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Abstract

Classification is one of the basic problems in data mining, machine learning and other fields. How-
ever, most classification methods only focus on the vector-valued samples, while paying less attention
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to the classification of set-valued data samples that are widely existed in practice. This paper pro-
poses an unsupervised clustering algorithm (Wk-means) based on Wasserstein distance. Combined
with the idea of clustering, Wk-means can be used for set-valued samples, in which the entropy-
regularized optimal transport model is used to measure the distance between set-valued samples.
In order to verify the effectiveness of Wk-means, experiments are conducted firstly on several
public data sets. The results confirm the excellent performance of Wk-means in set-valued data
with multi-sample, multi-category, and multi-feature. Moreover, the statistical test show that Wk-
means is significantly different from other algorithms. Wk-means is then applied to the Fuyang
River water quality data set. The results also show that Wk-means can classify water quality cat-
egories more accurately and effectively than the traditional data clustering algorithm. The Wk-
means algorithm proposed in this paper performs well in the classification task of set-valued wa-
ter quality data and can provide valuable decision support for environmental monitoring and man-
agement.
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1. 531§

FEREYZH . LS 2 IR AR A ST, D REARIHEE O . 2 REORII L HARE T
S BE G MR 500 4R AR5 AR AR SRR A HE R I 0 B T0E SO (1 7 SR BRSO Y, TR
WARAE AR HRTTFEEBEATFAWE 2R, EWEDR, FREDR FREDRRRT LK K
THEZ =, BT AR RN BRI . RO iR, S I 3] N R AE A AR
B (a5 FR, AEREMEX BT A0 Bl BEAT HERR I TN . Jo M 70 0 — M SO Bl SehR 28 B 245 2 10
BT, K BRE T AR D N E TA B 7 207 % FME 20 T BB 7y K
6], e — & i A AR R ARARE B RN SRR, XA i3 F e ot v ASRAS B A
& RO .

W3 R ENER KTAR PRI SCRF A EHL(SVM) A o K- AR B2 — Fhoie T 5245l i 5 S Bk,
Forzot AR T — B s NS, A AR R85 o 34K 5 A i K ANSER, AR5 IR X Lt
B A (IS 531 8l S FELOR TR 52 1 ) 2 el tH A K- ARSIy S W, 5 T BRI SCIL, (L
REAR KRR BT K (ERIESE. BRI SRRSERIL] [2]. SRS — R B 2 ) 5k, did
FEARFAIL 2% 6] Th A PR G R SR AT TR B o 8 I 08 JH Ml PR B AU AL AT 20 0, S ) 00 IS 0
LRI AL RO . PSR B, 5 TERMRRRE, @ T 20 RMEAES5[3] [4]. SRT, PR3
WA G A, JCHGRAE D BN, T RE TR EETRCE BORRAR R R . SCRFAELZ —F
SN REE, P TRMEFGERAE IR 2. SYM 1% 0 AR R AERHIE 23 8] vh S — AN iR 1
ST, SR ANET T RERS fh KA 0 T AN RIS A el s, RV R AL P S Bt i Z RN TR B . SVM Jdiid 5
NZETT, R A BARLANE AT 2> OBt . EAE RS AR R I R AF, &M T2 A0 IR [5] [6].

FESEBRR AR, O T BRI E PEIF B2 Ml 45 R A TS, W H R 2 Ol s R SR K7
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WE[T]e BIIAE AR BN, BT 2R i sh A X S 22 =, G0 B SN A0 5 300 e ik B D B B Rk
T F, KRR A AR A — 2 AN E PE[8] o N T kA X PN 8 1, 88 23T 2 IR E (9],
MM 3RS 2 AR ) B R IR BN, JEf =4 T TR G 2R % o015 . Hl, AEux e T4
G R0 B PR T — Mol TR R G EEE g 2 [10] [11], aidfE. A S, KES
AN RGN CAEAT 00T, X R AE 2 ML 2] T B [12]-[14]. (HEEE o it 2 £k
KEMRGES, #im/=AaiRkzE, wmnRgR. 5—MrkEeEETRETEAN S pla,
Arandjelovic Z 15 R MNMES BB NS EU AT, FEE5IN K-L BUZ RS0 A0 B AR . X Fp o5 k2R
XS ATRAT AU, ABAESEBRN I o, BT REAR Sl A 2 LR R il i, TEIR 2 EIEAE .

N T v I E A PR AR B BRI A AE AN R, AR SCH Wasserstein J 551\ K-means K H %,
DA S I SR B 1R 432K « Wasserstein 0 29 U5 5 5 04 % 10 R [16], 1F A — Pl SN2 70 A 2 18] 22 7 1)
Jiik, REMEUERR LA PR AR L R G R, SEILAr 2. [FIRT, Wasserstein FE B0 AR e A AN BIUK
AP DI RAE TS 3 R 45 R, A RIF &, 1Ak, Wasserstein BB THE AT b —
PRAR IR R, XA 75 e T DLIE b P f SRk AT e AR A

ARSCHIRHT ST

(1) DETFAEG 25777 H0E B ACEE ) S A, AT 5T Wasserstein #1251 K-means 2
RN B SR B B AT R, AR EIHIR G IR g =, # T R E B .

(2) 525 T 15 03 4 ok 4549, R Sinkhorn-Knopp HE A SR TH T B3R

(3) 7E UCH HH 4 1 HIS 8 77 348 BH T 7K Jot H0His 36 F 1 503 Ak B A4 AR 00 1 A Rk o

RN B RIS AR, N T REST. R EIL AT Sinkhorn-Knopp 52 IAH 56
Bt =8I T Wk-means Hik, A T EVERSEIUS AR . BB EONSEIRE Sy, il
UCH B AERERHR K R BE 4 BT T S2iefixt b, SR NS0 5B, e T & O Akt T
JRH,
2. MEMIR
2.1. B0

KoM (Cluster Analysis) & — R BLE (R JC B 2 31 U5, HoA% O H b f B 8 7 IR AS R 20 D4
THER), 15— RN RIREA B A B AR, T AN R 7% (5] AR AL BE B . AERE 230 . AR
AU 2N N

K-means 5E R R A M RRT L —, 1ZHET 1967 4R, DR EM. 5 TSI AHs rifese
B I8 FH o o 4 AL [17] . K-means B2 1A% O AR S /M A s BRSO I BE B 2 R RO
PRATE:

(1) wraate: BENLESE K MREAR S AR I aa 2RO

(2) 7BC: REREASREAS 7 BC 21 PR B 3 R B2 PO TR 7%

(3) BHT: EUPTUHELAR RO AL (LR AE A (E) .

(4) B BEIBREQMEB), HEIEFNZ KA.

K-means 557k IR BT L, I TA) 2R BEAAIR, T A BRI S, HL P R P os, (B A7 AE ot
FH RBUR, TR ARSI AN AL -

2.2. ZMEHER
BALAL Y (Optimal Transport, f&#K OT)EE 18 e ¥ H1%[E £ 5 Gaspard Monge T 1781 4 1E Ui Hi[18].
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Monge [ IR0 AE T, FELEARHT R BT T, RPN Ai 2 1A B B AR A esss, &l 1 P
X [ ] LB R g BT AR K 7 350 — HEVD 7 N — N TR S B B 0 — A A T2, H
FAN—Ti . Monge [~ 2R fe TR — N T, AR A S/ Mb, - [RIIS I A2 o B~ 1 A 2%
i, B LA P

mTin{Zc(xi,T(xi)):T#a:,B} @

Hrc AR EREL o B B PRI, # O push forward 551

Q T(X) Q
Figure 1. The optimal mapping between the two distributions

B 1. #9708 B LB

TPEREF 5 Leonid Kantorovich 7 1942 4E42 H T Monge [n) @ (1) #a st % 5X[19], Rl Kantorovich 1] i,
FEH LN FH T2 5F 10 U 7T Kantorovich X Monge 0 831 1) 32 B2 ik 7E 1, Aok 53R B A0 A% e 5 114 i)
AR R TR AAR TR ]

AT Monge 178 5 2 H B RS Bh RN BEE 2> #1, Kantorovich [ 8 fo ¥ i &= ) o A E 4, B SR
M B H 2 S TR AR . B EUR R Kantorovich i) 8 AT LASEIR Syt T I A LR PR AL 1] R

LC(a*b):PQJ(in)<C'P>: min >.C; R ; 2

PeU (a,b) i

U (ab)={PeRM™:PL, =a,P"L =b}, afllb NHABHMERSM, COARINIERE, HFRRN
Cos =[x vl

Kantorovich [a] 822 Kk 25 MR a F1 b, DL — MU C, FH—ANBEHE
RWEE P, [ERXEEE AT AR 40 53 08 a Fl b, I HARR A S /M

Kantorovich [l @42 tH, AMNAER IR FHERE R EIR K &, T HAESShRS A I 1
I W& Y [20]-[22] . BEERAE, EAEAS SRR i 0] R O SR AR AR AT BE AN AT AT, U R AE A HE B IO e
JERT, Kantorovich i@ a] DL Ak R 2 ERLRINIAI R, - Wi o] ) P BA I A7 AR A

Wasserstein 05 & s LRI i — N EEME, wow T RN E SR B — N EE, R
L G WL RIAL 8 2 31 S 2 ANk A3 3 TR [23]-[25]. 4 TN 4> A a Bl b, Wasserstein
PEBSW (a,b) f&b — AN AR 3R 5 — AN A P e I /N A . B0 b, AN B RIORE R0 a b 1) p B
Wasserstein #5525 T 2045

W, (ab)=L(a,b)s = min (zcme,j] @)

PeU (a,b)

IKHLC, =[x - ;| HARBAERE, P ORIRAERY
2.3. Sinkhorn-Knopp &%
Sinkhorn-Knopp 52:& — i Bl - SR fif s o A% % i R i AR, Bndad 78 H A eR 80 im0 R 4K
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T, g B2 A% (P R I R A TR AT AT I b (KSR A 1 A2 [26]-[28] o i SR A% O REARZ AR AU bR 4
NI TE AR, AT K T R A DA — AN B 5 TSR AR T 3, ISR 65 1 D) 55 A I R
Wenropy (:0)=_min (C,P)+&H (P) (4)

Entropy PeU(a,b)

Horp H(F"):ZPi logP .

sinkhorn-Knopp SLEEI0 ¥ 38 2. 4 e PIMIER IR a il b, HARRIREI AR P, (73 P 147
T & a, PFIASETHE b, FVEMEAL R

ITIE—A: XFERE P IR —AT#AT A, AR AT A H AR & a;

FIH—Ak: XFERE P RS — ST 4, A3 AR H A1) & b

EAEREAMES, DR P ook, MHATRFIZIF /&L a 1 b, Sinkhorn-Knopp %
VRIS RS T A R A B L 2 S TS P SR IE A TR SN, DR T S AE & BRI AR T
PSSR — AN A2 2 TR R A (R AR U R
3. #&T Wasserstein BB LIS E R K75 7% Wk-Means

ASCHREH T —FhEE T Wasserstein FEES (1) K-means R % (Wk-means), 1XHETEE S K-means [1HE
AN 51N Wasserstein [ &, HRGRTT 1 EFAC PR MG BHRRIRE I, 05 1 oR T B EGHE R,
PAEFAEE X e RVM Y, 230 o R KIS ARV Maxiter, For N SR BEARAN S, SEAMREAHE R — 4 M xd
YEMFERE . VAR O BARRRIX N AMFEAKI S K AN, 4525 9 1 Wasserstein 2.2 Fllf /N

Bk 1: Wk-means 575

1) N FEMEERE X eRY™, HIENTZH ¢ , BAERIREL Maxiter, 2544 K
2) . WARLER

3) WA L X (k=12 K);

4) while IERKEL < Maxiter :

5) for i=1to N

6) TR AR S X, SR KA X K Wasserstein EE: d, =W,

7)) BREAR X SIEIEAER%:  dx=argmin(d, ) ;

HE

Entropy (

8) end
9) THEEIERIE L, REI S5
10) end

Bk, NG Wk-means SLVE A R, AR S H S B S o
HrRR 1 Wk-means B 7EU8L.
EEA: 25 W MR
3= 0 WA (X, X{) 5)

k=1 i=1

JNUEW] Wk-means SLi208k, 5 Sl B RS0k ANH R BB D BRI B R B dh

Wk-means 5%k NP 8, WREMEAR X, RIS D0 X ) Wasserstein FE
W (xi,x;) KOS X, BIZRA], oB E RS XE IR X, FI2E5H).

S, AR S HE 0 1) Wasserstein FRES, ] 45 2411 (145 2% bR 5UE J.
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B, MRS, 47X, MZEMAE, RAIEZ A0 X7 1 Wasserstein BEEW (X, X( ) A
AR X BRI, IERAA XS, B0 RO EE B T R SR R, U B
W2 (X3, XE)2W2 (X, X(T)

W2 (X, X¢ ) 2W2 (X5, X() ©)
W2( Xy, X7 )2W2 (X, X)
SR R S307 F) 452 2K B 2
J*:i > WX, X()
k=1 XjeR
=W2 (X, X7 )+ W2 (X, X)W (X, X
SW2( Xy, XF)+W2 (X, XE )40+ W2 (X, X @
3 Y W (X, X¢)
k=1 XjeR
=J

MU R AL 3 RN . BRAL, B N AMEEARSECE] K AN ARk A BR(KY), BI I —EfE e i
AME . 27 BRI R SR I RN A AL, e e B R AN R R B ) — e I, i Wk-means
WS, A EARIE

Kl 2 g5 7 Wk-means SR BARGRE, ATLAE H, Wk-means SO BUARTE T H vF 501
Wasserstein 5B HFFEIEAT IS, AT SEEI £ 1 B E0 4 (1) 7025

it ik, Wk-means ZEEFIEFEHAE LT 4 MPIR:

1) FERIREALIY BE, B i NS B 4 X L% Sinkhorn-Knopp S0 S IE IS4 e , iK%
UKL Maxiter, ZEAANEL K, FEf 8 FIE BTG 40 A O s BRI « BEATLIZEE (random). 37573 HX (uniform)
S EEH (mean) .

2) EIEACRALEY BY, A BHATREA LA O SR AN S B BT A EA R %50
1) Wasserstein FH 25, REFEAACLE P B T 2 ARG BTN A ol o, AR WTEAR, ST

3) FIEHISIE T HAR R BUE AR, BARZIET UM HARRBUEA T 83 TR, A3 s
I RIEREL

4) IEKC LN o BT SEERN ] opaT RE LA A BRI R, SRAL P AP AL BE TS 58 LA R (drop) Bk
QI 1 g 23K (singleton) . & ] S 2SS 5ESE, IR AT e T BURZAS B 105 D TSN AN . e
T NIRAT B e B ARz 1 A E NI SR O R ERSRER T, ARSCRENT B RUR NS, DAMRIE

RIS

PR R R AR, A TJ5R A Sinkhorn-Knopp 53, i 51 IE NI, R JRAS I R A A
I U A NN T BADGESR A BL I, 6 2 By AT SR . ARSI T RRICEE B 19 K-means
HALE, Wk-means JHid %5 REAE MR 0 A RetE REDS S0 AR BSCHE (R O A B 2200, % BAT 70 AT RFAE )
HoE B A BRI/ JOE N, TEE S, Wk-means BESS ELHEN AR E B HE AT SRASAL B, TS 2 M JE
deHdE T RIS T R AT R .
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[ | PEbLIEEL
HIAX, e,
Maxiter, K /\\
< ¢ WG AE A L .
; 15135 B
] \\Jﬂx%%
HENIER
BIE LA
HHE
—— Wasserstein %
) [
R
THLRL / I £8
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Figure 2. Flowchart of the Wk-means algorithm
[# 2. Wk-means &% R IZE

4. KR

ARFTEAE UCH s B2 Fning b 44 HIS 5 117 368 BH Tl 7K PR 50 v 6 vk i A 2ok, st R 7 — B A 4k
JREEZR 15-13500HX AbFE2E, 16GB WAAHHHENL FigfT i, 7 MATLAB R2023b i T B . Sk

IEMINSE e WA 1, &HRERKREL Maxiter 24 10,000,

T, KBS SEP AR, AR R EE K A0 K R S A4

4.1. UCI BiR&E

RIANH K S HEREA 5%, £ UCH Hidi e

T X Wk-means SVEREATR S, ASCE SR UCH B Gk AR Bl i B8 (8 AL B E AT AL o
HARA 07 500 13 R UG5 R AS S I v e 7, A9 R SFEARZE R 10 /M08 e e A AR A, A
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MIE R — N EAEREAR . A RIS A 2 T W SRR . Bl Yeast BRI, ZEURE G E
1484 MFEAS, BIATAE5k 1484 NEHE A, 1=1,2,---,1484 , BEANEEE A N —DNEMFEA, JLAERFAESE R
— A 1484 DNEURE A ={x, k=12,---,10}, i =1,2,---,1484 [MEME A4 . BHREREWE 1 PR,
AR SO I B B 7 e AN FIREARAN R, RAAE N O RANE

Table 1. UCI datasets and characteristics

%% 1. UCI BiE&E RAFE

Hn e FEARAN KL RHIEA4L R €
Glass 214 10 6 0.01
Iris 150 4 3 1
Seeds 210 7 3 0.01
Yeast 1484 8 10 0.01
Wine 178 13 3 1

BATK LT Wk-means 77755 H A 77508, GG FH T AL BEAN 2 £5040 1Y — B 4ERE R (SOCP) 77 v2:
[29] T 1E Ak 15 1) 5 45 B [F) 3 7= 1143 25 (RHISCRC) [30]F0 FH 145 43 25 (103 B 38 AR 15 (SANP)
[31], PAKFE TR X TRMEE T E(GPS) [32], 45 B 2~4 fin. M7 2 il I, Wk-
means £ 2 AP F R R AF, JCIHRIE RFEASIRSE, 4 Yeast il Glass £#54E I, Wk-means i
RS FE B R F AT HARDUA i . MAEISAT R 7T, Wk-means BE&{IE T- SOCP J7i%, {HE5 RHISCRC
TR AT, HIgf T SANP F1 GPS J5ik. % 4 WIEZR 15 BT ATl AR #E %, Wk-means 782 #0845
£ EhRUEZETE N, BRI RS, WBhE .

T ReE TE B R A [F R 2 R 22 S, BRATHEAT T 47 28 XEHIE, A4 55040 4 10 1 43 il
HERIR, SRE S B0 45 AT tR 50

tz(fi_yz)_(/'tl_'uZ) (8)
S .S
7+7
\/nl n,
Hrp X, s, 700l 9 Wk-means J7 & TS IHER R BB AIFRHEZ, X, , s, WA VAT A HERE R
PIBMEFRAEZE, n =n,=10.

Table 2. Comparison of the accuracy of different methods on UCI datasets

R 2. TNEFEAE UCI BURE LR EMZEXTEL

g Wk-means SOCP RHISCRC SANP GPS
Glass 74.75 68.3 69.5 56.1 63.2

Iris 93.3 96.6 82 68.7 71.4
Seeds 96.44 93.2 92.3 51.7 79.3
Yeast 73.45 59.2 52.9 67.9 55.8
Wine 95.46 98.8 98.2 59.4 76.8
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Table 3. Comparison of running time of different methods on UCI datasets
F* 3. TEIALE UCI B EMIZITRTEIXTEL

e WKk-means SOCP RHISCRC SANP GPS
Glass 6.03 10.58 11.63 84.52 66.76
Iris 1.47 1.85 1.46 32.32 16.58
Seeds 6.82 2.72 8.2 46.47 33.61
Yeast 2215 110.2 363.3 1831.66 986.52
Wine 5.85 2.76 13.76 31.19 14.19

Table 4. Comparison of standard deviations of different methods on UCI datasets
& 4. FREIFALE UCI HiiREE ERIFREESTLE

itk Wk-means SOCP RHISCRC SANP GPS
Glass 0.0158 0.0741 0.1012 0.0988 0.1435
Iris 0.0569 0.0331 0.0889 0.1525 0.1192
Seeds 0.0412 0.0383 0.0385 0.2089 0.0958
Yeast 0.0153 0.0177 0.0244 0.0416 0.0763
Wine 0.0175 0.0210 0.0290 0.1193 0.0847

Table 5. Comparison of different methods at 0.05 significance level

% 5.0.06 BEMKFETHARRETGESTEE

GRS WKk-means SOCP RHISCRC SANP GPS
Glass 1 0 1 1
Iris 0 1 1 1
Seeds FEHEL 0 0 1 1
Yeast 1 1 1 1
Wine 0 0 1 1

5 BN TERZEMKT AN 0.05 FItEN T, AEGIEEBAT LGSR, H 1 RFRFEEER, 0K
REAREES. UG, [EEIELE Glass. Iris 11 Yeast I, Wk-means A #ERA 2 A T HoAth Bod 42,
HE5RZH7FHFREEZES . MRS /MERLIELE W Wine |, Wk-means B IR HER 1457 14 B &
U, HEHZEBERN, A x5t
4.2. FEPAGAK BRBUE

FERHVAT, il 3 FroR, PRI ACE HTRE Tl DX L R R, TR HREE . S MK, AR M
X R S veIIC A, TR, DN . 4K 415 AH, IR AL 2.8 J5F 5 AR EIH
AN A HISHR T 1 2 B KR, A % X AR MY VE I 1 B AR AT, o T RE 2 A 25 P A R b R e
BHEER .
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FE BT 7K TR O ELF R 2R B R 117 B L Rl X Bk B 22 4. ARk, A oA MU T A A
PRIEA S, WP PRI K BOEAT 70 BT TT, AN Bl T M AP K FOIR O, 38 RE 7K RS BTG etz
R AR AR -

Figure 3. Fuyang river basin map

3. BT

NS B K AT 7328, LI B 84 ANRAE R, HON T BRAR/KITEAE (AT E M, A RAE AU =
10 ¥k, BPf93) 84 MR A, 1=1,2,---,84, HIET 5 DAEZELA, 1, 1, 1V, V). SA%EE A B 10 4
)5 Xy, Xigoe ey Xigo ZHBRG BIV A = {Xy, X v, X0} 1 =1,2,-+,84 «BEN IR X, k=1,2,-+,10 , f 5 11 ANRFALE:
pH, DO, CODcr, NH-N, TN, NO3, N02, PO4, DO, TP, CODmn. H:#1 DO. NH-N. TN. N03. NO2.
PO4. TP il CODmn [l & HALII N “mg/L” , Wndk 6 fivr, KRR gt iH—Liab .

Table 6. Some water quality data and characteristics

= 6. BRI BREHE R

FEA pH DO CODer NH-N TN NO3 NO02 PO4 DO TP CODmn %%
xu 061 064 029 004 016 031 003 004 050 0.17 0.28
xiz2 065 061 027 003 017 029 003 004 049 017 0.29
xiz 063 062 028 002 018 029 006 0.03 049 0.19 0.29
xuu 062 064 027 004 018 030 004 005 048 018 0.29
xis 063 061 028 000 016 029 004 004 050 018 0.28
. xis 0.64 064 029 003 016 032 003 003 049 018 0.26 !
x7 064 063 031 003 017 029 006 006 048 0.17 0.29
xis 061 063 029 003 014 030 004 001 048 019 0.27
xie 062 063 028 004 018 030 004 005 049 018 0.29
xiwo 064 061  0.28 002 015 029 004 004 050 018 0.27
DOI: 10.12677/aam.2025.141032 327 I FH H -t


https://doi.org/10.12677/aam.2025.141032

FH, LN

X1 0.68 0.07 0.25 029 057 05 006 012 0.03 019 0.24
X22 0.67 0.06 0.24 028 057 05 006 011 0.03 0.20 0.25
X23 0.68 0.06 0.25 026 058 057 005 012 0.03 0.20 0.24
X24 0.67 0.07 0.27 029 058 058 006 013 0.06 0.18 0.25
A X25 0.67 0.06 0.22 028 057 056 005 013 0.04 0.17 0.25 '
2

X26 0.67 0.06 0.25 029 059 058 004 014 002 0.20 0.26
X7 0.67 0.04 0.25 030 056 056 004 010 0.03 0.8 0.23
X28 0.68 0.06 0.26 028 05 057 006 014 0.02 0.16 0.24
X29 0.66 0.06 0.25 028 05 05 006 013 0.03 0.20 0.27
Xe10  0.69 0.05 0.23 029 057 05 004 012 005 019 0.25

Table 7. Comparison of results of different methods on water quality data
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