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Abstract

The strict neighbor-distinguishing edge coloring of a graph refers to an edge coloring

where for any pair of adjacent vertices, their respective color sets neither contain nor
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are contained within each other. The smallest positive integer that enables a graph

to admit such a coloring is called the strict neighbor-distinguishing edge chromatic

number. In this paper, we employ the discharging method to prove that for IC-planar

graphs without 4-cycles, the strictly adjacent vertex-distinguishing edge chromatic

number equals the sum of twice the maximum degree and 13.
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1. Úó

�©=�Äk�{üã. eã G�i3²¡þ, ¦�?¿ü^>=3à:?��, K¡ G�²

¡ã. �½²¡ã G, ^ V (G)!E(G)!F (G)!δ(G)Ú ∆(G) ({�� ∆)©OL«ã G�º:8!

>8!¡8!��ÝÚ��Ý. � x ∈ V (G) ∪ F (G),^ dG(x)L«ã G¥º: (½¡) x�Ý. XJ

º: v÷v dG(v) = k (dG(v) ≥ k½ dG(v) ≤ k), K¡º: v� k- : (k+-:½ k−-:). aq�±½

Â k-¡, k+-¡½ k−-¡. éu v ∈ V (G), ^ NG(v)L«�º: v���¤kº:�¤�8Ü. w,,∣∣NG(v)
∣∣ = dG(v). � f ∈ F (G)´ G��� k-¡. e v0, v1, · · · , vk−1´¡ f �±.þ�gÑy�º

: (#Nº:k­E)��^����ü�, KP f = [v0v1 · · · vk−1]. ^ nGk (v)L«ã G¥� v��

� k-:��ê, nGi (f)L«²¡ã G¥�¡ f 'é� i-:��ê. aq�±½Â nGk+(v)Ú nGk−(v).

eã G�x3²¡þ¦�z^>�õ����g, �z�º:�õ�����:��, K¡

G� IC-�²¡ã. äkþãx{� IC-�²¡ã¡� IC-²¡ã. � G´ IC-²¡ã. ^ C(G)L

«ã G¥�¤k��:|¤�8Ü. UXe�ª�Eã G�'é²¡ã G× : V (G×) = V (G) ∪
C(G), E(G×) = (E(G)-{e ∈ E(G)|∃f ∈ E(G), ¦ e� f ��})∪E1, Ù¥ E1 = {xz, yz, uz, vz|xy ∈
E(G), uv ∈ E(G) � xy � uv ��u z}. ¡ C(G)¥�:� G× �b:, V (G)¥�:� G× �ý

:. G×¥�b:'é�¡¡�b¡, Ù{�ý¡.

ã G����~ k->/Ú´���N� φ : E(G) → {1, 2, · · · , k}, ¦�?¿ü^��>/Ø
Ó�ôÚ. ã G�>Úê´¦ Gk���~ k->/Ú�����ê k, P� χ′(G). éuã G��

��~ k->/Ú φ, ^ Cφ(v)L«� v �'é�>�ôÚ|¤�8Ü. eéã G?�é��º: u

Ú v, Ñk Cφ(u) 6= Cφ(v), K¡ φ´�:�«O�. ^ χ′a(G)L«¦� Gk�:�«O k->/Ú�

����ê k. ¡Ø¹ K2 �ëÏ©|�ã��~ã. w, Gk�:�«O>/Ú��=� G��

~ã.

2002c, Zhang� [1]ÇkïÄ
ã��:�«O>/Ú¯K¿JÑXeß�.
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ß�1. [1] e G´�ê��� 6�ëÏã, K χ′a(G) ≤ ∆ + 2.

Akbari� [2]y²
z��~ã G÷v χ′a(G) ≤ 3∆. Wang� [3]òù�(JU?� χ′a(G) ≤
2.5∆. �� Vučković [4]?�ÚU?� χ′a(G) ≤ 2χ′a(G) ≤ 2∆ + 2. 2020c, JoretÚ Lochet [5]^V

Ç�{y²
� ∆¿©��, kχ′a(G) ≤ ∆ + 19. � G´���~²¡ã. Huang� [6]y²
e

∆ ≥ 10, K χ′a(G) ≤ ∆ + 2. d	, Huo� [7]y²
e∆ ≥ 13, K χ′a(G) ≤ ∆ + 1, �Ò¤á��=

� Gkü����∆-:.

� φ´ G����~ k->/Ú. e Cφ(u)  Cφ(v)� Cφ(v)  Cφ(u), K¡º: uÚº: v3

φep½. eãG�?�é��º: uÚ v3 φeÑ´p½�, K¡ φ´G�î��:�«O k->

/Ú ({¡� SNDE-/Ú). ^ χ′snd(G)L«¦� Gkî��:�«O k->/Ú�����ê k. ¡

δ(G) ≥ 2�ã��5ã. w, Gkî��:�«O>/Ú��=� G��5ã. ?�Ú/, eã

G�?¿�é��� 2+-: uÚ v 3 φeÑ´p½�, K¡ φ´ÛÜî��: k->/Ú ({¡�

LNDE-/Ú). ^ χ′lnd(G)L«¦� GkÛÜî��:�«O k->/Ú�����ê k.

·K1. e G´�5ã, K χ′snd(G) = χ′lnd(G).

Zhu� [8]ïÄ
ã�î��:�«O>/Ú. Gu� [9]�E
�aã Hn: 3 K2,n ¥¿©�

^>, Ù¥ n ≥ 2�y²
 χ′snd(Hn) = 2n+ 1 = 2∆(Hn) + 1. dd, ¦�JÑXeß�:

ß�2. [8] e G´Ø� H∆Ó���5ëÏã, K χ′snd(G) ≤ 2∆.

Gu� [9]y²
z� ∆ ≤ 3��5ã GÑk χ′snd(G) ≤ 7, � χ′snd(G) = 7��=� GÓ�

u H3. 4&)� [10]y²
: �3��~ê c¦�z�÷v ∆ ≥ 1026Ú�� g(G) ≥ c∆log∆��

5ã G, k χ′snd(G) ≤ ∆ + 301. Przyby lo� [11]y²
z��5ã G, k χ′snd(G) ≤ 3∆ − 1. Jing

� [12]y²
: e G´Ø¹ 4-���5²¡ã, K χ′snd(G) ≤ 2∆ + 10. 2023c, ³Êw3ÙÆ¬.

�Ø© [13]¥y²
: e G´Ø¹ 4-���5²¡ã, K χ′snd(G) ≤ ∆ + 300.

�©�Ä
Ø¹ 4-�� IC-²¡ã�î��:�«O>Úê, ��
±e(Øµ

½n1. e G´Ø¹ 4-���5 IC-²¡ã, K χ′snd(G) ≤ 2∆ + 13.

�â·K 1, ·��I�y²Xe��r�
�½n:

½n2. e G´Ø¹ 4-�� IC-²¡ã, K χ′lnd(G) ≤ 2∆ + 13.

2. (�5�

Ún1. [11] éz�²¡ã G, k χ′lnd(G) ≤ 3∆− 1.

b�½n 2Ø¤á. � G´½n 2�>ê¦�U��4��~ã, = G´Ø¹ 4-�� IC-²¡

ã� χ′lnd(G) > 2∆ + 13. �éu?¿ýfã G′ k χ′lnd(G
′) ≤ 2∆(G′) + 13 ≤ 2∆ + 13. w,, G´

��ëÏã. ^ C = {1, 2, · · · , 2∆ + 13}L«¤^�ôÚ8Ü. À� G� IC-²¡x{¥��:ê

����«x{, = Gk�` IC-²¡x{.

� G′ ´ G���fã� G′ k�� (2∆ + 13)-LNDE-/Ú φ. - v ∈ V (G′), vvi ∈ E(G′)�

min{dG′(v), dG′(vi)} ≥ 2. Ï� v Ú vi 3 φ ep½, ¤±�3��ôÚ ri ∈ Cφ(vi) \ Cφ(v). -

R(v) = {ri ∈ Cφ(vi) \ Cφ(v)|vi ∈ NG′(v)}, ¡ R(v) ´ v 'u φ �1����Ú8. 5¿�e

dG(vi) ≥ dG(v)��3 γi ∈ Cφ(vi) \ Cφ(v), K�� uv�~/Ú���y v� vi´p½�.

dÚn 1´�äó 1¤á.
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äó1. ∆ ≥ 15.

äó2. GØ¹ 1-:.

y² b� dG(u) = 1� uv ∈ E(G). G′ = G − uv ´Ø¹ 4-�� |E(G′)| < |E(G)|� IC-²¡

ã. d G�4�5�, G′ k�� (2∆ + 13)-LNDE-/Ú φ, ¤^ôÚ8� C. � dG(v) = 2�, - v1

� v�ØÓu u��:. ^ôÚ a ∈ C \ Cφ(v1)/ uv�� G��� (2∆ + 13)-LNDE-/Ú, gñ.

� dG(v) ≥ 3�, ^ôÚ a ∈ C \ (Cφ(v)∪R(v))/ uv��G��� (2∆ + 13)-LNDE-/Ú, gñ.�

äó3. � v ∈ V (G). e dG(v) = 2, K nG14−(v) = 0.

y² - v1, v2 ´ v��:. däó 1�, dG(v1), dG(v2) ≥ 2. b� dG(v1) ≤ 14. d G�4�5

�, G− vk�� (2∆ + 13)-LNDE-/Ú φ, ¤^ôÚ8� C.

� dG(v1) = dG(v2) = 2. - u1, u2 ©O� v1, v2 �ØÓu v ��:. ^ôÚ a ∈ C \ (Cφ(u1) ∪
Cφ(v2))/ vv1, ^ôÚ b ∈ C \ (Cφ(u2) ∪ Cφ(v1) ∪ {a})/ vv2 �� G��� (2∆ + 13)-LNDE-/

Ú, gñ.

� dG(v1) = 2, dG(v2) ≥ 3. - u1 � v1 �ØÓu v �:. ^ôÚ a ∈ C \ (Cφ(u1) ∪ Cφ(v2))/

vv1, ^ôÚ b ∈ C \ (Cφ(v2) ∪ R(v2) ∪ Cφ(v1) ∪ {a})/ vv2 �� G��� (2∆ + 13)-LNDE-/Ú,

gñ.

� 3 ≤ dG(v1) ≤ 14, dG(v2) ≥ 3. ^ôÚ a ∈ C \ (Cφ(v1) ∪ R(v1) ∪ Cφ(v2)) / vv1, ^ô

Ú b ∈ C \ (Cφ(v2) ∪ R(v2) ∪ Cφ(v1) ∪ {a}) / vv2. 5¿� |Cφ(v2) ∪ R(v2) ∪ Cφ(v1) ∪ {a}| ≤
(∆− 1) + (∆− 1) + 13 + 1 = 2∆ + 12. ��� G��� (2∆ + 13)-LNDE-/Ú, gñ. �

äó4. � v ∈ V (G). e dG(v) = 3, K nG8−(v) = 0.

y² - v1, v2, v3 ´ v ��:. däó 1 9äó 2 �, dG(vi) ≥ 3, i ∈ {1, 2, 3}. b� 3 ≤
dG(v1) ≤ 8. d G�4�5�, G − v k�� (2∆ + 13)-LNDE-/Ú φ, ¤^ôÚ8� C. ^ôÚ

a ∈ C \ (Cφ(v1) ∪R(v1) ∪ Cφ(v2) ∪ Cφ(v3))/ vv1, ^ôÚ b ∈ C \ (Cφ(v2) ∪R(v2) ∪ Cφ(v1) ∪ {a})
/ vv2, ^ôÚ c ∈ C \ (Cφ(v3)∪R(v3)∪{a, b})/ vv3. 5¿� |Cφ(v1)∪R(v1)∪Cφ(v2)∪Cφ(v3)| ≤
7 + 7 + (∆− 1) + (∆− 1) = 2∆ + 12. ��� G��� (2∆ + 13)-LNDE-/Ú, gñ. �

äó5. � v ∈ V (G). e dG(v) = k, K nG(16−k)−(v) = 0, Ù¥ 4 ≤ k ≤ 8.

y² - v1, v2, · · · , vk ´ v ��:. � k = 4�, däó 2-4�, dG(vi) ≥ 4, i ∈ {1, 2, 3, 4}. b
� nG12−(v) ≥ 1. Ø�� 4 ≤ dG(v1) ≤ 12. d G �4�5�, G − {vv1, vv2} k�� (2∆ + 13)-

LNDE-/Ú φ, ¤^ôÚ8� C. ^ôÚ a ∈ C \ (Cφ(v1) ∪ R(v1) ∪ Cφ(v2) ∪ Cφ(v))/ vv1, ^ôÚ

b ∈ C\(Cφ(v2)∪R(v2)∪Cφ(v1)∪Cφ(v)∪{a})/ vv2. 5¿� |Cφ(v2)∪R(v2)∪Cφ(v1)∪Cφ(v)∪{a}| ≤
(∆− 1) + (∆− 1) + 11 + 2 + 1 = 2∆ + 12. ��� G��� (2∆ + 13)-LNDE-/Ú, gñ.

b� t ≤ k− 1�(Ø¤á. K (k− 1)−-:Ø� (17− k)−-:��. d 4 ≤ k ≤ 8�, (k− 1)−-:

Ø� k-:��.

� t = k �, d8Bb��, dG(vi) ≥ k, i ∈ {1, 2, · · · , k}. b� nG(16−k)−(v) ≥ 1. Ø�

� k ≤ dG(v1) ≤ 16 − k. d G �4�5�, G − {vv1, vv2} k�� (2∆ + 13)-LNDE-/Ú φ,

¤^ôÚ8� C. ^ôÚ a ∈ C \ (Cφ(v1) ∪ R(v1) ∪ Cφ(v2) ∪ Cφ(v)) / vv1, ^ôÚ b ∈ C \
(Cφ(v2) ∪ R(v2) ∪ Cφ(v1) ∪ Cφ(v) ∪ {a})/ vv2. 5¿�|Cφ(v2) ∪ R(v2) ∪ Cφ(v1) ∪ Cφ(v) ∪ {a}| ≤
(∆− 1) + (∆− 1) + (16− k− 1) + (k− 2) + 1 = 2∆ + 12. ��� G��� (2∆ + 13)-LNDE-/Ú,

gñ. �
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3. ½n 2�y²

P G× � G�'é²¡ã. - C(G)� G���:, E1 ����:'é�>. K V (G×) =

V (G) ∪ C(G), E(G×) = (E(G) − E1) ∪ E2, Ù¥ E2 = {uz, vz, xz, yz|uv � xy ���:� z}. K
G×´²¡ã. ¡ C(G)¥�:�b:, �b:'é�¡�b¡.

äó6. (1) G×¥� 2-:Ø�b 3-¡'é;

(2) G×¥Ø�3b 4-¡ f = [v1v2v3v4], ¦� v2´��:� dG(v1) = dG(v3) = 2.

y² (1)� v ´�b 3-¡ f 'é� 2-:. - f = [uvw], Ù¥ u���:. � u´ ww1 � vv1

���:. - f1�� f ���± wv, vu, uw1�>.�¡. K�3 G� IC-²¡x{¥�K> ww1

�3¡ f1 ¥\þ> ww1 �¦� ww1 �Ù{>ÑØ��, � G��` IC-²¡x{gñ. � 2-:Ø

�b 3-¡'é. �

(2)� G× ¥�3÷v^��b 4-¡ f = [v1v2v3v4], Ù¥ v2 ´��:. - v2 ´ v1v
′
1 � v3v

′
3 �

��:. - f1 (½ f2)�� f ���± v4v1, v1v2, v2v
′
3 (éA�, ± v4v3, v3v2, v2v

′
1)�>.�¡. K

�3 G� IC- ²¡x{¥�Kº: v3, ò v3 x3¡ f1 ¥¿ë�> v4v3, v3v
′
3 �Ø�)#��>,

� G��` IC-²¡x{gñ. �

d G�Ø¹ 4-�� IC-²¡ã�, äó 7¤á.

äó7. (1) G×¥�ý 3-¡Ø�ý 3-¡��;

(2) G×¥�b 3-¡Ø�b 4-¡��.

(3) G×¥�ý 3-¡�õ���b 3-¡��.

(4)eü�b 3-¡��, K§�Ø� 3-¡��.

� f = [v0v1 · · · vl−1] ´ G× ��� l-¡. e dG(vi) = ki, i ∈ {0, 1, · · · , l − 1} K¡T
l-¡� (k0, k1, · · · , kl−1)-¡. AO/, ek dG(vj) ≥ kj , j ∈ {0, 1, · · · , l − 1}, K¡T l-¡�

(k0, · · · , k+
j , · · · , kl−1)-¡. � f = v0v1 · · · vk−1 ´��b k-¡. - v0 ´ v1v

′
1 � vkv

′
k ���:,

K¡ v′1Ú v′k � f �éA:, f � v′1½ v′k �éA¡. l
z�º:�õkü�éA¡.

e¡ò$^�=£�{5íÑgñ. Äk, ½ÂÐ©�¼ê w: é v ∈ V (G×), - w(v) =

dG×(v)− 4; é f ∈ F (G×), - w(f) = dG×(f)− 4. �âî.úªÚºÃ½n, k

∑
x∈V (G×)∪F (G×)

w(x) =
∑

v∈V (G×)

(dG×(v)− 4) +
∑

f∈F (G×)

(dG×(f)− 4) = −8.

�X, ½Â·���=£5K, ¿�Uì�½�5Kéã¥�º:Ú¡��?1­#©�. ��

=£L§(å�, ¬����#��¼ê w′, ¿��=£L§¥¤kº:Ú¡��Ú�±ØC. e

é?¿ x ∈ V (G×) ∪ F (G×), k w′(x) ≥ 0, K�±��µ

0 ≤
∑

x∈V (G×)∪F (G×)

w′(x) =
∑

x∈V (G×)∪F (G×)

w(x) = −8,

gñ. l
½n 2¤á.

� x, y ∈ V (G×) ∪ F (G×), ^ τ(x→ y)L« x=� y��.
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½ÂXe��=£5K:

R1.� dG×(v) = 2. Kz�� v�'é�¡� v=� 1
2

(­E�¡U­êO�).

R2.� dG×(v) = k ≥ 15� uv ∈ E(G). e dG×(u) = 2, K τ(v → u) = 1
2
.

R3.� dG×(v) = k ≥ 9� uv ∈ E(G). e dG×(u) = 3, K τ(v → u) = 1
3
.

R4.� dG×(v) = k ≥ 9, f ´� v'é�¡.

R4.1.e f ´ (2, 15+, 15+)-¡, K τ(v → f) = 3
4
.

R4.2.e dG×(f) = 3� f QØ´ (2, 15+, 15+)-¡�Ø´b (4, 8−, 9+)-¡, K τ(v → f) = 1
2
.

R4.3.e f ´ (2, 15+, 4, 15+)-¡, K τ(v → f) = 1
4
.

R5.� f ´b (4, 8−, 9+)-¡, u,v� f � 2�éA:.

R5.1.e dG×(u) ≥ 9� dG×(v) ≥ 9, K τ(u→ f) = 1
2
� τ(v → f) = 1

2
.

R5.2.e u,v¥�k�� 9+-:, Ø��� u, K τ(u→ f) = 1.

R6.� f ´ (4, 2, 15+, 3+)-¡, u� f �éA:. e dG×(u) ≥ 15, K τ(u→ f) = 1
2
.

� f = v0v1 · · · vk−1 ´��b k-¡. - v0 ´ v1v
′
1 � vkv

′
k ���:, K¡ v′1 Ú v′k � f �éA

:, f � v′1½ v′k �éA¡. l
z�º:�õkü�éA¡.

äó8. � v´ G×¥� 9+-:. K v�éA¡=��Ú�õ� 1.

y² - f1 Ú f2 ´ v �ü�éA¡. e f1 Ú f2 ��k��b 4-¡, Kdäó 7�, ,��¡

Ø´b 3-¡. l
d R6�, τ(v → f1) + τ(v → f2) ≤ 1
2
× 2 = 1. e� f1, f2 Ñ�b 3-¡, e f1,

f2 ¥�õk��b (4, 8−, 9+)-¡, Kd R6�, τ(v → f1) + τ(v → f2) ≤ 1. l
 f1 Ú f2 ��b

(4, 8−, 9+)-¡. - f1 = [x1x2y]� f2 = [yx2x3], Ù¥ y´ vx2� x1x3���:. e dG×(x1) ≤ 8, K

däó 4Úäó 5�, dG×(x2) ≥ 9� dG×(x3) ≥ 9, �f2 ´b (4, 8−, 9+)-¡gñ. � dG×(x1) ≥ 9.

dé¡5, dG×(x3) ≥ 9. l
 dG×(x2) ≤ 8. d R5�, τ(v → f1) + τ(v → f2) ≤ 1
2
× 2 = 1. �

·�3Ún 2ÚÚn 3¥©Oy² ∀x ∈ V (G×) ∪ F (G×), k w′(x) ≥ 0.

Ún2. � f ∈ F (G×). K w′(f) ≥ 0.

y² � dG×(f) = k�- f = [x0x1x2 · · ·xk−1].

�/ 1 k = 3.

K w(f) = −1. däó 2-5�, nG
×

8− (f) ≤ 1. � nG
×

2 (f) = 1, Ø�� dG×(x1) = 2. däó 6� f

Ø�b 3-¡. däó 3�, dG×(x0) ≥ 15� dG×(x2) ≥ 15. dR1ÚR4�, w′(f) ≥ −1+ 3
4
×2− 1

2
= 0.

� nG
×

2 (f) = 0� nG
×

8− (f) = 1. Ø�� 3 ≤ dG×(x1) ≤ 8, e f �ý 3-¡, Kdäó 4�, dG×(x0) ≥ 9

� dG×(x2) ≥ 9. d R4 �, w′(f) ≥ −1 + 1
2
× 2 = 0. e f �b 3-¡, Ø�� x0 �b:, - x0

´ x1x
′
1 � x2x

′
2 ���:. Kdäó 4 Úäó 5 �, dG×(x′1) ≥ 9 � dG×(x2) ≥ 9. d R5 �,

w′(f) ≥ −1 + min{1, 1
2
×2} = 0. � nG

×

8− (f) = 0. = nG
×

9+ (f) ≥ 2. d R4�, w′(f) ≥ −1 + 1
2
×2 = 0.

�/ 2 k = 4.

d GØ¹ 4-��, f �b 4-¡. K w(f) = 0. däó 2, äó 3, 9äó 6�, nG
×

2 (f) ≤ 1. �

nG
×

2 (f) = 1, Ø�� dG×(x1) = 2. � x0 �b:, = x0 ´ x1x
′
1 � x3x

′
3 ���:�, däó 3�,

dG×(x′1) ≥ 15. d R1Ú R4�, w′(f) ≥ 1
2
− 1

2
= 0. e� x3 �b:. däó 3�, dG×(x0) ≥ 15�

dG×(x2) ≥ 15. d R1Ú R4�, w′(f) ≥ 1
4
× 2− 1

2
= 0. ��� nG

×

2 (f) = 0. l
 w′(f) = w(f) = 0.
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�/ 3 k ≥ 5.

K w(f) = k − 4. däó 3�, nG
×

2 (f) ≤ bk
2
c. d R1�, w′(f) ≥ k − 4− 1

2
× bk

2
c. � k = 5�,

w′(f) ≥ 5− 4− 1
2
× 2 = 0. � k ≥ 6�, w′(f) ≥ k − 4− 1

2
· k

2
≥ 3

4
k − 4 ≥ 1

2
. �

Ún3. � v ∈ V (G×). K w′(v) ≥ 0.

y² � dG×(v) = k�- NG(v) = {v0, v1, · · · , vk−1}.

�/ 1 2 ≤ k ≤ 8.

� k = 2�. däó 3�, dG×(vi) ≥ 15, i ∈ {0, 1}. dR1ÚR2�, w′(v) ≥ 2−4+2× 1
2
+2× 1

2
=

0. � k = 3�. däó 4�, dG×(vi) ≥ 9, i ∈ {0, 1, 2}. d R3�, w′(v) ≥ 3 − 4 + 3 × 1
3

= 0. �

4 ≤ k ≤ 8�. d�5K�, w′(v) = w(f) = k − 4 ≥ 0.

�/ 2 9 ≤ k ≤ 14.

däó 3�, nG2 (v) = 0. � nG3 (v) = t.

k�º: v 'é 2 �b 3-¡. däó 7 �, v �éA¡� 5+-¡. däó 7 �, G× ¥�º

: v 'é� 3-¡�ê�õ� dk
2
e. d R3-R6 �, w′(v) ≥ k − 4 − 1

3
t − 1

2
· dk

2
e. � t ≤ k − 3 �,

w′(v) ≥ k − 4− 1
3
(k − 3)− 1

2
× k+1

2
= 5

12
k − 13

4
≥ 1

2
. � t ≥ k − 2�, G×¥�º: v'éý 3-¡9

b (4, 9+, 9+)-¡�ê�õ� 3. w′(v) ≥ k − 4− 1
3
k − 1

2
× 3 ≥ 2

3
k − 11

2
≥ 1

2
.

�º: v TÐ'é 1 �b 3-¡ f . e f �ý 3-¡��, däó 7 �, v �éA¡¥vk 3-¡

��õk�� 4-¡. däó 7 �, G× ¥�º: v 'é� 3-¡�ê�õ� dk
2
e. d R3-R6 �,

w′(v) ≥ k − 4− 1
3
t− 1

2
· dk

2
e. aqc¡©Û�� w′(v) ≥ 1

2
. e f Ø�ý 3-¡��, däó 7�, G×

¥�º: v'é� 3-¡�ê�õ� bk
2
c. d R3-R6Úäó 8�, w′(v) ≥ k − 4− 1

3
t− 1

2
· bk

2
c − 1. �

t ≤ k− 3�, w′(v) ≥ k− 4− 1
3
(k− 3)− 1

2
· bk

2
c− 1 ≥ 0. � t ≥ k− 2�, G×¥�º: v'éý 3-¡

9b (4, 9+, 9+)-¡�ê�õ� 2. d R3-R6�, w′(v) ≥ k − 4− 1
3
k − 1

2
× 2− 1 = 2

3
k − 6 ≥ 0.

���º: v Ø�b 3-¡'é, däó 7�, G× ¥�º: v 'é� 3-¡�ê�õ� bk
2
c. d

R3-R6Úäó 8�, w′(v) ≥ k − 4− 1
3
t− 1

2
· bk

2
c − 1. aqþ¡©Û�� w′(v) ≥ 0.

�/ 3 k ≥ 15.

� nG3−(v) = s� nG4+(v) = t, G× ¥�º: v'é� (2, 15+, 15+)-¡�ê� x. K x ≤ s, x ≤ t

� 2x ≤ s+ t = k. G× ¥�º: v'é�b 4−-¡�ê�õ� 2. däó 4Úäó 5�, G× ¥�º

: v'é�ý 3-¡�ê�õ� t. k�º: v'é 2�b 3-¡. däó 7�, v�éA¡� 5+-¡. d

R2-R6�, w′(v) ≥ k − 4− 1
2
s− 1

2
(t− x)− 3

4
x− 1

2
× 2 = k − 1

2
(s+ t)− 1

4
x− 5 ≥ 3

8
k − 5 ≥ 5

8
. 2�

º: vTÐ'é 1�b 3-¡ f . e f �ý 3-¡��, däó 7�, º: vØ�b 4-¡'é, v�éA

¡¥vk 3-¡��õ�k�� 4- ¡. d R2-R6�, w′(v) ≥ k − 4 − 1
2
s − 1

2
(t − x) − 3

4
x − 1

2
− 1

2
≥

3
8
k − 5 ≥ 5

8
. e f Ø�ý 3-¡��, däó 7�, º: v Ø�b 4-¡'é. d R3-R6Úäó 8�,

w′(v) ≥ k− 4− 1
2
s− 1

2
(t−x)− 3

4
x− 1

2
− 1 ≥ 3

8
k− 11

2
≥ 1

8
. ���º: vØ�b 3-¡'é. d R3-R6

Úäó 8�, w′(v) ≥ k − 4− 1
2
s− 1

2
(t− x)− 3

4
x− 1

4
× 2− 1 ≥ 3

8
k − 11

2
≥ 1

8
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[4] Vučković, B. (2017) Edge-Partitions of Graphs and Their Neighbor-Distinguishing Index. Dis-

crete Mathematics, 340, 3092-3096. https://doi.org/10.1016/j.disc.2017.07.005

[5] Joret, G. and Lochet, W. (2020) Progress on the Adjacent Vertex Distinguishing Edge Coloring

Conjecture. SIAM Journal on Discrete Mathematics, 34, 2221-2238.

https://doi.org/10.1137/18m1200427

[6] Huang, D., Cai, H., Wang, W. and Huo, J. (2023) Neighbor-Distinguishing Indices of Planar

Graphs with Maximum Degree Ten. Discrete Applied Mathematics, 329, 49-60.

https://doi.org/10.1016/j.dam.2022.12.023

[7] Huo, J., Li, M. and Wang, Y. (2022) A Characterization for the Neighbor-Distinguishing Index

of Planar Graphs. Symmetry, 14, Article 1289. https://doi.org/10.3390/sym14071289

[8] Zhu, E., Wang, Z. and Zhang, Z. (2009) On the Smarandachely Adjacent Vertex Edge Coloring

of Some Double Graphs. Journal of Shandong University (Natural Science), 44, 25-29.

[9] Gu, J., Wang, W., Wang, Y. and Wang, Y. (2020) Strict Neighbor-Distinguishing Index of

Subcubic Graphs. Graphs and Combinatorics, 37, 355-368.

https://doi.org/10.1007/s00373-020-02246-w

[10] 4&), 4!u. ã�Smarandachely�:Ã�>Úê���þ.[J]. XÚ�Æ�êÆ, 2013,

33(5): 550-554.
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