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Abstract

In this paper, we investigate the parameter estimation problem of the stochastic heat
equation driven by space-time white noise. Under the assumption that the spatial
process can be discretely observed at a fixed time point, we use the quasi-likelihood
method to provide an estimator for the diffusion parameter. Additionally, we derive

the asymptotic behavior of the estimator based on Malliavin calculus.
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1. 515

AR, BENLIATT R A GETHHERT SR AATHIR O, 2 28 DAl It 1 % KRN T2
RIS E G TR, R 73T p- R U7k, DLREETAR 7 R/ TR ABLAR
ke HRK pAhJiik, A5 Cialenco [1], 1. Cialenco & Y. Huang [2], Torres [3], Gamain,
Julie ¢ Ciprian [4] 5 3CHR; KT H/h 3%, FTAZHE R [5]; R TWRAMRTTE, AT5%
Cialenco [6], Markussen [7].

FEACH, AT R FHOBA R TT 1200 8 LA BE LT AR S 2l v i)
Zu(t,z) = FAu(t,z) + VOW (t,x), t>0,z€R,

u(0,2) =0, z € R,

Hoep A REERMTH T, W REZ A, 0> 0 2—MRNSH.

BT AR 2 — u(-,z) ATUEEECE R A {z; = %(b— a),j=1,2,...,n} (HH —co<a<
b<oo) BHMM. id n; =u(t,z;) —ult,z;—1), HHFzeRHt>0. Hnp, FABRSH O W
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EPNVEINESRAE

:jﬁlfm(m :1 \/%T {20213(].)%)2},

Hp fx () RorbEIRE X M ERE B(j) = Elnl. A

a0 O
AR EISH 0 SR 6, i
1 N F
— 1.2
n ; B(j (1.2)

FATxFZ A T RS EANR Z R R AR E M B R R

o fhiFE 0, RBUN TG,
o n TN, f

N (én - 9) L N (0,2(b — a)o) .

2. F&EIR
AT FIEHA 5 T AR u(t, z) HIE BN

u(t, ) \[//Gt—r:v— W(dr,dy), t=>0,

HodweR Ht>0, Gt,o) = At Joflh. TR, ®ITH

z—1 2
e T (2.1)

Elu(t, x)u(s,y)] = 2077/0 \/tJ:gi_zz

XETA st >0 Ml 2,y € R AL FRATHIE v ATTRE(LL)PEEM. HZM5T LS, Alds 55
A [8], Nualart [9] &SRR,

ETFH, BAESREFEIEN:

u' = {u(t,r),z € R}.
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DT t=s, T, NTENt>0 Kk o,yeR, RITA:

Ri(z,y) = Eu(t,z)u(t,y)

0 / 7<z(—y>f dz _@w)? dz (22)
_ e G-z —.
Var Jo V2t — 2z Q\f Vz

IeAh, @IS A EEL A Pospisil BAK Tribe BT [10], FA 1452
Rt (.’IJ, y) = Eu(tv (L’)U(t, y)

2.3)
t _(=—w? 1 1 |z — y| (

= — 4t — — _ _ f

9\/;3 29|913 y|+20|m yler < Wi )

XA t >0 x,y € R L. HA, erf RoRiRZERE, Hw UAN:

erf(z / —v? dv, z>0.
f

WEE v, FERE o = {u(t,z),z € R} B—DREAAIES), HEBOV H =1, K=3. Jﬁb
A, BATVE TS ISR of = {u(t, z),z € R} BEAEPHEAZ S/RT RS, @5, IR
H, &5 u = {u(t,r),z € R} MHXREIHAEZARARTSE. T4&, Wiener #15

u(p) = / o(y)ult,dy), ¢ € Hy
R
Wy A B R, JFE
E ( [ ewute.an [ sm(y)u(t,dy)) — (o1 o),

XT 1,00 € Hee BOL. WK, X T 2,y € R, TATH

_ B t w1 1 |z — y|
(Lio.a]s Loy, = E(u(t, z)u(t,y)) = 9\/;3 S0l =yl + 50l yerf( i ) :
id Sy NIRRT eIz kg S

F = f(u'(p1),u'(p2), ..., u' (¢n)),

Hep fe C@RY) (f KHFTHESEER), 0 € Hye FREREZHR F MFXHAET D' (Malliavin
TH) XN
D'F = Z 5] (' (p1), ' (p2), - -, u' (0n)) 05

FHET D, A L2(Q) B L2 H,) KIFTHAE T JATH D2 oK S, 7%

|Fll1,2 := \/E|F|2 + E||D*F|3,,.
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THRIME. SRR o RHET D, AR T. R
E(DeF,v)a,| < cl|Fllrz o)

XA F e S WAL, WAFRBEHARR v € L2(Q;H,) B THUEE 7 6 #YE 5, 128 Dom(d").
TEXFPEL T, 0t (v) BXHEIERE X

E[Fé'(v)] = B(D,F,v)x, (2.4)

WHTE v € DY2 BiAL. FATH DY2 C Dom(6). HATHM IS
5t(v) = /O ) vyult, dy)

*#&R Skorohod #43, HAE Skorohod FA43E XN

/0 t vyu(t, dy) = 64 (vl ).
FABEATELSIA R T AR o = {u(t,z),z € R} B p > 1 MEZEBG IL(f), WFHimR:

IN(f) = /[ox]p f(@y, Ty ..o, xp)ult, doeyult, des) - - ult, dxy), f € HEP.

%2 BRI AEEE A LR A

! 5 ®p =dq,
E[I;(f)fé(g)] _ n! (f g>7‘£t p=gq
0, p#q,
Hrp p g NIEFEE, FraH, FRATHE
E(|1) =2l (25)

PATR T ZAF U NMER p, ¢ BYSARAR 2 B GEGRTEAR 73 1) — e 2 3

B = S (2)(7)ntr e

r=0

Kok =p+q—2r, fo,g R 1P ML, LT
f®7“ g(sly~-~73p—r)t1?~-~atq—r)

= / f(tl, PN t,-, T1yeeesTp—r, )g(tl, e 7tr7yla e ,yq_T)dtldtQ e dt,
[0, x]¥
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3. BHETT

AT, AT EAEE ] A ¢ RIS A RERFEA TS5 0, I ¢ AR S D = [0, T
Fo RE ut = {u(t,z),r € R} fEWH 2 LA R %M (C) M—LeBBUsm A {z; = a+ih, i=1,2...n}
U
(C)hl0Hn—oolf, nh=>b—a.
i
m=u(t,z;) —u(t,z,1)i=1,2,...,n, t € D,

M5 v B LA & 96 02
Vc”"(ni) = E(n?) = E(U(t, xz) - U(t, xi71)>2

229\/?(1—6 ) 4 0h — Oh erf( i%)

_0<h+2\/72 k'2k—1 )>

= 01 (h),

Hpi=1,2,...n. T/, TG0 EAUAR b8 £L

2
log L(0) = glog(%rw(h)) - gbg 0) — 2%(230
It e
dlog L(O) _
00 o

32 0 LA T

é Z nz B E "77,
n = o h 2k '
P(h) n(h + 2[ Z k'(2kh end)

A TRAT FTZAG TR, AR A A IR AT A

3.1. fhit2RIatE

THEIE B T AT EIR TR T RS, BRATKIE HOASS AT, BE 2,
BIXS T Ve > 0,
lim P(6, —0>¢)=0.

n—oo

EE 3.1, 3% u A HAE(L1)AE R, BT A of = {u(t,x),z € [0, X]} EEEHHR
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_Oc _1\k 1 L%H CON2RH2 s 1N2kH2 (s 2k+2
= ;( D ry eyt BN CE R (j—i-1) (j —i+1)%**?),
W nAFTLGE, A:
n j—1
1 =n(n—1)0(h?),
=2 =1
n j—1
i = n(n—1)O(h?),
j=2 i=1
n j—1
75 = n(n — 1)O(h?),
j=2 i=1
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2 =n(n —1)O(h®)
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51323, 1093880, MAHMEER, RIS, n— oo B,
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ZZn:ZZZ< 1)* )M = (i) = (G -+ 1))
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n—1 oo ]’sz
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an(h Z E 1<§<n b 773
1
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3.2. T BiRELIENRENM

FETREHT e T, RATEEMITR 0, WEMRIWE AT RATKAEM, BEARBT LS K
BF,  ADBLOR AN TF 5 1 22 B AR PR 29 A7 52 B 75 I s g 2 b IR A1, B2 Ul R 22 AR B 43 A
RIS T — IEA i F-AT15] A\ Kolmogorov i

dKol(X7Y) = Sup‘P(X < Z) - P(Y < Z)‘
z€R

Kolmogorov FREGRKAE T 3O I T @bt EiRE R S A Z AR . JAVME, dka A
PANER: Wik F I BB R BOR S, W F, AT F o HAS n BT BT,

dKol(Fn; F) — 0.

i, FATFINTHEEIGI . %5138 Nourdin K Peccati [11] BIZ5R (50 [11] HEH 5.2.6).
SIFE 8.3. & L(f) ARAXTERIAE o' = {ult,z),r e R} ¥ p>1HMEERYy, LHEL
E[L,(f)}] =02 dERBAR., MNTHAH xR, H:

dica (1,(£), N(0,6%)) < Cy/Var (IDL(£)I2,).

AP H, RENSA o = {ut,2),r € R} 895 £ B RAAH S,
FEIE 3.2 BRI 91 HEMARE. MY n BFLEF KK, §, 092 £:1442 0, — 0 #H2:

n? (0, — 6) - N(0,26%).
JEA. g
Hpn>1. M

hHEH 3.1 HIUEB AT 40,

lim E(V2) = lim nE(6, — Ef,)?

n—oo n—o00
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Figure 1. The function of 6,, varying with X (when 6y = 2)

1. 6o =2 I fhiTHEpE X 1IR3
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2. 6o = 3 MHAGTHERE X 2210 R EL

Table 1. The numerical values of én

® 1. MR 0, M%E

h T
20 40 60 80 100
0.1000 2.1866 2.0488 2.1904 1.8755 1.8429
0.0500 2.0248 2.0095 1.9308 1.7512 2.1005
0.0250 2.0958 2.0022 1.8299 1.9696 2.0435
0.0200 1.8384 1.9404 2.0018 1.9770 2.0866
0.0125 1.9660 2.0205 1.9955 2.0165 2.0061

5. B4

ARSCE IS T REMRITE BT, A HAUALER s B A5 B S U LR AS T B JF HAEWD 1Al R
HAEPERBAL AT R o SUUSR A T — RO A R IR T3 2R3 S Bl v M 53, 25 RAETT
REMR AT CRIIE OL T RENS I8 1L At 1 2 1A ML 4 5 P R B3R i MR S 2 80 — N el oo AR
TET p-Z NS EALTETIR, WBAGTHETT R R AR ZEAMEAE, (A PFAF Ik o 2 N B T
PAER . S34h, ASCRE A AABLR B 75 B AT DAHES BLARRR A iy B 75 . o — stable i REIKE)

RIBENL AT RIS At Th . BRATTRE 278 DU A9 AR ot Hadk A7 it i

DOLI: 10.12677/aam.2025.144162 298

INAREEtidn


https://doi.org/10.12677/aam.2025.144162

n
«.H
e
&

6.5

557

Bl

il
3.5*||‘1

257

v

l\,J “M\N\J\M\WW\A : '”'M'/\'\'M-JJ\MM'W\ /AV Ay

0 20 40 60 80 100
T

Figure 3. The function of 6, varying with X (when 0y = 4)
3. 0 = 4 AR X AR

S22 3Rk

[1] Cialenco, I. and Glatt-Holtz, N. (2011) Parameter Estimation for the Stochastically Perturbed
Navier-Stokes Equations. Stochastic Processes and their Applications, 121, 701-724.
https://doi.org/10.1016/.spa.2010.12.007

[2] Cialenco, I. and Huang, Y. (2019) A Note on Parameter Estimation for Discretely Sampled
SPDEs. Stochastics and Dynamics, 20, Article 2050016.
https://doi.org/10.1142/s0219493720500161

[3] Torres, S., Tudor, C. and Viens, F. (2014) Quadratic Variations for the Fractional-Colored
Stochastic Heat Equation. Electronic Journal of Probability, 19, 1-51.
https://doi.org/10.1214 /ejp.v19-2698

[4] Gamain, J. and Tudor, C.A. (2023) Exact Variation and Drift Parameter Estimation for the
Nonlinear Fractional Stochastic Heat Equation. Japanese Journal of Statistics and Data Sci-
ence, 6, 381-406. https://doi.org/10.1007 /s42081-023-00188-0

[5] Hu, Y. and Nualart, D. (2010) Parameter Estimation for Fractional Ornstein-Uhlenbeck Pro-
cesses. Statistics Probability Letters, 80, 1030-1038. https://doi.org/10.1016/j.spl.2010.02.018

[6] Cialenco, I., Lototsky, S.V. and Pospisil, J. (2009) Asymptotic Properties of the Maximum
Likelihood Estimator for Stochastic Parabolic Equations with Additive Fractional Brownian
Motion. Stochastics and Dynamics, 9, 169-185. https://doi.org/10.1142/50219493709002610

[7] Markussen, B. (2003) Likelihood Inference for a Discretely Observed Stable Processde.
Bernoulli, 9, 745-762. https://doi.org/10.3150/bj/1066418876

DOI: 10.12677/aam.2025.144162 299 I FH #e e it


https://doi.org/10.1016/j.spa.2010.12.007
https://doi.org/10.1142/s0219493720500161
https://doi.org/10.1214/ejp.v19-2698
https://doi.org/10.1007/s42081-023-00188-0
https://doi.org/10.1016/j.spl.2010.02.018
https://doi.org/10.1142/s0219493709002610
https://doi.org/10.3150/bj/1066418876
https://doi.org/10.12677/aam.2025.144162

HTE %

[8] Alos, E., Mazet, O. and Nualart, D. (2001) Stochastic Calculus with Respect to Gaussian
Processes. The Annals of Probability, 29, 766-801. https://doi.org/10.1214 /aop /1008956692

[9] Nualart, D. (1995) The Malliavin Calculus and Related Topics. Springer.
[10] Pospisil, J. and Tribe, R. (2007) Parameter Estimates and Exact Variations for Stochastic

Heat Equations Driven by Space-Time White Noise. Stochastic Analysis and Applications, 25,
593-611. https://doi.org/10.1080/07362990701282849

[11] Nourdin, I. and Peccati, G. (2012) Normal Approximations with Malliavin Calculus. From
Stein’s Method to Universality. Cambridge University Press.
https://doi.org/10.1017 /cbo9781139084659

DOI: 10.12677 /aam.2025.144162 300 L FH B


https://doi.org/10.1214/aop/1008956692
https://doi.org/10.1080/07362990701282849
https://doi.org/10.1017/cbo9781139084659
https://doi.org/10.12677/aam.2025.144162

	基于拟似然方法的随机热方程参数估计
	摘  要
	关键词
	Parameter Estimation for the Stochastic Heat Equation Based on the Quasi-Likelihood Method
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	3. 参数估计
	4. 数值模拟
	5. 总结
	参考文献

