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Abstract

By using the concept of c-subdifferential and introducing new constraint qualification-
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s, the optimality conditions for evenly convex optimization problems with DC type

inequalities are given. At the same time, the Lagrange dual problem of the prime

problem is defined by utilizing the properties of evenly convex functions. By utilizing

the c-conjugate graph property of functions, the total dual problem between the prime

problem and its Lagrange dual problem is depicted.
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1. Úó

�`z¯K´��A^5�~r�ïÄ�K, �´y��ÆO��Ø%¯K��, Ù2�©Ù

u²LOy!ó§�O!$Ñ�Ï!I��+�, É�
��Ü�9�ïÅ��:'5. duN

õ¢S¯KÑ�±wÑ½ö=z����å`z¯K, Ïd�å`z¯KÚå
Æö��pÝÀ.

Æö�ïÄ
Xe�Ø�ª�å� DC`z¯K

inf f(x)− g(x)

s.t. x ∈ C, ft(x) ≤ 0, t ∈ T,
(1.1)

Ù¥§ X´¢ÛÜà HausdorffÿÀ�þ�m, C ⊆ X´����48, T´����(�UÃ�)�

I8, f, g, ft : X → R := R ∪ {+∞}, t ∈ T ´ýe�ëYà¼ê. Æö��é¯K (1.1), ©OÚ

?�A��å5�^�, ïá
 DC5y¯K� FarkasaÚn!éónØÚ�`5^��(ëw©

z [1–10]). ~X, Dinh�<3©z [4]¥|^45^� (CQC)��
¯K (1.1)� KKTa�`5^

�¤á�7�^�, Sun�<3©z [6]¥ïá
¯K (1.1)� FarkasaÚnÚÙéó¯K, ¿�x


�¯KÚÙéó¯K�m�féóÚréó.

5¿�, þã(ØÑ´ïá3¼êäkà5Úe�ëY5�b�e���, ù3�½§Ýþ�

�
�å`z¯K3¢S¥�$^. Ïd, XÛ3¼êØ�½äke�ëY5��¹eïáêÆ`

z¯K�éónØÚ�`5^�, ¤�
y�`znØïÄ¥���9:ÚJ:¯K. þ!à8

äk�45, ¦�þ!à¼ê(=þã�þ!à8�¼ê)'e�ëYà¼ê�ä��5. u´§k

Æöm©ïÄ
�aAÏ�2Âà`z¯K))DC.þ!à`z¯K, =8I¼ê�ü�þ!à
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¼ê���`z¯K. ~X, Fajordo�<ïÄ
¯K (1.1)�éónØ(ë�©z [11,12])±9�8Ü

�å�DC.þ!à`z¯K��`5^�(ë�©z [13]), ��<é DCEÜþ!à`z¯K?1


ïÄ, �Ñ
�X�k¿Â�(Ø(ë�©z [14]).

â¤Ýº�©z��, 8cé� DC.Ø�ª�å� DC.þ!à`z¯K��`5^�Ú�

éónØ�ïÄ��. Ïd, ·��±|^ c-g�©5�, Ú\�X��å5�^�, ïÄXe�

DC.Ø�ª� DC.þ!à`z¯K

inf f(x)− g(x)

s.t. x ∈ C, ft(x)− gt(x) ≤ 0, t ∈ T,
(1.2)

Ù¥§ X´¢ÛÜà HausdorffÿÀ�þ�m, C ⊆ X´����þ!8, T´����(�UÃ

�)�I8, f, g, ft, gt : X → R := R ∪ {+∞}, t ∈ T´ýþ!à¼ê. 5¿�, � gt = 0�, ¯K

(1.2)ÒC¤
¯K (1.1), ÏdùÜ©�ïÄ´cã¯K�ò�Úí2.

2. ý��£

� X´¢ÛÜàÿÀ�þ�m, X∗´ X��Ý�m, D�f ∗ÿÀ ω∗(X∗, X). 〈x∗, x〉L«�
¼ x∗ ∈ X∗3: x ∈ X��, = 〈x∗, x〉=x∗(x). �8Ü D´ X�����f8, P D�4�, à

�ÚI�©O� clD!coDÚ coneD. eé?¿ x0 /∈ D, �3 X∗ ∈ X∗, ¦�é¤k x ∈ Dk

〈x∗, x − x0〉 < 0¤á, K¡8Ü D´þ!à8. �¹ D���þ!à8¡�� D�þ!à�, P�

econvD. R+L«¤k�K¢ê|¤�8Ü, R++L«¤k�¢ê|¤�8Ü. � T´?¿(�UÃ

�)�I8, R(T ) := {λ = (λt)t∈T ∈ RT :�kk�õ�λt 6= 0}, R(T )
+ L« R(T )þ��KI, =

R(T )
+ :=

{
(λt)t∈T ∈ R(T ) : λt ≥ 0, ∀t ∈ T

}
.

- δDL« D�«5¼ê, ½Â�

δD(x) :=

{
0, x ∈ D,
+∞, x ∈ X \D.

� f : X → R´ý¼ê, ©O½Â f�k�½Â�!þã!�Ý¼ê�

dom f := {x ∈ X : f(x) < +∞},

epi f := {(x, r) ∈ X × R : f(x) ≤ r},

f∗(x∗) := sup{〈x∗, x〉 − f(x) : x ∈ X}, ∀x∗ ∈ X∗.

½Â f3: x ∈ domf?�g�©�

∂f(x) := {x∗ ∈ X∗ : f(x) + 〈x∗, y − x〉 ≤ f(y),∀y ∈ X}, ∀x ∈ domf,
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e f(x) /∈ R, KP ∂f(x) = ∅. e¼ê f�þã epif�þ!à8, K¡¼ê f�þ!à¼ê. ½Â¼

ê f : X → R�þ!à��

econvf := sup{g : g´þ!à¼ê� g ≤ f}.

éuý¼ê f, g : X → R, fÚ g�eàòÈP� f ⊕ g, ½Â�

(f ⊕ g)(x) := inf
x1+x2=x

{f(x1) + g(x2)}, ∀x ∈ X.

XJ�3 a ∈ X¦� (f⊕g)(x) = f(a)+g(x−a),K¡¼ê f⊕g3: x°(. -W := X∗×X∗×R,

ÍÜ¼ê c : X ×W → RÚ c′ : W ×X → R½Â�

c(x, (y∗, z∗, α)) = c′((y∗, z∗, α), x) :=

{
〈x, y∗〉, XJ 〈x, z∗〉 < α,

+∞, XJ 〈x, z∗〉 ≥ α.

� f : X → R, h : W → R, ©O½Â f� c-�Ý f c : W → R Ú h� c′-�Ý hc
′

: X → R�

f c(y∗, z∗, α) := sup
x∈X
{c(x, (y∗, z∗, α))− f(x)}, ∀(y∗, z∗, α) ∈W,

hc
′
(x) := sup

(y∗,z∗,α)∈W
{c′((y∗, z∗, α), x)− h(y∗, z∗, α)}, ∀x ∈ X.

�½ (+∞) + (−∞) = (−∞) + (+∞) = (+∞)− (+∞) = (−∞)− (−∞) = −∞, 0 · ∞ = 0.

©z [15]L²,�xlXN�R�Øð�u−∞�ýþ!à¼ê,¢Sþ´�x c-Ä�Ð�¼ê

�Å:Âñ�þ(.�8Ü.Ón,¼ê g : W → R�¡�gþ!à�,XJ§´�x c′-Ä�Ð�¼

ê�Å:Âñ�þ(.�8Ü. Ù¥, c-Ä�Ð�¼ê´�äk x ∈ X → c(x, (y∗, z∗, α))− β ∈ R�
(y∗, z∗, α) ∈ W, β ∈ R/ª�¼ê, c′-Ä�Ð�¼ê´�äk (y∗, z∗, α) ∈ W → c′((y∗, z∗, α), x) −
β ∈ R� x ∈ X, β ∈ R/ª�¼ê. ¼ê g���gþ!àf¼ê¡� g�gþ!à�, P�

e′convg. = e′convg:= sup{h : h´þ!à¼ê� h ≤ g}.
½Â2.1. [16] �8Ü D ⊆W × R, e�3gþ!à¼ê k : W → R¦� D = epik, K¡8Ü D�

gþ!à8.

½Â2.2. [13] �¼ê f : X → R�ý¼ê, x0 ∈ domf . e�3 (x∗, u∗, α) ∈ W¦� 〈x0, u∗〉 < α

�é?¿ x ∈ Xk
f(x)− f(x0) ≥ c(x, (x∗, u∗, α))− c(x0, (x∗, u∗, α)),

K¡�þ (x∗, u∗, α) ∈ W´¼ê f3: x0?� c-gFÝ. ¼ê f3: x0 ?�¤k c-gFÝ|¤�

8Ü¡�¼ê f3: x0?� c-g�©, P� ∂cf(x0).

52.1. ½Â Rp� R|J|þ�Ý� ProjJp : Rp → R|J|� ProjJp (x) := (xj)j∈J , Ù¥ p ∈ N, ∅ 6= J $
{1, ..., p}.� u∗ ∈ X∗, α ∈ R, ½Â H<

u∗,α := {x ∈ X : 〈x, u∗〉 < α}.d©z [13] Ú [15] ��,

f c(x∗, u∗, α) =

{
f∗(x∗), XJ domf ⊆ H<

u∗,α,

+∞, Ù¦,
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∂cf(x) = ∂f(x)× {(u∗, α) ∈ X∗ × R : domf ⊆ H<
u∗,α},

�k ∂f(x) = Proj13∂cf(x), Ù¥ x ∈ domf .

d c-�Ý¼ê�½Â��, ±eØ�ª¤áµ

f(x) + f c(y∗, z∗, α) ≥ c(x, (y∗, z∗, α)), ∀(x, (y∗, z∗, α)) ∈ X ×W.

Ó�, d c-g�©�½Â��, é?¿ x ∈ domfk

f(x) + f c(y∗, z∗, α) = c(x, (y∗, z∗, α)), ∀(y∗, z∗, α) ∈ ∂cf(x). (2.1)

Ún2.1. [17] �½¼ê f : X → RÚ g : X → R, ke�·K¤á

(i) f c´þ!à¼ê; gc
′
´gþ!à¼ê.

(ii) econvf = f cc
′
; e′convg = gc

′c.

(iii) e¼ê f 6= −∞, K f´þ!à¼ê��=� f = f cc
′
; ¼ê g´gþ!à¼ê��=�

g = gc
′c.

(iv) f cc
′ ≤ f ; gc′c ≤ g.

3. �`5^�

� p ∈ X∗, �Ù�ÄXe��56Ä�þ!à`z¯Kµ

(Pp)

inf f(x)− g(x)− 〈p, x〉
s.t. ft(x)− gt(x) ≤ 0, t ∈ T,

x ∈ C,

Ù¥§ X´¢ÛÜÿÀ�þ�m, ¼ê f, g, ft, gt : X → R´½Â3 Xþ�ýþ!à¼ê, C´ X¥

���þ!àf8, T´?¿�I8. P ∂cH(x) = ∂cg(x) ×
∏
t∈T

∂cgt(x), x ∈ X. � AL«¯K

(Pp)��1)8, =

A := {x ∈ C : ft(x)− gt(x) ≤ 0, t ∈ T}.

��B?Ø, �Ù�½ dom(f − g) ∩ A 6= ∅, � x /∈ domf�k f(x) − g(x) = +∞. �ïÄ¯K

(Pp)��`5^�, k�ÑXe·KÚ½Â.

·K3.1. � p ∈ X∗, a ∈ R. é?¿ x ∈ domfk

∂c(f + p+ a)(x) = ∂cf(x) + (p, 0, 0).

y � (x∗, u∗, α) ∈ ∂c(f + p+ a)(x), d c-g�©½Â� 〈x, u∗〉 < α�é?¿ x ∈ Xk

(f + p+ a)(x)− (f + p+ a)(x) ≥ c(x, (x∗, u∗, α))− c(x, (x∗, u∗, α)). (3.1)
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5¿�, c(x, (x∗, u∗, α)) = 〈x, x∗〉�þª�>�k��. �¦ (3.1)ª¤á, c(x, (x∗, u∗, α))�7�k

��, �k 〈x, x∗〉 < α� c(x, (x∗, u∗, α)) = 〈x, x∗〉. Ïd, é?¿ x ∈ Xk

(f + p)(x)− (f + p)(x) ≥ 〈x, x∗〉 − 〈x, x∗〉,

�n�

f(x)− f(x) ≥ 〈x, x∗ − p〉 − 〈x, x∗ − p〉

= c(x, (x− p, u∗, α))− c(x, (x− p, u∗, α)).

Ïd§ (x∗ − p, u∗, α) ∈ ∂cf(x), = (x∗, u∗, α) ∈ ∂cf(x) + (p, 0, 0).

��, � (x∗, u∗, α) ∈ ∂cf(x), d c-g�©½Â� 〈x, u∗〉 < α�é?¿ x ∈ Xk

f(x)− f(x) ≥ c(x, (x, u∗, α))− c(x, (x, u∗, α)).

=

f(x)− f(x) ≥ 〈x, x∗〉 − 〈x, x∗〉. (3.2)

3 (3.2) ª�mü>Ó�\þ 〈p, x− x〉, �

(f + p+ a)(x)− (f + p+ a)(x) ≥ 〈x, x∗ + p〉 − 〈x, x∗ + p〉

= c(x, (x+ p, u∗, α))− c(x, (x+ p, u∗, α)).

¤± (x∗ + p, u∗, α) ∈ ∂c(f + p+ a)(x), � ∂cf(x) + (p, 0, 0) ⊆ ∂c(f + p+ a)(x).

½Â3.1. � p ∈ X∗, x0 ∈ dom(f − g) ∩A. �Äe¡·K

(i) x0´¯K (Pp)����:;

(ii) é?¿ ((x∗, u∗, α), (y∗, v∗, β)) ∈ ∂cH(x), �3 λ = (λt)t∈T ∈ R(T )
+ ¦�é?¿ γ > 0k

(p, 0, γ) + (x∗, u∗, α) +
∑

t∈T (x0)

λt(y
∗
t , v
∗
t , βt) ∈ ∂cf(x0) + ∂cδC(x0) +

∑
t∈T (x0)

λt∂cft(x0). (3.3)

e (i)⇔ (ii) K¡XÚ {f − p, g, δC ; ft, gt : t ∈ T}3: x0÷v KKT ^�. eÙ3 dom(f − g) ∩Aþ
z�:Ñ÷v KKT ^�, K¡XÚ {f − p, g, δC ; ft, gt : t ∈ T}÷v KKT ^�.

½Â3.2. � p ∈ X∗, x0 ∈ dom(f − g) ∩A. e

∂c(f − g − p+ δA)(x0) =
⋂

((x∗,u∗,α),(y∗,v∗,β))∈∂cH(x)

⋃
λ∈R(T )

+

(∂c(f − p)(x0) + ∂cδc(x0)

+
∑
t∈T (x)

λt(∂cft(x0)− (y∗t , v
∗
t , βt))− (x∗, u∗, α)).

(3.4)

K¡XÚ {f−p, g, δC ; ft, gt : t ∈ T}3: x0÷v F−(ECQ)^�.d	,eÙ3 x ∈ dom(f−g)∩Aþ
z�:Ñ÷v F − (ECQ)^�, K¡XÚ {f − p, g, δC ; ft, gt : t ∈ T}÷v F − (ECQ)^�.

53.1. � p = 0 �, ò (3.4)ª¥�mü>Ó�� R3� Rþ�Ý�, F − (ECQ)^�==z�©
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z [18]¥� (BCQ)^�.

½n3.1. � p ∈ x∗, x0 ∈ dom(f − g) ∩A.±e·K�d

(i) x0´¯K (Pp)��`);

(ii) é?¿ α > 0, (0, 0, α) ∈ ∂c(f − g − p+ δA)(x0);

(iii) é?¿ α > 0, (p, 0, α) ∈ ∂c(f − g + δA)(x0).

y (i)⇒ (ii) � x0´¯K (Pp)��`), Ké?¿ x ∈ X, α > 0k

(f − g − p+ δA)(x)− (f − g − p+ δA)(x0) ≥ 0 = c(x, (0, 0, α))− c(x0, (0, 0, α)).

Ïd, (0, 0, α) ∈ ∂c(f − g − p+ δA)(x0).

(ii) ⇒ (iii) b� (ii)¤á. ?� α > 0¦� (0, 0, α) ∈ ∂c(f − g − p + δA)(x0), Kd·K 3.1�

(0, 0, α) ∈ ∂c(f − g + δA)(x0) + (−p, 0, 0), �n� (p, 0, α) ∈ ∂c(f − g + δA)(x0).

(iii)⇒ (i) b� (iii)¤á. ?� α > 0¦� (p, 0, α) ∈ ∂c(f − g + δA)(x0), Ké?¿ x ∈ Xk

(f − g + δA)(x)− (f − g + δA)(x0) ≥c(x, (p, 0, α))− c(x0, (p, 0, α))

=〈x, p〉 − 〈x0, p〉,

=é?¿ x ∈ Ak (f − g − p)(x)− (f − g − p)(x0) ≥ 0, Ïd, x0´¯K (Pp)��`).

d½n 3.1��e¡íØ¤á.

íØ3.1. � x0 ∈ domf ∩ A. K x0´¯K (P )��`)��=�é?¿ α > 0k (0, 0, α) ∈
∂c(f − g + δA)(x0).

e¡�Ñ¯K (Pp)� KKTa�`5^�¤á�¿©^�.

½n3.2. � p ∈ X∗, x0 ∈ dom(f − g) ∩ A. eXÚ {f − p, g, δC ; ft, gt : t ∈ T}3: x0÷v

F − (ECQ)^�, KÙ3: x0÷v KKT^�.

y b�XÚ {f − p, g, δC ; ft, gt : t ∈ T}3: x0÷v F − (ECQ)^�, K (3.4)ª¤á. e:

x0´¯K (Pp)����. d½n 3.1����=�é?¿ γ > 0k

(0, 0, γ) ∈ ∂c(f − g − p+ δA)(x0).

(Ü (3.4)ª��

(0, 0, γ) ∈
⋂

((x∗,u∗,α),(y∗,v∗,β))∈∂cH(x)

⋃
λ∈R(T )

+

(∂c(f − p)(x0) + ∂cδc(x0)

+
∑
t∈T (x)

λt(∂cft(x0)− (y∗t , v
∗
t , βt))− (x∗, u∗, α)),

��=�é?¿ ((x∗, u∗, α), (y∗, v∗, β)) ∈ ∂cH(x), �3 λ = (λt)t∈T ∈ R(T )
+ ¦�é?¿ γ > 0k
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(0, 0, γ) + (x∗, u∗, α) +
∑

t∈T (x0)

λt(y
∗
t , v
∗
t , βt) ∈ ∂c(f − p)(x0) + ∂cδC(x0) +

∑
t∈T (x0)

λt∂cft(x0). (3.5)

d·K 3.1�� (3.5)ª�du

(p, 0, γ) + (x∗, u∗, α) +
∑

t∈T (x0)

λt(y
∗
t , v
∗
t , βt) ∈ ∂cf(x0) + ∂cδC(x0) +

∑
t∈T (x0)

λt∂cft(x0).

4. Langrange ½�éó

�
½Â¯K (Pp)�Lagrangeéó¯K, ·�k�ÑXe·K.

·K4.1. é?¿ λ ≥ 0k

λc(x, (y∗, z∗, α)) ≤ c(x, λ(y∗, z∗, α)). (4.1)

y � λ = 0�,

0 · c(x, (y∗, z∗, α)) = 0, c(x, 0 · (y∗, z∗, α)) = c(x, (0, 0, 0)) = +∞.

� λ > 0�

λc(x, (y∗, z∗, α)) =

{
λ〈x, y∗〉, XJ 〈x, z∗〉 < α,

+∞, XJ 〈x, z∗〉 ≥ α.

c(x, λ(y∗, z∗, α)) = c(x, (λy∗, λz∗, λα)) =

{
〈x, λy∗〉, XJ 〈x, λz∗〉 < λα,

+∞, XJ 〈x, λz∗〉 ≥ λα.

=λc(x, (y∗, z∗, α)).

�é?¿ λ ≥ 0k (4.1)ª¤á.

�¼ê g, gt : t ∈ T�ýþ!à¼ê�, (ÜÚn 2.1Ú·K 4.1�

inf
x∈C
{f(x)− g(x)− 〈p, x〉+

∑
t∈T

λt(ft(x)− gt(x))}

= inf
x∈X
{f(x) + δc(x)− gcc

′
(x)− 〈p, x〉+

∑
t∈T

λt(ft(x)− gcc
′

t (x))}

= inf
x∈X
{(f − p+ δc +

∑
t∈T

λtft)(x)− sup
(x∗,u∗,α)∈domgc

(c(x, (x∗, u∗, α))− gc(x∗, u∗, α))

−
∑
t∈T

λt sup
(y∗t ,v

∗
t ,βt)∈domgct

(c(x, (y∗t , v
∗
t , βt))− gct (y∗t , v∗t , βt))}

= inf
x∈X

inf
(x∗,u∗,α)∈domgc

inf
(y∗t ,v

∗
t ,βt)∈domgct

{(f − p+ δc +
∑
t∈T

λtft)(x) + gc(x∗, u∗, α)

− c(x, (x∗, u∗, α)) +
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt)−

∑
t∈T

λtc(x, (y
∗
t , v
∗
t , βt))}
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≥ inf
x∈X

inf
(x∗,u∗,α)∈domgc

inf
(y∗t ,v

∗
t ,βt)∈domgct

{(f − p+ δc +
∑
t∈T

λtft)(x) + gc(x∗, u∗, α)

− c(x, (x∗, u∗, α)) +
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt)− c(x,

∑
t∈T

λt(y
∗
t , v
∗
t , βt))}

≤ inf
x∈X

inf
(x∗,u∗,α)∈domgc

inf
(y∗t ,v

∗
t ,βt)∈domgct

{(f − p+ δc +
∑
t∈T

λtft)(x) + gc(x∗, u∗, α)

+
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt)− c(x, ((x∗, u∗, α) +

∑
t∈T

λt(y
∗
t , v
∗
t , βt)))}

= inf
((x∗,u∗,α),(y∗,v∗,β))∈H

{gc(x∗, u∗, α) +
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt)− sup

x∈X
(c(x, ((x∗, u∗, α)

+
∑
t∈T

λt(y
∗
t , v
∗
t , βt)))− (f − p+ δc +

∑
t∈T

λtft)(x))}

= inf
((x∗,u∗,α),(y∗,v∗,β))∈H

{gc(x∗, u∗, α) +
∑
t∈T

gct (y
∗
t , v
∗
t , βt)− (f − p+ δC +

∑
t∈T

λtft)
c

((x∗, u∗, α) +
∑
t∈T

λt(y
∗
t , v
∗
t , βt))}.

Ïd§¯K (Pp)�Lagrangeéó¯K (Dp)�

(Dp) sup
λ∈R(T )

+

inf
((x∗,u∗,α),(y∗,v∗,β))∈H

Lp(h, λ),

Ù¥§ Lagrange¼ê Lp : H × R(T )
+ → R½Â�

Lp(h, λ) :=gc(x∗, u∗, α) +
∑
t∈T

gct (y
∗
t , v
∗
t , βt)

−(f − p+ δC +
∑
t∈T

λtft)
c((x∗, u∗, α) +

∑
t∈T

λt(y
∗
t , v
∗
t , βt)),

Ù¥§ H := domgc ×
∏
t∈T

domgct . v(P p)Ú S(P p)©OL«¯K (Pp)��`�Ú)8, ½Â�

v(P p) := inf{f(x)− g(x)− 〈p, x〉 : x ∈ domf ∩ domg ∩A}(≥ −∞),

S(P p) := {x ∈ domf ∩A : f(x)− g(x)− 〈p, x〉 = v(P p)}.

aq/, ©O½Â¯K (Dp)��`� v(Dp)Ú)8 S(Dp)�

v(Dp) := sup
λ∈R(T )

+

inf
((x∗,u∗,α),(y∗,v∗,β))∈H

Lp(h, λ),

S(Dp) := {λ ∈ R(T )
+ : inf

((x∗,u∗,α),(y∗,v∗,β))∈H
Lp(h, λ) = v(Dp)}.

�{B, ©OP v(D0)!v(P 0)!S(P 0)!v(D0)!S(D0)� v(D)!v(P )!S(P )!v(D)!S(D).
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�e5§·�ïÄ¯K (P )�¯K (D)�m��éó, �d, k�ÑXe½Â.

½Â4.1. (i) e v(D) ≤ v(P ), K¡¯K (P )�¯K (D)�m�féó¤á;

(ii) e v(D) = v(P ) � S(D) 6= ∅, K¡¯K (P )�¯K (D)�m�réó¤á;

(iii) e S(P ) ∩X0 6= ∅�, ¯K (P )�¯K (D)�m�réó¤á, K¡¯K (P )�¯K (D)�

m� X0-�éó¤á;

(iv) eé?¿ p ∈ X∗, ¯K (Pp)�¯K (Dp)�m��éó¤á, K¡¯K (P )�¯K (D)�m

� X0-½�éó¤á.

8Ü Ω0½Â�

Ω0 := {x ∈ X | ∂cg(x) 6= ∅}.

8Ü½Â N ′0(x)�

N ′0(x) :=
⋃

λ∈R(T )
+

(
⋂

((x∗,u∗,α),(y∗,v∗,β))∈∂cH(x)

(∂c(f + δC +
∑
t∈T (x)

λtft)(x)

−(x∗, u∗, α)−
∑
t∈T (x)

λt(y
∗
t , v
∗
t , βt))).

½Â4.2. ¡XÚ {f, g, δC ; ft, gt : t ∈ T}

(i) 3 x ∈ A?÷v[ (WECQ)^�, e

∂c(f − g + δA)(x) ⊆ N ′0(x); (4.2)

(ii) ÷v[ (WECQ)f^�, eTXÚ3?¿ x ∈ A?Ñ÷v[ (WECQ)f ^�.

54.1. ò (4.2)ª¥�mü>Ó�� R3� Rþ�Ý�, K½Â 4.2¥�[ (WECQ)^�==z�©

z [19]¥�[ (WBCQ)^�.

½n4.1. e¯K (P )�¯K (D)�m� Ω0-½�éó¤á, KXÚ {f, g, δC ; ft, gt : t ∈ T}÷v[
(WECQ)f^�.

y � (p, w∗, γ) ∈ ∂c(f − g + δA)(x0), d c-g�©½Â� 〈x0, w∗〉 < γ�é?¿ x ∈
dom(f − g) ∩Ak

(f − g)(x)− (f − g)(x0) ≥ c(x, (p, w∗, γ))− c(x0, (p, w∗, γ)). (4.3)

5¿�, c(x0, (p, w
∗, γ)) = 〈p, x0〉�þª�>�k��. �¦ (4.3)ª¤á, c(x, (p, w∗, γ))�7�k�

�, �k 〈x,w∗〉 < γ� c(x, (p, w∗, γ)) = 〈p, x〉. Ïd, é?¿ x ∈ dom(f − g) ∩Ak

(f − g)(x)− (f − g)(x0) ≥ 〈p, x0〉 − 〈p, x〉.

= x0 ∈ S(P p). Ïd§ x0 ∈ S(P p)∩Ω0. q¯K (P )�¯K (D)�m� Ω0-½�éó¤á, ��3

λ ∈ R(T )
+ é?¿ ((x∗, u∗, α), (y∗, v∗, β)) ∈ ∂cH(x0)k
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gc(x∗, u∗, α) +
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt)− (f − p+ δC +

∑
t∈T

λtft)
c((x∗, u∗, α)

+
∑
t∈T

λt(y
∗
t , v
∗
t , βt)) ≥ v(P p).

Ù¥§ v(P p) = f(x0)− g(x0)− 〈p, x0〉, �n�

(f − p+ δC +
∑
t∈T

λtft)
c((x∗, u∗, α) +

∑
t∈T

λt(y
∗
t , v
∗
t , βt)) + f(x0)− 〈p, x0〉

≤ gc(x∗, u∗, α) + g(x0) +
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt).

(4.4)

d c-�Ý¼ê�½Â�

(f − p+ δC +
∑
t∈T

λtft)
c((x∗, u∗, α) +

∑
t∈T

λt(y
∗
t , v
∗
t , βt))

≥− (f − p+ δC +
∑
t∈T

λtft)(x0) + c(x0, ((x
∗, u∗, α) +

∑
t∈T

λt(y
∗
t , v
∗
t , βt)));

(4.5)

d c-g�©�½Â�

gc(x∗, u∗, α) + g(x0) = c(x0, (x
∗, u∗, α))

gct (y
∗
t , v
∗
t , βt) + gt(x0) = c(x0, (y

∗
t , v
∗
t , βt))é?¿ t ∈ T,

(4.6)

u´k

v(P p) = f(x0)− g(x0)− 〈p, x0〉

≤ gc(x∗, u∗, α) +
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt)− (f − p+ δC +

∑
t∈T

λtft)
c((x∗, u∗, α)

+
∑
t∈T

λt(y
∗
t , v
∗
t , βt))

≤ (c(x0, (x
∗, u∗, α))− g(x0)) +

∑
t∈T

λt(c(x0, (y
∗
t , v
∗
t , βt))− gt(x0))

+ (f − p+ δC +
∑
t∈T

λtft)(x0)− c(x0, ((x∗, u∗, α) +
∑
t∈T

λt(y
∗
t , v
∗
t , βt)))

= (〈x0, x∗〉 − g(x0)) +
∑
t∈T

λt(〈x0, y∗t 〉 − gt(x0))

+ (f − p+ δC +
∑
t∈T

λtft)(x0)− 〈x0, x∗ +
∑
t∈T

λty
∗
t 〉

= f(x0)− g(x0)− 〈p, x0〉+
∑
t∈T

λt(ft(x0)− gt(x0))

≤ f(x0)− g(x0)− 〈p, x0〉,
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þã����Ø�ª¤á´Ï� x0 ∈ A, Ïd∑
t∈T

λt(ft(x0)− gt(x0)) = 0. (4.7)

(Ü (4.4) ª!(4.5) ª!(4.6) ªÚ (4.7) ª�

0 ≤ (f + δC +
∑
t∈T

λtft)
c((x∗ + p, u∗ + w∗, α+ γ) +

∑
t∈T

λt(y
∗
t , v
∗
t , βt))

+ (f + δC +
∑
t∈T

λtft)(x0)− c(x0, (x∗ + p, u∗ + w∗, α+ γ) +
∑
t∈T

λt(y
∗
t , v
∗
t , βt))

≤ gc(x∗, u∗, α) + g(x0) +
∑
t∈T

λtg
c
t (y
∗
t , v
∗
t , βt) +

∑
t∈T

λtft(x0)− 〈x0, x∗〉

− c(x0,
∑
t∈T

λt(y
∗
t , v
∗
t , βt))

= gc(x∗, u∗, α) + g(x0)− 〈x0, x∗〉+
∑
t∈T

λt(g
c
t (y
∗
t , v
∗
t , βt) + gt(x0)

− c(x0, (y∗t , v∗t , βt))) +
∑
t∈T

λt(ft(x0)− gt(x0))

= 0.

ù`²

(f + δC +
∑
t∈T

λtft)
c((x∗ + p, u∗ + w∗, α+ γ) +

∑
t∈T

λt(y
∗
t , v
∗
t , βt))

+ (f + δC +
∑
t∈T

λtft)(x0)− c(x0, ((x∗ + p, u∗ + w∗, α+ γ) +
∑
t∈T

λt(y
∗
t , v
∗
t , βt)))

= 0.

d c-g�©�½Â�

(p+ x∗, u∗ + w∗, α+ γ) +
∑
t∈T

λt(y
∗
t , v
∗
t , βt) ∈ ∂c(f + δC +

∑
t∈T

λtft)(x0).

Ïd

(p, w∗, γ) = (x∗ + p, u∗ + w∗, α+ γ) +
∑
t∈T

λt(y
∗
t , v
∗
t , βt)− (x∗, u∗, α)

−
∑
t∈T

λt(y
∗
t , v
∗
t , βt)

∈ ∂c(f + δC +
∑
t∈T

λtft)(x0)− (x∗, u∗, α)−
∑
t∈T

λt(y
∗
t , v
∗
t , βt).
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¤±é?¿ ((x∗, u∗, α), (y∗, v∗, β)) ∈ ∂cH(x)k

(p, w∗, γ) ∈
⋂

((x∗,u∗,α),(y∗,v∗,β))∈∂cH(x)

(∂c(f + δC +
∑
t∈T (x)

λtft)(x)

− (x∗, u∗, α)−
∑
t∈T (x)

λt(y
∗
t , v
∗
t , βt))).

=

∂c(f − g + δA)(x) ⊆ N ′0(x).

54.2. Ï�[ (WECQ)^��±=z�[ (WBCQ)^�, �d½n 4.1=���©z [19]¥½

n3.1�(ii)⇒ (iii).
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