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Abstract

In this paper, we investigate the Cauchy problem of the 3-D incompressible viscoelastic

flow. Fisrt, we introduce suitable variable transformations and then investigate the

Green’s function of the linearized system for the transformed equations. Then, we

apply complex analytic methods to obtain more precise pointwise estimates of the

Green’s function in finite Mach number region. Finally, we obtain more accurate

pointwise estimates for the linear component of the solution.
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1. Úó

3�©¥§·�ïÄ±en�Ø�ØÅ�6
∇ · v = 0,

vt + v · ∇v +∇P = µ∆v +∇ · (FF>), x ∈ R3, t > 0,

Ft + v · ∇F = ∇vF,
(v, F ) |t=0= (v0, F0),

(1.1)

Ù¥v(t, x) ∈ R3 ÚP (t, x) ∈ R3 �L
�ÝÚØr§µ(> 0) ´Ê5Xê§F (t, x) ∈M3×3´C/Ü

þ"

XÚ(1.1) ^5£ãn�Ø�ØÅ�6N�1�"Cc5Ø�Ø Å�6N�êÆnØ�

�­�?Ð§ë� [1–9]"3 [2]¥§Chen ÚZhang y²
�Ð�^�e)��35Ú��5"

Shibata [8] ïÄ�5Å�6�Ü¯K)�Lp − Lq �O"3 [1]¥§Bai ÚZhang ïÄ
XÚ(1.1)

)��O

(1 + t)−2(1 +
(|x| − t)2

1 + t
)−

3
2 + (1 + t)−2(1 +

|x|2

1 + t
)−

3
2 ), (1.2)
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Ù¥1���L2Â¨�dÅ§1���L*ÑÅ"

éu�Ø Å�6N§HuÚWang [10]®²y²
r)��35ÚÛÜ��5"Hu-Wang [11]

ÚQian-Zhang [12] y²
�§)3Besov�m¥��Û�35"Hu-Wu [13]§Jia-Peng-Mei [14]

ÚWei-Li-Yao [15] ��
)��`P~Ç"Pan-Xu [16] ÚIshigaki [17]ïÄ
3Lp �m¥r)�

�mP~�O. ��§Bai ÚZhang [18] ¼�
n��ØÅ�6��N)�Å:�O"

3�Ø N-S�§)�Å:�O¥§Hoff ÚZumbrun [19] ïÄN-S�§�Green¼ê�P~�

O"Liu [20]A^
Green¼ê��{��
N-S�§3Ûê��me)�Å:�O"

�©·�ò|^Green¼ê��{ïÄn�Ø�ØÅ�6N",
§Ï�dXÚ�Green¼ê

J±��O�§·�|^CþC� [21]=z��§|"·���{éuu [22–24]§¦�ÏLE©

Û��{��
��'uN-S�§�Green¼ê�°(�Å:�O"3�©¥§·���¼�
�

�ØÓu(1.2)��O§lõ�ª.�(J=z����ê.�(J"

3�©¥·�Ú\±ePÒ§

(∇v)ij = ∂jv
i, (∇vF )ij = ∂kv

iF kj , (divF )i = ∂kF
ik.

-E := F − I§XÚ(1.1) �=z¤±e/ª§
∇ · v = 0, x ∈ R3, t > 0,

vit + v · ∇vi +∇iP = µ∆vi + Ejk∇jEik +∇jEij ,

Et + v · ∇E = ∇vE +∇v,
(v,E) |t=0= (v0, E0).

(1.3)

ÏL [2, 4]§·�b�Ð�^�÷v±e^�µ

∇ · v0 = 0, det(I + E0) = 1, ∇ · E>0 = 0, (1.4)

∇mEkj
0 −∇jEkm

0 = Elj
0 ∇lEkm

0 − Elm
0 ∇lE

kj
0 , (1.5)

�X [2, 4] y²
)÷v±e^�

∇ · v = 0, det(I + E) = 1, ∇ · E> = 0, (1.6)

∇mEkj −∇jEkm = Elj∇lEkm − Elm∇lEkj . (1.7)

�
�B�Y�O�§·�I�Ú\�
CþC�µ

dkj = −Λ−1∇jvk, vk = Λ−1∇jdkj , (1.8)

Ù¥

Λsf = F−1(|ξ|sf̂),

f̂ =
1

(2π)3

∫
R3

(iξ)αf(x, t)eix·ξdx, F−1(f̂) =
1

(2π)3

∫
R3

(iξ)αf̂(ξ, t)eix·ξdξ.
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(Ü(1.6) Ú(1.7)§XÚ(1.3) �{z¤±e/ª{
dkjt − µ∆dkj − ΛEkj = F kj1 ,

Ekj
t + Λdkj = F kj2 ,

(1.9)

Ù¥

F kj1 = Λ−1∇j∇l(δkm +∇kΛ−2∇m)(vlvm − ElqEmq) + Λ−1∇m∇l(EljEkm − ElmEkj)

Ú

F kj2 = −∇l(vlEkj) +∇l(vkElj).

ÏL��O���XÚ(1.9)�GreenÝ
�Fp�C���Ĝ

Ĝ =

 λ+e
λ+t−λ−eλ

−t

λ+−λ− I3×3 |ξ|( e
λ+t−eλ−t
λ+−λ− )I3×3

−|ξ|( e
λ+t−eλ−t
λ+−λ− )I3×3 −λ−e

λ+t−λ+e
λ−t

λ+−λ− I3×3

 , (1.10)

Ù¥

λ± =
−µ|ξ|2 ±

√
µ2|ξ|4 − 4|ξ|2
2

. (1.11)

�
�YO��B|§GreenÝ
�±L«¤±e/ª§

Ĝ = eλ+tP1 + eλ−tP2, (1.12)

Ù¥

P1 =

[
λ+

λ+−λ− I3×3
|ξ|

λ+−λ− I3×3

− |ξ|
λ+−λ− I3×3 − λ−

λ+−λ− I3×3

]
, P2 =

[
− λ−
λ+−λ− I3×3 − |ξ|

λ+−λ− I3×3

|ξ|
λ+−λ− I3×3

λ+

λ+−λ− I3×3

]
. (1.13)

ÏLFp�_C�§·���
Green¼ê�w«L�ª§

Dα
xG(x, t) =

1

(2π)3

∫
R3

(iξ)αĜ(ξ, t)eix·ξdξ.

31�Ü©¥§·�ò�Ñ3k�êâê«�e(|x| ≤ (M + 1)ct) Green¼ê)�Å:�O§

Ù¥M v
��c�L(�"·�ò|^�áÅ©)ÚE©Û��{§òGreen¼ê©)¤nÜ©"

|ξ|é���L�Å§|ξ|é���LáÅ§|ξ| ¥���L¥Å"

Dα
xG(x, t) =

1

(2π)3
(

∫
|ξ|<ε

+

∫
ε<|ξ|<N

+

∫
|ξ|>N

)(iξ)αĜ(ξ, t)eix·ξdξ

:= Dα
xGL(x, t) +Dα

xGM (x, t) +Dα
xGS(x, t). (1.14)

ÏLO�¿ÍÜùnÜ©�)§�©��
±e¤J§
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½n1.1. �t > 0, |x| ≤ (M + 1)ct�§M ´��v
��~ê§@oéu?¿��õ­�Iα Ñ�

3���~êC ÷v

|Dα
x (G−GS1

)| ≤ C(1 + t)−
4+|α|

2 e−
(|x|−t)2
C(t+1) + Ce−t/C , (1.15)

Ù¥GS1
= Ce−

1
µ t
∑
|γ|≤1D

γ
x(f1(x) + f2(x) + C0δ(x)) ´Green¼êáÅÜ©¥�ÛÉÜ©§

|Dα
xf1(x)| ≤ Ce− x

2

Ct , ||f2(·)||L1 ≤ C, suppf2(x) ⊂ {x, |x| < η0}, η0 � 1.

�e5§·�ò)©¤�5Ú��5�üÜ©§

(v,E) = (v,E) + (ṽ, Ẽ),

Ù¥(v,E) ò31nÜ©¥�ÑäN/ª"

½n1.2. b�v0, F0 − I ∈ H6(R3) ÷v(1.3) Ú(1.4)"�X·�b�

||v0||H6(R3) + ||F0 − I||H6(R3) ≤ ε0,

|Dα
x (v0, F0 − I)| ≤ ε0(1 + |x|2)−

5
2 , |α| ≤ 1, (1.16)

Ù¥ε0 v
�. @oK�3XÚ£1.1¤�����N�;)(F, v) , ÷v(1.5)§(1.6) , (F −I, v) ∈
L∞([0,∞);H6(R3)) Ú∇v ∈ L2([0,∞);H6(R3)). �X·�3k�êâê«�Sé�5Ü©(v,E)k

Xe�O

|Dα
x (v,E)| ≤ Cε0((1 + t)−

4+|α|
2 (1 +

(|x| − t)2

1 + t
)−

3
2 + e−t/c(1 +

|x|2

1 + t
)−

3
2 ), |α| ≤ 1, (1.17)

Ù¥C ´���~ê§ε0 v
�"

2. Green¼ê�Å:�O

3ù�Ü©¥§·�ò3k�êâê«�S�OXÚ(1.2)�GreenÝ
"k�êâê«�

=|x| ≤ (M + 1)ct§Ù¥~êM v
�"

Äk·�I�Ú\�
·KÚÚn5�Ï·�y²½n1.1.

ò(1.11)^�VÐm§·��±uy'uλ±��
5�

Ún2.1. éu��v
��êε > 0 Ú��v
��êN > 0,·�kXe(J,

(i) �|ξ| < ε�, λ± k±e�Ðmª,

λ+ = −1

2
µ|ξ|2 + i(|ξ|+

∞∑
j=2

a+
j |ξ|2j−1),

λ− = −1

2
µ|ξ|2 − i(|ξ|+

∞∑
j=2

a−j |ξ|2j−1),
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(ii) �ε < |ξ| < N�, λ± k±e�5�,

Re(λ±) ≤ −C|ξ|2,

(iii)�|ξ| > N�, λ± k±e�Ðmª,

λ+ = − 1

µ
+
∞∑
j=1

b+j |ξ|−2j ,

λ− =
1

µ
− |ξ|2 +

∞∑
j=1

b−j |ξ|−2j ,

Ù¥a±j , b
±
j , C Ñ´¢~ê.

²L���O�§·��±��'uP1, P2��O"

Ún2.2. éu��v
��|ξ|, ·���
'uP1, P2��O.

P1 + P2 = I6×6, P1 − P2 =

[
iO(|ξ|)3×3 −iO(1)3×3

iO(1)3×3 −iO(|ξ|)3×3

]
.

ùpO(|ξ|) ´���)Û¼ê.

�e5�ÚnK´éun�ÅÄ�§�Kirchhoff úª"

Ún2.3. [23] w(x, t) ´��dÙn�Fp�C��½���¼ê§

ŵ =
sin(|ξ|t)
|ξ|

, ŵt = cos(|ξ|t).

@o§éu?¿��¼êg(x), §÷v

w ∗ g(x) =
t

4π

∫
|y|=1

g(x+ ty)dSy, wt ∗ g(x) =
1

4π

∫
|y|=1

g(x+ ty)dSy +
t

4π

∫
|y|=1

∇g(x+ ty) · ydSy.

Ún2.4. [20] -Ẽµ(x, t) = e−|x|
2/µt, @o

|
∫
|y|=1

Ẽµ(x+ cty, t)yαdSy| ≤ Ct−1e−(|x|−ct)2/3µt.

2.1. �Å�O

3ù�Ü©¥§·�ò¦^E©Û�Eâ§�OGreenÝ
��ÅÜ©(�|ξ|v
��)3k�

êâê«�S��¹"3éĜ��ÅÜ©|^Fp�_C��c§·��Ñ(1.12)�î.úª�Ð

m/ª§
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(iξ)αĜ = (iξ)αe−
1
2µ|ξ|

2t(ei|ξ|(1+β(|ξ|2))tP1 + e−i|ξ|(1+β(|ξ|2))tP2)

= (iξ)αcos(|ξ|t)e− 1
2µ|ξ|

2t(cos(|ξ|β(|ξ|2)t)(P1 + P2) + isin(|ξ|β(|ξ|2)t)(P1 − P2))

+
sin(|ξ|t)
|ξ|

e−
1
2µ|ξ|

2t(−|ξ|sin(|ξ|β(|ξ|2)t)(P1 + P2) + i|ξ|cos(|ξ|β(|ξ|2)t)(P1 − P2)),

Ù¥β(|ξ|2) ´'u|ξ|2��)Û¼ê"

(ÜFp�_C�ÚÚn2.3§·���

Dα
xGL(x, t) = wt ∗K1 + w ∗K2, (2.1)

Ù¥

K1 =
1

(2π)3

∫
|ξ|<ε

(iξ)αeix·ξe−
1
2µ|ξ|

2t(cos(|ξ|β(|ξ|2)t)(P1 + P2) + isin(|ξ|β(|ξ|2)t)(P1 − P2))dξ,

K2 =
1

(2π)3

∫
|ξ|<ε

(iξ)αeix·ξe−
1
2µ|ξ|

2t(−|ξ|sin(|ξ|β(|ξ|2)t)(P1 + P2) + i|ξ|cos(|ξ|β(|ξ|2)t)(P1 − P2))dξ,

ŵ =
sin(|ξ|t)
|ξ|

, ŵt = cos(|ξ|t).

ÏLO�Ú©Û§·�uyξα�¬���mP~�(1 + t)−|α|/2§¤±·���Ä|α| = 0��

�¹"¯¢þ§�|α| = 0�§

K1 =
1

(2π)3

∫
|ξ|<ε

eix·ξe−
1
2µ|ξ|

2t(cos(|ξ|β(|ξ|2)t)(P1 + P2) + isin(|ξ|β(|ξ|2)t)(P1 − P2))dξ =: K∗1 .

Ún2.5. K∗1 kXe�O,

K∗1 ≤ C
e−

|x|2
C(1+t)

(1 + t)3/2
+ Ce−t/C .

y². |^Ún2.2���O���

|P1 + P2|, |P1 − P2| ≤ O(1),

|cos(|ξ|β(|ξ|2)t)(P1 + P2) + isin(|ξ|β(|ξ|2t)(P1 − P2)| ≤ CeO(1)|ξ|3t,

@o�±��

|K∗1 | ≤ C
∫
|ξ|<α

|eiξ·xe− 1
2µ|ξ|

2t+O(1)|ξ|3t|dξ.

�e5·�|^E©Û��{�O|K∗1 |"
-B = [− ε√

3
, ε√

3
]× [− ε√

3
, ε√

3
]× [− ε√

3
, ε√

3
], @ok

|K∗1 | ≤ C
∫
B
|eiξ·xe− 1

2µ|ξ|
2t+O(1)|ξ|3t|dξ + C

∫
{|ξ|≤ε}∩Bc

|eiξ·xe− 1
2µ|ξ|

2t+O(1)|ξ|3t|dξ. (2.2)

¯¢þ§éuz��x ∈ R3, Ñ�3���6ux���Ý
Q ¦�Qx = (|x|, 0, 0)>. �X·�
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-η = (η1, η2, η3)> := Qξ. @o�±��

|K∗1 | ≤ CI1 + CI2, (2.3)

Ù¥

I1 =

∫
B
|ei|x|η1e− 1

2µ|η|
2(t+1)+O(1)|η|3(t+1)|dη,

I2 =

∫
{|ξ|≤ε}∩Bc

|ei|x|η1e− 1
2µ|η|

2(t+1)+O(1)|η|3(t+1)|dη.

�e5·�k�ÄI2, Ï�|η| ≥ ε√
3
3I2�È©«�eð¤á§@o�±��

|e− 1
2µ|η|

2(t+1)+O(1)|η|3(t+1)| = O(1)e−ε
2t/C .

¤±

I2 = O(1)e−ε
2t/C . (2.4)

�X·��OI1,

I1 ≤ C
∫ ε√

3

−ε√
3

∫ ε√
3

−ε√
3

∫ ε√
3

−ε√
3

|ei|x|η1e− 1
2µ|η|

2(t+1)+O(1)|η|3(t+1)|dη1dη2dη3

≤ C
∫ ε√

3

−ε√
3

∫ ε√
3

−ε√
3

|e− 1
2µ(η22+η23)(t+1)+O(1)(η32+η33)(1+t)|dη2dη3

×
∫ ε√

3

−ε√
3

|ei|x|η1e− 1
2µη

2
1(t+1)+O(1)η31(1+t)|dη1.

(2.5)

�e5§·�òÏL=�È©«�lR�R+σi5éI1?1�O"·�ÀJ>.Γ = Γ1∪Γ2∪Γ3∪Γ4,

Γ1 = {z : Imz = 0, |Rez| ≤ ε√
3
},Γ2 = {z : Rez =

−ε√
3
, 0 ≤ Imz ≤ σ},

Γ3 = {z : Imz = σ, |Rez| ≤ ε√
3
},Γ4 = {z : Rez =

ε√
3
, 0 ≤ Imz ≤ σ},

Ù¥σ = ε1
|x|
t+1
�ε1 ≤ ε. �âCauchy-Gourast ½n§·��±��I1¥�È¼ê÷>.�È©(

J§

0 =

∫
Γ1+Γ2+Γ3+Γ4

|ei|x|ηie− 1
2µη

2
i (t+1)+O(1)η3i (t+1)|dηi.

¤±·��I�O�÷X´»Γ2,Γ3 ÚΓ4�È©Ò�±��÷X´»Γ1�È©"@o·��

ÄI0 =
∫ ε√

3
−ε√

3

|ei|x|η1e− 1
2µη

2
1(t+1)+O(1)η31(t+1)|dη1. Pη1 = γ + ζi, γ, ζ ∈ R, @o

I0 :=

∫
Γ1

|ei|x|η1e− 1
2µη

2
1(t+1)+O(1)η31(t+1)|dη1.
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÷X´»Γ2, ·�k ∫
Γ2

|ei|x|η1e− 1
2µη

2
1(t+1)+O(1)η31(t+1)|dη1

≤ C
∫ ε1

|x|
t+1

0

|ei|x|(
−ε√

3
+ζi)e−

1
2µ(−ε√

3
+ζi)2(t+1)+O(1)(−ε√

3
+ζi)3(t+1)|dζ

≤ Ce− 1
6µε

2(t+1)

∫ ε1
|x|
t+1

0

|e−(ζ|x|+ 1
2µζ

2(t+1)+O(1)ε31(
|x|
t+1 )3)(t+1))|dζ

≤ Ce−t/C .

(2.6)

÷X´»Γ3, ·�k ∫
Γ3

|ei|x|η1e− 1
2µη

2
1(t+1)+O(1)η31(t+1)|dη1

=

∫ ε√
3

− ε√
3

|ei|x|(γ+ε1
|x|
t+1 i)e−

1
2µ(γ+ε1

|x|
t+1 i)

2(t+1)+O(1)(γ+ε1
|x|
t+1 i)

3(t+1)|dγ

≤ Ce−ε1
|x|2
t+1 + 1

2µε
2
1
|x|2
t+1

∫ ε√
3

− ε√
3

|e− 1
2µγ

2(t+1)+O(1)(γ+iε1
|x|
t+1 )3(t+1)|dγ

≤ C e−
|x|2

C(1+t)√
(1 + t)

.

(2.7)

÷X´»Γ4 ��OÚΓ2aq, @o∫
Γ4

|ei|x|η1e− 1
2µη

2
1(t+1)+O(1)η31(t+1)|dη1 ≤ Ce−t/C . (2.8)

(Ü(2.6), (2.7) Ú(2.8), ·�k

I0 ≤ C
e−

|x|2
C(1+t)

(1 + t)1/2
+ Ce−t/C .

UYO�(2.5), ·�k

I1 ≤ C(1 + t)−1/2(1 + t)−1/2I0 ≤ C
e−

|x|2
C(1+t)

(1 + t)3/2
+ Ce−t/C .

¤±·�lI1 , I2 Ú(2.3)��Xe

K∗1 ≤ C
e−

|x|2
C(1+t)

(1 + t)3/2
+ Ce−t/C .
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'uK1,K2 Ú∇K1 ��OaquÚn2.5, ·��±��

K1 ≤ C(1 + t)−
|α|
2
e−

|x|2
C(t+1)

(1 + t)3/2
+ Ce−t/C ,

K2 ≤ C(1 + t)−
|α|
2
e−

|x|2
C(t+1)

(1 + t)2
+ Ce−t/C ,

∇K1 ≤ C(1 + t)−
|α|
2
e−

|x|2
C(t+1)

(1 + t)2
+ Ce−t/C .

ùpK2 Ú∇K1��O�K1ØÓ´duw«L�ª¥K2 Ú∇K1�|ξ|�gê�p"

|^Ún2.3 ÚÚn2.4, ·�k

|w ∗K2| = |
t

4π

∫
|y|=1

K2(x+ ty)dSy| ≤ C(1 + t)−
4+|α|

2 e−
(|x|−t)2
C(t+1) + Ce−t/C ,

|wt ∗K1| ≤
1

4π

∫
|y|=1

|K1(x+ ty)|dSy +
t

4π

∫
|y|=1

|∇K1(x+ ty) · y|dSy

≤ C(1 + t)−
5+|α|

2 e−
(|x|−t)2
C(t+1) + C(1 + t)−

4+|α|
2 e−

(|x|−t)2
C(t+1) + Ce−t/C .

��§(Ü(2.1)·���±e�O,

|Dα
xGL| ≤ C(1 + t)−

4+|α|
2 e−

(|x|−t)2
C(t+1) + Ce−t/C . (2.9)

2.2. ¥Ü�O

3ùÜ©¥, ·�òéGreenÝ
G�¥ªÜ©3k�êâê«�S?1Å:�O"

·K2.6. éuε < |ξ| < N, Ù¥ε v
�, N > 0, @oéu?��½�õ­�Iα �3���~

êC ÷v

|Dα
xGM | ≤ C(1 + t)−

3+|α|
2 e−t/C .

y². ÏLFp�_C�úª��,

|Dα
xGM (x, t)| ≤ 1

(2π)3
|
∫
ε<|ξ|<N

eix·ξξαĜdξ|

≤ C
∫
ε<|ξ|<N

e−cε
2tξαe−c|ξ|

2tdξ

≤ C(1 + t)−
3+|α|

2 e−t/C .
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2.3. áÅ�O

3ù�Ü©¥§·�ò�O3|ξ|v
��§GreenÝ
G3k�êâê«�S��¹"

·�I�±eÚn5Bu·��Y�O�y²"

Ún2.7. [25] (i) XJsuppf̂(ξ) ⊂ ON = {ξ, |ξ| ≥ N > 0}, �f̂(ξ) ÷v

|Dβ
ξ f̂(ξ)| ≤ C|ξ|−1−β,

@oK�32Â¼êf1(x) Úf2(x) 9��~êC0 ÷v

f(x) = f1(x) + f2(x) + C0δ(x),

Ù¥δ(x) ´Dirac ¼ê. ?�Ú, éu?¿�|α| ≥ 0, ·�k

|Dα
xf1(x)| ≤ Ce− x

2

Ct , ||f2(·)||L1 ≤ C, suppf2(x) ⊂ {x, |x| < η0},

Ù¥η0 v
�.

(ii) �õ/, XJf̂(ξ) ÷v|Dβ
ξ f̂(ξ)| ≤ C|ξ|−β, @oK�32Â¼êf1(x) Úf2(x) 9��~êC0

÷v

f(x) =
∑
|γ|≤1

Dγ
x(f1(x) + f2(x) + C0δ(x)),

�éu?¿�|α| ≥ 0,

|Dα
xf1(x)| ≤ Ce− x

2

Ct , ||f2(·)||L1 ≤ C, suppf2(x) ⊂ {x, |x| < 2η0}.

·K2.8. �3~êC¦�áÅÜ©kXe�O,

|Dα
x (GS −GS1

)| ≤ C(1 + t)−
3+|α|

2 e−t/C + e−t/C .

y². éu��v
��êN > 0, ·�k

GS =
1

(2π)3

∫
|ξ|≥N

Ĝeiξxdξ

≤ C
∫
|ξ|≥N

(e−
1
µ t+O(|ξ|−2)tP1 + e

1
µ t−|ξ|

2t+O(|ξ|−2)tP2)eiξxdξ.

(2.10)

(2.10)ª�m>1���±k±e�O,

GS1
(x, t) : = |

∫
|ξ|≥N

e−
1
µ t+O(|ξ|−2)tP1e

iξxdξ|

≤ |
∫
|ξ|≥N

e−
1
µ tP1e

iξxdξ|+ |
∫
|ξ|≥N

e−
1
µ t(eO(|ξ|−2)t − 1)P1e

iξxdξ|.
(2.11)
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|^(1.13)O�, ·�k

P1 =

[
O(|ξ|−2)3×3 O(|ξ|−2)3×3

−O(|ξ|−2)3×3 1 +O(|ξ|−2)3×3

]
, P2 =

[
1 +O(|ξ|−2)3×3 −O(|ξ|−2)3×3

O(|ξ|−2)3×3 O(|ξ|−2)3×3

]
.

(ÜÚn2.7, ·�k

|
∫
|ξ|≥N

e−
1
µ tP1e

iξxdξ| = e−
1
µ t|
∫
|ξ|≥N

P1e
iξxdξ|

≤ Ce−
1
µ t
∑
|γ|≤1

Dγ
x(f1(x) + f2(x) + C0δ(x)) + Ce−

1
µ t,

(2.12)

�

|
∫
|ξ|≥N

e−
1
µ t(eO(|ξ|−2)t − 1)P1e

iξxdξ|

≤ O(1)te−
1
µ t

∫
|ξ|≥N

|O(|ξ|−2)|dξ ≤ Ce−
1
µ t.

(2.13)

�X·��O(2.10)ªm>�1��§�â(2.10) Ú(2.11) �±��,

|Dα
x (GS −GS1

)| ≤|
∫
|ξ|≥N

(iξ)αe
1
µ t−|ξ|

2t+O(|ξ|−2)tP2e
iξxdξ|

≤C
∫
|ξ|≥N

e−t/c
e−C|ξ|

2t

(1 + t)|α|/2
dξ ≤ C(1 + t)−

3+|α|
2 e−t/C .

(2.14)

Ïd, ò(2.11), (2.12) Ú(2.13)�\§·Ky²�..

�d§�â(1.14), (2.9), ·K2.5 Ú·K2.7,·���
GreenÝ
3k�êâê«�S�Å:

�O§=y²�.½n1.1"

3. �5XÚ)�Å:�O

3ù�Ü©¥§·�òïÄ3k�êâê«�eXÚ(1.2))��5Ü©�Å:�O"

3�OXÚ(1.2))�c§·�I�ë�©z [2]¥�½n§Ùy²
XÚ(1.1))��Û�35

Ú��5"

½n3.1. [2] b�v0 ∈ H6(R3), F0 − I ∈ H6(R3) ÷v(1.3)Ú(1.4). ?�Ú·�b�

||v0||H6(R3) + ||F0 − I||H6(R3) ≤ ε0,

Ù¥ε0 v
�. @oK�3��XÚ£1.1¤�����Û�;)(F, v) , ÷v(1.5) Ú(1.6). Ó�,

(F − I, v) ∈ L∞([0,∞);H6(R3)),∇v ∈ L2([0,∞);H6(R3)),

||(F − I, v)||L∞([0,∞);H6(R3)) + ||∇v||L2([0,∞);H6(R3) ≤ Cε0.
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�âSobolevi\½n, ·�k

||∇α(F − I, v)||L∞([0,∞);L∞(R3)) ≤ Cε0, ∀|α| ≤ 4. (3.1)

3y²½n1.2�c§·�I�±eÚn"

Ún3.1. [23] éu���~êc ≥ 1 ¿�XJA2 ≤ c(1 + t), @o

1 ≤ (1 + c)n(1 +
A2

1 + t
)−n. (3.2)

éu0 ≤ s ≤ t, eA2 ≥ c(1 + t)§Kk

(1 +
A2

1 + s
)−n ≤ 3n(

1 + s

1 + t
)n(1 +

A2

1 + t
)−n. (3.3)

éuN ≥ n/2 �?¿��~êaÚb,·�k∫
Rn

(1 +
(|y| − a)2

b
)−Ndy ≤ C(bn/2 + b1/2an−1). (3.4)

�âDuhamel’s�K§·�ò(2.2)�)P�±e/ª(
d

E

)
=

(
G11I3×3 G12I3×3

G21I3×3 G22I3×3

)
∗

(
d0

E0

)
+

∫ t

0

(
G11I3×3 G12I3×3

G21I3×3 G22I3×3

)
(·, t− s) ∗

(
F1

F2

)
(·, s)ds, (3.5)

Ù¥∗ �L'u�m�òÈ. (Ü(2.1), ·��±©O�Ñvk ÚEkj(k, j = 1, 2, 3) �L�ª,

vk =(F−1(
λ+e

λ+t − λ−eλ
−t

λ+ − λ−
)) ∗ vk0 + (F−1(iξj

eλ+t − eλ−t

λ+ − λ−
)) ∗ Ekj

0

−
∫ t

0

(δmk + Λ−2∇m∇k)(F−1(
λ+e

λ+t − λ−eλ
−t

λ+ − λ−
))(·, t− s) ∗ ∇l(vlvm − ElrEmr)(·, s)ds

+

∫ t

0

(F−1(iξj |ξ|−2λ+e
λ+t − λ−eλ

−t

λ+ − λ−
))(·, t− s) ∗ ∇r∇l(EljEkr − ElrEkj)(·, s)ds

+

∫ t

0

(F−1(iξj
eλ+t − eλ−t

λ+ − λ−
))(·, t− s) ∗ (∇r(vkErj)−∇l(vlEkj))(·, s)ds

(3.6)

Ekj =(F−1(iξj
eλ+t − eλ−t

λ+ − λ−
)) ∗ vk0 + (F−1(−λ−e

λ+t − λ+e
λ−t

λ+ − λ−
)) ∗ Ekj

0

+

∫ t

0

(δmk + Λ−2∇m∇k)(F−1(−iξj e
λ+t − eλ−t

λ+ − λ−
))(·, t− s) ∗ ∇l(vlvm − ElrEmr)(·, s)ds

+

∫ t

0

(F−1(−e
λ+t − eλ−t

λ+ − λ−
))(·, t− s) ∗ ∇r∇l(EljEkr − ElrEkj)(·, s)ds

+

∫ t

0

(F−1(−λ−e
λ+t − λ+e

λ−t

λ+ − λ−
))(·, t− s) ∗ (∇r(vkErj)−∇l(vlEkj))(·, s)ds.

(3.7)
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�X·��O(3.3)Ú(3.4)¥��5Ü©v(x, t) ÚE(x, t) ,

vk =(F−1(
λ+e

λ+t − λ−eλ
−t

λ+ − λ−
)) ∗ vk0 + (F−1(iξj

eλ+t − eλ−t

λ+ − λ−
)) ∗ Ekj

0 =: R1 +R2 (3.8)

Ó�

E
kj

=(F−1(iξj
eλ+t − eλ−t

λ+ − λ−
)) ∗ vk0 + (F−1(−λ−e

λ+t − λ+e
λ−t

λ+ − λ−
)) ∗ Ekj

0 . (3.9)

·�l(1.16)Ú(3.8)��

|Dα
xR1| ≤ |Dα

xG ∗ (v0, E0)| ≤ |Dα
x (G−GS1

) ∗ (v0, E0)|+ |Dα
xGS1

∗ (v0, E0)|.

�|x| ≤ (M + 1)ct �|α| ≤ 1�, aqu [22]¥�y², lÚn3.2¥·��±��

|Dα
x (G−GS1

) ∗ (v0, E0)| ≤ Cε0t
− 4+|α|

2

∫
R3

e−
(|x−y|−t)2
C(t+1) (1 + |y|)− 5

2 dy

≤ Cε0((1 + t)−
4+|α|

2 (1 +
(|x| − t)2

1 + t
)−

3
2 + e−t/c(1 +

|x|2

1 + t
)−

3
2 ).

(3.10)

¿�, �âë�©z [22], ·�k

|Dα
xGS1

∗ (v0, E0)| ≤ Cε0e
−t/c(1 +

|x|2

1 + t
)−

3
2 , |α| ≤ 1. (3.11)

Ïd·���

|Dα
xR1| ≤ Cε0((1 + t)−

4+|α|
2 (1 +

(|x| − t)2

1 + t
)−

3
2 + e−t/c(1 +

|x|2

1 + t
)−

3
2 ), |α| ≤ 1. (3.12)

'uR2 ÚE
kj
��O�aquR1,

|Dα
xR2| ≤ Cε0((1 + t)−

4+|α|
2 (1 +

(|x| − t)2

1 + t
)−

3
2 + e−t/c(1 +

|x|2

1 + t
)−

3
2 ), |α| ≤ 1, (3.13)

|Dα
xE

kj | ≤ Cε0((1 + t)−
4+|α|

2 (1 +
(|x| − t)2

1 + t
)−

3
2 + e−t/c(1 +

|x|2

1 + t
)−

3
2 ), |α| ≤ 1. (3.14)

¤±�|x| ≤ (M + 1)ct�§·�l(3.8), (3.12), (3.13) Ú(3.14)¥��
±e�O

|Dα
xv

k|+ |Dα
xE

kj | ≤ Cε0((1 + t)−
4+|α|

2 (1 +
(|x| − t)2

1 + t
)−

3
2 + e−t/c(1 +

|x|2

1 + t
)−

3
2 ), |α| ≤ 1. (3.15)

�d½n1.2y."

� �

3dAOa�ë,+P��?Ø��"
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