﬁ—Lt—r)fr*—l—/\,Lm (1—-q* )]
M(mzz‘lz + B A3) — L o - (ma A3 + B A3) =

Ba10?NAs(1 — q*)? — 52252142(7}*)2];12 =0,

ML F 2%, BAHGH:

Ag(t) _ 67"(T—t)7 Ag(t) _ 6r(T—t)7
Bg(t) :/ bgl(S)dS+/ bQQ(S)dS,
t t

Ba(t) = /t ' bor (5)ds + /t ' bao(s)ds,

=

bt (s) = :)\/w*(s)(l —q*(5)) = B2 A1 — ¢*(s))? er(T*S)}e’"(T”),
baa(s) = (7= Lo = 1) (5) = B (7* ()27 T [ rT=9),
bgl(s) = -)\lun*(s)(l _ q*(s)) _ M(WQ + ﬂ21)€T(T_S):| er(T_S),

ng(S) _ (/1 o Lt o ?“)7?*(3) _ G (ﬁ;(s)) (m2 + 522)6T(T75)):| er(Tfs).
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PAL

con 02 (B +my)2e" T 4 02(Byy + ma)(Bar + ma)em T
T = 20(B11 +m1) + p(Bar + mo) ' (37)
BEAL, RIS R R RIS N A e AL 15 5% SR 2 3ol A«
* _ /]‘ B Lt -T
T (t) N (’I’)’Ll + 512)&26T(T*t)7 (38)
LI o
i =L
™ (t) - (m2 4 ﬁQQ)a-QeT(Tft)' (39)
2, PR NN AR BS N FAHE BR 207l B DL R AR - R 45 H
T T T
Vi(t,z) = ze" ™Y —I—/ (0 —n*(s))ds +/ bi1(s)ds +/ bi2(s)ds, (40)
T T
Val(t,y) = ye"(T=1) —I—/ bgl(S)dS+/ baa(s)ds, (41)
Fort byy,big, bar, boo 1ZME (27)H0 (34) Wi By o 32 RTFRORRE 2 B K U B A8 B 7 4L
N
Lo=ji- \/ Bt)rtm & Bee) _, (12)
mo

4. SHESH
4.1. BIERIE

ASCERUE 2020 5 1 A 2 HE 2024 4 8 A 30 HI LIEFR RSN %, it
1132 HEHE.

K 13RS REsR S Fe I, EUERRACACEAT BEIN EAR A AL . AR R MCMC 5k
28, E e B BEAT S T

4.2. BIHERGIT DR

£ CEV #AIH, 1 NIZAR A B MO s R M, o) Rl s R brde 2, g rin
T R H R AR AR 5
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Figure 1. Temporal diagram of the Shanghai Composite Index and logarithmic return temporal diagram
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Figure 2. Logarithmic yield box plot
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PR, % 12 ADF K645 R,
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Table 1. ADF test result
% 1. ADF fihss g

WiH (=l
ADF Statistic -18.04099508991882
p — value 2.657769175161298e-30
CriticalValues
1% -3.4361656672131806
5% -2.864107957764881
10% -2.568137251515397

(Kol S . Pt LIRS, AP PRI . SR 7 FIBEAT AR G  E AH G R 56, ST
FEREA . A M DW R EAE A, it H DW Stit&Ey 1.970, 3K 2, W
DN PR TE NI ER PSS

HI T B T S 3 A SR, (RS ISME 7 AR Dy [l VAR v ) e e s

e =cC+ U

RAEZRLS, EFEB AW E RBOIE N 0.001. £ REMBR T, FTLLCABENL R ZETTN [
i ZER) o (BRSO it B T AR ELG, W LUNE 222 B R 5 Z YRR . R IT i
[BIFPAINS, 2RI S 2P A B AL ARCH 2N, BISJ7 2. A% EM A ARCH LM &
%, URUEFFAEBAAE ARCH RN (7 7%).

4.3. ARCH #®It#R

XTI ()7 5 s 34T ARCH (H BUHSAFRRTT 2) /K, & 285t Bk R,

Table 2. ARCH test statistic
% 2. ARCH ¥4t &

gt 1B
Lagrange RS 11 5 46.8979
p-value (Lagrange Fe%y) 0.0000
F Giit& 4.8465
p-value (F 4iit &) 0.0000

LM Siit&A 46.8979, BoRAFHIFERZE BN HHWA p EHHHER /DN, T T2F
MK R A e, FRBREFRIE, FHE ARCH %M.

HI TP UAEAE ARCH &8, ASCH & ARCH BRI G P51 EAEMEGE RS,
EMRZ 28, FH AR AREN BB 2N A A HERUNEER. N TEHDSSHE L FH
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il A

PRz, ARXEAE A Clive Granger $#2H 1 GARCH(1,1) B8BTS, P AL 2 LT 7 FE:

Ty = C+ Ut

(8)

2 _ 2 2
o; =¢1+C-u;_;+c3:-05_q,

4.4. GARCH Model &8

AT 3, F 4, £ HATLLRIL, HA s EEEL (AIC) 5 E BN (BIC) (1
443/, P DAV B R & 00 R MBS R o N AE, RoNIEAR R, B
AN, FEHE ¢ EATAITE 0.005 BEMACE FEE; WahRER G 250 p [HI4%IET 0, WY

Table 3. GARCH model results
# 3. GARCH BRI A4 R

Dep. Variable: Y
Mean Model: Constant Mean
Vol Model: GARCH
Distribution: Normal
Method: Maximum Likelihood
No. Observations: 1131
Log-Likelihood: 3647.44
AIC: -7286.87
BIC: -7266.75
Df Residuals: 1130
Df Model: 1
Date: Mon, Dec 09 2024
Time: 10:40:39
Table 4. Mean model coefficients
= 4. HEBET R
coef std err t P 95.0% Conf. Int.
7 -8.4000e-05 3.896e-05 -2.156 3.109e-02 [-1.604e-04, -7.635¢-06]
Table 5. Volatility model coefficients
%= 5. BB AR
coef std err t P 95.0% Conf. Int.
w 2.0799¢e-06 2.846e-11 7.309e+04 0.000 [2.080e-06, 2.080e-06]
all] 0.0498 1.926e-02 2.587 9.691e-03 [1.207e-02, 8.758e-02]
A1) 0.9268 1.685e-02 54.850 0.000 [8.924e-01, 9.284e-01]
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4.5. MCMC
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Figure 3. Monte Carlo simulation results
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Table 6. Parameter results with different iterations

* 6. ARIEAUTE NS HER

ERIR B 10000 & 20000 & 30000 )&
L -0.000132824 -0.000119996 -0.000121236
o 0.0102560 0.0101817 0.0102103

MEEHR 6L R S5 MCMC 5% 2 B0 H 1 e iy 7000 1], mT UK B A48 80K T
10000 J&, HEALREOS T 2B E5 2w A K, i Ftill 45 SR #RAE [1500-4500] H X [A] Hh HREL
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Figure 4. Monte Carlo simulations with different iterations
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