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Abstract

In this paper, we consider the J-self-adjointness and Green’s function of a class of discontinuous sec-
ond-order complex coefficient differential operator with eigenparameters in boundary and trans-
mission conditions. By introducing a linear operator related to the problem in a suitable Hilbert
space, the considered problem can be interpreted as the study of the operator in this space, and this
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operator is proved to be J-self-adjoint. In addition, the Green’s function of the problem is obtained
by constructing the fundamental solutions of the differential equation.
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EX1HHENET CWE: CP=1, U CRTEN, &
C(ax+ﬂy):§x+,5y, Va,peC,x,yeH,
M C RSP #5
(x,y)=(Cy,Cx), Vx,yeH ,
W C RN . H FREMEEREER TN C-HT.
X2 B A: D(A)—> HRAMELME Y, CRZH LN CHY, #vVf,geD(4), H
(CAf,g)z(CAg,f)
BlAccAC, WARCHEET. 35 4=CAC, W4 C-BfEHET.
EX 3 W CREH BN CHT, H MR, | RrN
[x,y]=(x.Cy), Vx,yeH,
MR [x,y]=(x.Cy)=0, WF x5y 1E[, ] FRIEZWE C-IEXEH.
EX 4 WARH g ESE T, &
(Ax,Jy)z(x,JAy), ‘v’x,yeD(A),

MW A & JHE T K g 7 EREINE T, fvieH, k=X

I [17] 4 & JRHETFHREZME: JAc AT (AcJAT, BJATcA")

EXS WRIA=A"T (A=JAT , BWJAJ=4"), A2 JAHEET.

¥ 1[17] C-XFRRA C- AT B FR N X FR AT - E £E, {H1E Krein A% C-EH£E 5 J-H A
3. MEES5HEF

R I 2 R BN o) T R

1(y)=~(p(x)') +q(x)y=2m(x)y. M

Hexel=[a,c)u(c,b], p'(x), q(x)*2E[a.c),(c,b] LIELLREHEL, H}i_)rzliq((x)):q(ci) TEEfH
BRAZFR, weL(I,R),w>0, AeC RiESHL.

THESHIIRE B R %A R

AY (a)+BY (b)=0, @
EHIES IR RN
CY(c-)+DY(c+)=0, (€))
/\l:':l
Az[al—/lyl az} Bz( a, O} C:(91_/151 92], D=( o, 0],
B 0 b=y, B o, 0 0,-16, o,
T
Y():(y( >y[l]()) s y[l] :py’s 05,-,,8,-,9[30[,7‘,-,5]- GR, i:13253sj:1a27
HARE

—, =—6,0,=p>0, a3, =0,0,=1>0. 4)
X6 AWMAHRI(y)=—(p(x)y) +a(x)y, BEAER(y) BRI T T, 8152 LA
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TM(y):l(y),yeDM, D, :{yeLfv(l)|y,y['] eAC(I),l(y)eLi,([)},

H D, #A1(y) FBCRHE T
BIHE 2 (18] WM FAERMERLE,E,,E,8,,1,,7,, 75,7, —EAHAE—ANEE feD, , H3

fla)=&.7(b)=&.f(c+)=&. f(c=) =& fM(a)=1, /1 (B) =1, M (c4) =1y, (e -) =1,

PRI 12 (1) e LA
(f.8),=p[ fEwdx+n| fgwds, Vf.ge (1),
Sy H, (L, (1),(-)) 2 Hilbert <[], £ EAIZE ] H = H @ C* sz LA
(F.G)=f.g,+mfig +mfrg, +mfigs+m,f,g,,
F=(ffifonfs fs) - G=(2.81-8:.5.8.) €M,

I H 4 Hilbert 25 [a] . Hr
f(x).g(x)eH, f.,g eCi=1234,

fi=nf(a). =00 (b).fi=6f(c-). [y =61 (c+),
1=78(a).8,=7.8(b).g;=6g(c~). g, =g (c+),
PN P
1 az?’l’ ’ ﬂ372, ’ 025I’ ! 0352,

1E Hilbert 25[8) H L€ XEFUTR

")

w Af

af (@) rar/M(a)ras) | |4
B (a)+Bof (b)+ AU (B) |” j;
0/ ()6 /M(e) 0 s (e4) | |7

O'If(c—)+0'2f(c+)+0'3f[l](c+)
Fz(f!fl’fz’fyﬁt)T €eH,

TF = AF,

Hrh, ®7 THESGRA
D(T)={(£ (s fisfos s 1) €T £ 12 € AC, (1).1(f) < Hy, AF (a)+ BF (b) =0,

CF(c=)+DF(c+)=0,f,=yf(a). fy=1r.f(b), s =6.f(c=). /i =5zf(c+)}-

B
F=(£.M(1).M ()N (1) N ()

®)

Q)
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T, WE()-G)A A RE T R TF = AF .
4. EFH J-BEH4H

SI# 3 D(T) % HHH%. -
P B F=(f(x), /i fusfur /i) € BFLD(T). 4 CF %o FolRBINES
)

( xe[a,c),
#x)= { 4, (x),x€(c.b],
Hordr, g (x)eCy[ac). b (x)eCl(e,b] . T, Cf ®{0}@{0}@{0}@{0} = D(T),(0C). B
U =(u(x),0,0,0,0)e Cy ®{0}@{0}@{0}®{0} » W F LU . d1(F,U)=(fu) =0%1 f(x)7E H, hELZT
Co o+ HLf () WE. B G(x)=(2(x).,0.0,0)€ C7 @{0}@{0} {0}, W(F.G)=(f.g), +mfig =0, i
T g RATEBIUY, /=0, #G(x)=(g(x).0,,,0,0)eC; ®{0}@{0}®{0}, M
(F.G)=(f.g) +m,f,g,=0, MT g, RATEEIN, & f,=0. FHEALIEYN £=0,£=0. T2
F=(0,0,0,0,0)" . Fibl5 D(T) EXRHRAETLE, MM D(T) 7L H HHE.
B 57 TREAEH P AT
WEB X VF,GeD(T), B4k

(TF,JG) = <¥,Jg> +m M, (f)IM](g)+mM, (f)IM;(g)+mN, (f)JN](g)+m,N,(f)JIN;(g)
=(F.JTG)+ plf.g], +nl gl +m [M,(£)M(2) =M (1) M, (g)]
+my [ M (1) M3 (g) = M3 (f)M; (2) ]+ m [N, (£) Vi (2) =N/ () M (2)]
+m [N ()N (2)- N3 () N2 (2)],
Hr
[/.8)(x) =/ (x) " (x) =M (x) g (). ™

RIE@), (5), (OR, LHESiHEATH
m [ M, (F)M]() =M (/)M (g) [+ ma [ M, (/)M () =M ()M (g) ] = £ [ 8] (a) -n[ /€] (2).
[N, ()N (2)= N ()N, (&)]+m [N, ()N ()= N3 (1) N ()] =l () - L £ (),
[A] it

(TF,JG)=(F,JTG),

WO T/ JFRI . 3N KA J- B AR (K€ SORIEWI ST T J-H AR
N R FE B TR F = (.M (f). My (f). N (f)Ny(£)) eD(T) , 4 (TF,JG)=(F,Z) &
» WGeD(T)AITG=2, KhG=(g,8.8:80.8:) » Z=(22,222,) » W

(1) g(x),g[l](x)e AC,, ([),@eH1 ;
w

<

(i) g = 71g(a),g2 = }/2g(b),g3 = 51g(c_)=g4 = 52g(c+) ;
(i) z=J|ag(a)+ g (a)+arg(b)|. 2 =7[Bg(a)+Ae(b)+ B ()],

Zy :J[ng(c—)ﬂ%g[l] (c—)+€3g(c+)], z, :J[Glg(c—)+02g(c+)+0'3g[l] (c+)} ;
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@iv) z(x):—(pg'),+qg o
XVFeC; ®{0) cD(T), t(TF,JG)=(F,Z) T3

Pl 1(f) gwdx+n[ 1(f)gwdx=p| fIwdc+n[ fZwdx,

= <f,ﬂ—g)> +m M| (f)z,+m,M}(f)z, +mN](f)z, +m,N} (f )z,

Fr LA
(W) () o700 (1) o 2005 - )]
+my [ N(f)z =N, () g |+ m N (£)z=No(f) e )
Fy— 5,
(e (78} s olrsd(en) i)l o) -alrele )

Kk, &6 7)Af
m |:M1’(f)Z_I_M1(f)g1:|+m2 [M,(f)g_M (f)gz]
+m3|:N1’(f)Z—N1(f)g3]+m4|: ( ) (f)g4:|

=plf.gl(c-)=p[f.g](a)+n[f.](b)-n[f.g](c+) Y
=pG' (¢=)EF (c=)=pG' (a)EF (a)+nG" (b)EF (b)=nG" (c+)EF (c+).
o F(r. 0 o=(ast). e<(0 ).
ARSI B 2, G54 J- B FEECT 58 SCATH, FEERRML F e D(T), i3
]—"(c+):}'(c—):]-'(b):O,f(a):o,f’(a):—%,
B
M) = M) = NI () =N (F) = Ma () = N () = Na () =04 () ==L
FTRAEGQ)N T g =rg(a) . FH, RIFFIHE2, £
Fle+)=F(c=)=F(a)=0,7(p)=0, /1 (b) % ©)
Fles)=F(a)=F () =0.7 (e=) =0. /1 (e-) =2 (10)
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fk+F4W®=f%w=mf@ﬂ=&fm@ﬁ=—%, (11)
O~ AR, BIT KT
8 =72g(b), 8= 51g(c_)’ 84 = 52g(c+),
T LA(id) % 5T
R 5 GRUE AR 57, AT PLIERAGI) AL s b, RIESIH 2, %
f%oﬂ=f@—%ﬂJ%w=&f00=hﬂwﬂ=—faﬂWw=—%n (12)
f&%)=f@—%m41®=Qfaﬁ=uﬂwﬂ=—§%ﬁWw=—§% (13)
Fa)=F (5)=0.7(e)=0.f (e=) =11 (e-) = L. e )=, (14
]Xa}af@):&f@%):Qf@H):Lfm@%j:—%3fm@H):—%% (15)

K (12)~(15)2 5 HANE®)3, W] LG 2]
z =ag(a)+ a8 (a)+ag(b),2, = fg(a)+ Bz (b)+ B (b),
z_3=ng(c—)+6’2g[l](c—)+93g(c+),z=O'lg(c—)+0'2g(c+)+0'3g[l](c+),
Fr PA(iii) B o
gZibpd, 5y TR J-BHET.
HRAR 5 S 3 J% Hilbert % 8] 4 rit Py UK 52 XL AT 75

W 1844 RET THARFRRER, AR FREREL £ (x) 5 g (x) fET N R SCT 2
C-1EZZHI:

I
(e}

p| fawdx-+n|” fawdc+mM(f)M](g)+mM;(f)M;(g)+mN;(f)N;(g)+mN;(£)Ni(g)
5. HHERH

@ (x,1), xela,c) )
@, (x,4), XE(c,b]ﬂ] ;((x,g)_{

By (x,2), 2 (6, 4) RITRRFEIX 17 [, ) _F35 A2 41 T WG 26 P 0 2 M SR
2 (a,ﬂ) :17401[1](”’/1)20511 (a’ﬂ“)zo’%[l] (a,ﬂ) =1,
Heh ol = pg' , EAT Wronski /79I T A58 x, 12 @ (1)

o (a.2) ¢'(a,2)
n(a2) 2(an)

B, (x,4), 15 (%, A) RITRE(DIEXIA] (¢, b] b AL U0 HIhH S AR 1

[(6,-28) ¢ (= 2)+ 0,0l (c=,2) |, (16)

. . . 2(x4), xela,c)
B, XM T RE(DRIEARME N o(x,4) = (o), xe(ed] .

(1) = (%)

X=a

1
o, (C+,/1) = —?
3
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ol (c+,2) :%{[(UZ ~28,)(6,-28)-00, ], (c-A) +(0, - 28,) 0 (e 2)},  (17)

wa(er2) == [(6,-20) 1 (c=.2) + 020 (e-,2)], (18)

3

(e, 2) :%{[(02 ~18,)(6,-28) =00, 21 (¢= A) + (0= 48,) 2 (=, 2)} . (19)

B @, (x,4), 7, (x, 4) () Wronski 175102 T2 & x, idA @, ().
SIE4MEREM AeC, Hnw,(1)=pa,(A) KL,

AEBH KA Wronski 4741 S F48 & x, FrbAf

@, (c+,4) ¢£1] (c+,4)
2, (c+,2) ;(Q] (c+,4)

,(2)=,(2)

X=C

>

H(16~(19A ER, 5L

%uk-éﬂ

+

00" (c-,2) 0
(0,-28,)0,0" (¢, 1) -0,0,1,(c—2)

|

0 02;(1[1] (c—,ﬁ)
~0,6,0,(c—2) (0, -28,)0, 1" (c—2)

=Law(2).
=)

SIHE 5%
yl(x,/i), xe[a,c),
)=
y(x, ) {yz(x,/l), xe(c,b],
M TR (OB —ME, W@ AR R N
dip, (x,A)+d,x,(x,4), xela,c),
y(x,/l):
dyp, (x,A)+d,x,(x,4), xe(c,b],
5 y(x,A) W R XMEQ3), Wd =d,d,=d, .
BT 04y (x,2) RIS RANFER G, H

[91—151 ezj[ dlcol(c—,ﬂ)+d2;a(c—,;t)J ( 0, oJ{ dyp, (c+, A)+dy 1, (c+,2)

o 0 ) d,pl" (c—,l)+d2;(1[l](c—,/1) o,-A6, o, d3(p£l](c+,/l)+d4;(£1](c+,/1

)] ~0, (20)
¥A6)~(19ANQON, BEIKT d ~d,,d,-d, ITIEH
{[(01 ~28,) 01 (e~ 2)+ 00" (c=, 2) | (d =3 ) +[ (8, 26,) 1 (e= 2) + 0.4 (=, 2) | (d — dy) =0,
0.9, (c—A)(d,—dy)+ 0,1, (c—A)(d, —d,)=0.
IR QDI R EATHI AN
(6,-28) 0, (c=A) + 6,01 (c—2) (6,-28) 1 (c—2)+ 01" (c— 2)
0,9, (c—,A) ox (c—2)

21

=pw, (1)#0,
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T3 d, = dyydy = d, -
R (Dl(xni) Z1(x7/1) ( ) lz(x’j’)
ba l = ’ 0] ,ﬁ, ’ rll
wopa-{ B ) e 0 ) we
SEHE 2 AR W)~ L, 29 HAS 2362 A(2) = det(4+ BO(b,2))=0
B B A, 2 B(D)~Q)AFE,  y(x, A ) AR FRHERR B d151 30 5 Ja1, fFAE AR A I 4L
¢,c,» fHif5
ap (X, 4)+ox (x4).xela,c),
()=
ap, (X, 4)+ e x, (%, 4).x €(c,b].

¥ 3 (or 4 ) RN Q)T

(&Y (a A )+02751( ﬂvo) G, (b A )+Czlz (b lo) _
A 0] Bl 0] =0,
(e1%; ( )""027(1 ( ’/10) (912 (b,ﬂ )+Czlz (b’ﬂo)
2
(4+B0(b,4))(c1ne,)" =0, (22)

RZ, #idet(A+BD(b,4))=0, MET cc, MFRENETFALQDE IEEM (c.c}) - 4
cl'wl(x,/lo)+c;)(1(x,/lo),xe[a,c),
y(x,ﬂo):{ , j
ae, (x,/lo)+02)(2 (x,ﬂo),x € (c,b],
Wy (x, A ) 27 FEQLIH 2 AF QYRGS . TRILE A, A2 L 1D~3) FIRFAEA -
4Q={1eC|A(2)=0} . HREAF KM L
l(y)—/lwyzf(x)w, xel, (23)
BADFFAERF2)~(3), HhieQ, feH,
BRI () — Awy =0, x e T IHIBIEN
yl(x ﬂ) Clgol(x /1)+C2;(1(x /1) e[a,c),
yind {yz(x 2)=Cyp, (1, 2)+ Cozs (1, 4), x (b,
MHEFE R 53 77 F2(23) fridfig N
b2 (x,/l) =C, (x,ﬂ)w, (x,/l)+ C, (x,ﬂ);(, (x,/l), xe [a,c),
y(xd)= {yz (x,2)=C;(x,2) @, (x,4)+C,(x,2) z,(x,2),x €(c,b].

Mxela,c)if, C(x,4),C,(x,A) i Lk FEdl

{ C/(x, )gol(x A)+Cy(x,2) 1, (x,4) =0, o4
Cl(x.2) ol (5. 2) + 3 (2,2) 71" (v, 2) == f () w(),
Mxe(e,b] i, C(x,1),C,(x,A) i Ltk I Fdl
{CS(x,/i)¢2(x,/1)+C4(x,/1);(2(x 2)=0, 05)
G (w2) @l (x.2)+ C; (3. 2) 240 (3. 2) = =1 (x) w(x),

M xela,c) i, FTRRHAQYHMMEUERA
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Cu(02) = [ 20 (02) £ (0)(0)di o (12) == (1.2) £ (1) w(e) i+
% xe(c,b] i, FTRLLLRS) MM AR N

c3(x,/1):% [" 7 (£.2) £ (e)w(t)de + ks, C, (x.2) :_% [[ 0, (6.2) 1 (£) w(r)de +k,,

)= T (x2) 2 (64) =10 (6 A) @ (6,4) | £ (1) w(t)de+ kg (x,2) + oz, (x5 2), (26)
v, (x,4) =%j:[¢2 (x,2) 1 (8. 4) = 1 (2, A) @y (. 2) | f () w(t)dt + ey, (x,2) +hoy 1y (x,4), (27

Hoeb ky, ky, ky, b, AR B
TR HE R kL ky kb, o KQ26), QDIRNEERKIEG), IR 0, (x,4), 2, (x,4) 35 2 100 4 5% 1
(16)~(19) w1540~ Jr e

2 (0 2) [ (64) £ () w(t)dti =g, (e, 2) [ 1 (6, 4) £ (£)w(e) de+ (ks =k ) @, (e, 2) +(ky —k;) 7, (e+,2) =0,
(=) [ 0 (t.2) £ () w(t)dr =gy (= 2) [ 20 (1.2) 1 (£) w(e)de+ (ks =k )y (=, 4) + (ks =k, ) 21 (= 2) = 0
H1 7 FEALSK H
by =k + [ (6A) £ () w(t)de, ky =k, = [ oy (6,4) £ (1) w(e)dr, (28)
HERYLANQHH, W15
v (62) = [0 (% 4) 21 (6:2) = 2 (%, 2) @, (1, 4) | £ () w(2) de
+% [[[22(x.2) 2 (1.2) = 22 (x.2) @, (1. 4)] £ (1) w(e) e

+ho, (X, A)+ky x, (x,4).

Ty (x,4) AT LA R N
y(x,2) :IjK(x,t,A)f(t)w(l)dt+kl¢)(x,/1)+k2;((x,i), (29)
Hrp

o (5 A) 1 (64)- 1 (x.2) 0 (2, 4), a<t<x<c,
0, a<x<t<c,
0, a<x<c,c<t<bh,

K(x1.2)= @, (%, 2) 1, (L, A) = 1, (x, ) @, (1, 2), a<t<c,c<x<b,
77//0[(02 (xaﬂ*)lz (t:i)_lz (x:ﬂ“)(oz (I,ﬂ,)], c<tsx<b,
0, c<x<t<h.

HiaF AR R N R
Ul(y)Z(al—/Iyl)y(a)+a2y[l](a)+a3y(b):0, (30)
U, (y) = ﬁly(a)"'(ﬂz _172))’(b)+ﬁ3y[l] (b) =0
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&, R

klul(mx,z))wzu( (x z)) -[lui(x )f() (1),

kKU, (9(x,2))+ kU, ( =—["U, (K) f(t)w(t)dr,

KT ky, by KT FRH R BTSN

Uy(p(x2) U (2(x2))
U,(p(x.2)) U,(z(x2))

AR A8 T SR U2 0 AT 45

=det(A4+B®(b,1))=A(1)=0.

.

Hrh
s ()RR Da GGEA) L leleA) L) @)
LU (K)Spwl)ar U (2(32)) Us(p(x2)) ~[[U:(K)S (1) wlo)e

 k,, k, FRANQ29)H 7] 15
y(x2)=[ K (xt2) f (i) w (r>dr+ﬁ(m(ﬂ)qa(x,ﬂ)wzu)x(x,z))

_J ( x t, /1 A(I/I)B(x,t,/l)Jf(t)w(t)dt'

B, y(x,2) TR

y(2.A)=[ G(x.0.2) £ (1) w(t)dr. (31)
Hrp
1 U(o(x2) U(x(x4) U(K)
G(x,t,/l):K(x,t,/l)+A(E)B(xt1) B(xt/i) U2((p(x,ﬂ)) Uz(;((x,/l)) UQ(K)
@(x,4) 7(x,4)
EX T HARGHRIBHFZ G (x,0,4) FRAFT T 1A EL
EEWH

5 E AR 342 (12261066): 551 F AR5 4:(2023LHMS01015); 5 HIA X B8 S i A
BHIFL 45 37 100 H (7Y20240043) .
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