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Abstract

The writhe polynomial occupies a certain position in virtual knot theory. The writhe polynomial
has some relationship with the virtual crossing number lower bound of the virtual knot, and can
find a lower bound as strong or stronger than the forbidden number lower bound judged using ei-
ther of the odd writhe polynomial and Henrich’s polynomial. In this paper, writhe polynomials are
calculated for a class of virtual knots, the writhe polynomial and the second-order writhe polyno-
mial are used to study a lower bound of virtual crossing number and a lower bound of the forbidden
number for a class of virtual knots, and the effects of the writhe polynomial and the second-order
writhe polynomial on the virtual knots and their mutants are also discussed.
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1. 51§

Kauffman [1]7F 1996 45| AE&5ER, PLEIEFT LT 7 U0t 78 m Wit . 2013 4F Cheng and Cao [2]
g5t 7 writhe Z I W, (¢) BIE SOFHER W, (1) & — A FEZ A S . Crans, Ganzell and Blake Mellor [3]
HRIEAE S B E] T forbidden %711 15, H3¥E Cheng 7T writhe Z T[4k 3] T KA. Sakurai [515H
Henrich [6]IZ TR T H—NCEEERL) T . BT 3 writhe 20 Henrich 12 TizES 2 A
writhe ZI W, (¢) FHI, BICALUER writhe 2RSS R B AT AT — M2 T FARLL
—FESR(ECESR) M N F. 2016 4F Blake Mellor [7]45H T writhe Z T W, (1) 5 M LA 45 1) R 40022 SR8
SRR, €T B writhe 2TV, (¢) , FIR SCAEHR L REUALSS forbidden B T 7 LUK — L2415 50 H A
MV, (1) X3 R AL 5 B L RARRTT 45 Y T ARG S8 5 751

ASCAR G5y AR5 2 5, FRATEET 1 APl 45 A 0 B AE 5 E L, B writhe 2 U
& o WAk, FEIX AR R [ writhe 22 TR kg 40 25 1 R 400 58 A5~ F4AT forbidden ) R 74
PIRFR, TR 34, XTFA BN —RB AR A writhe 2 TR Y writhe 2 U 7t H 122 X
FBUR SR forbidden 011 R S IF4A i gE 8, 756 4 4, 1518 T writhe 2 WA [ writhe 22 I %
GRS AR . (R85 5 T, XA SO B0 A4t Bt AT a4 .

2. WEHENA
2.1. EBIALEEZFMN7]

FEFLAL 45 B R AL B 8 LA SO (TR /A0 A8 SR AR A SO, il 1 B RPN e LA &5 B ]
2 BB — & %1 Reidemeister moves Bk &itek, NIEATRZMT.

XK

g(a)=-1 e(b)=

Figure 1. The crossings of three types in the virtual knot diagram

1. EMAEE S =ML S

2.2. - X Reidemeister Moves [8]

P Reidemeister moves 2 £ L Reidemeister moves ] K. |~ X Reidemeister moves fl#54
i Reidemeister moves A1z #l Reidemeister moves, Z8# 7 200114 2 Fizs
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PO | G

o | )Y = A

Figure 2. Generalized Reidemeister moves
2. I~ X Reidemeister moves

2.3. ERTE R XIERR7]

EFE G HA IR S R m AN (m > 0 ) R 0 ZALR, IR ST 2m AR, X 2m A
RO TARED R 2m A 04, SEAT R Y LA YA R A X, FR RO A8 X
ITRET

We=POR GRS He(c), HITM PRI Q3. 4B &(P) Rl £(Q) Fomii i P, O IFFS,
ifte(P)=-c(c), &(Q)=¢(c). L a NS LI PRI QI BAS EN QB PN, p ¥l
1 ST I, 3 iR,

Q¢

CAS a

P-¢

Figure 3. Gauss diagram

& 3. SHE

c KA E4RFR: o EPTA EESORMFF SRR, 121E RO(c)
c KA RS o LA TREXERFF SR, 121E RU ()
c 4 Efabr: 9k g EITE B ARSI, A8tk LO(c) s
c B NERR: I B EPrA PRSI SHIA, 12E LU ()
c WifEbs, 121E Ind (¢): Ind(c)=RO(c)+RU(c)=-LO(c)-LU(c)-

s
B

2.4. 87
g —NAEE D, B D TS ORI RS PR D TG 12 /E wr (D)
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2.5. n-$¥781[9]

4 —ANAEE D, B DT Ind = n K52 SRS BIRIBRN n-1780 iefF o, (D), B
w,(D)= Y &(c)-

Ind(c):n
2.6. Writhe ZIRR[7]

SFHRAE D MEEREMNALS K, T X o, (K)=0,(D) (n£0), o,(K)=a,(D)-Wr(D), MK
writhe Z I W, (£) €SN W (1) = o, (K)1" .

neZ

2.7. ML A H8]

U — MRS E D, Bve(D) N D MBS s, Moo F RIS K, K )R8 X soe
SCNFER K T B D 1 ove (D) /MBS 84k ve(K) -
3. —XEWALEREMRZ X S BT A Forbidden HH T

SEHL 3.1[7] # K RBIAL, Ww, (1) B <2ve(K), Hhw, (¢) MSERER W, (¢) ¢ BT
DRI/ NFEIRZ 22

B S W (£) = (= 1) (¢) K Uy (¢) » AT LT e

T 32 (7) B K ARG, JEIA W, (0)=Sh¢ . T K 19 forbidden 51 35|} F 5.

1 FIRWAS & B FEA b, ARTRFR T R T A — R RIALES KRR IS SR R SRR
forbidden £ T A1 .o

SEH 3.3 RIS K WK 4 FR, KT ve(K) 1R AR K 1) forbidden %019 FHA% -

(HXT1<k<4, vc(K)Z%; T k>4, vc(K)Z%o

Q) % F k=1, 2, K forbidden (/I FH N k; 5T k>3, K forbidden B FANEk-1.

k+ k+2

kAR

Figure 4. Knot diagram and Gauss diagram for virtual knot K
E 4. ERAL K HAZEEMSHE

PERA B, ATTERW K # writhe 2 W, (1) « MR 4 v K HZLE5 EIAT ) H R e 37
I A RIS ) K SR AR AMEAN RS, SRR 1 PR,
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Table 1. The index value and sign of each crossing in the virtual knot K
F+ 1. EUALS K P ERXN S RERERTS

¢ Ind (c,) e(c)
1<i<k 1 +1
i=k+1 k-2 -1
i=k+2 1 +1
i=k+3 2 -1
i=k+4 -1 +1

BRPHIANT, (1) = Y o, (K)"» 5

We(t)=kt=tZ+t-0+t" k=== +(k+1)t+1" —k .
P T ORARE € FE 3.1 AT HE 3.2, 408 ve (K ) 1R FURI K 1) forbidden %H) R S5 .
SEHE ve (K ) 19 F 5
(1) M-1<k-2<20, BI1<k<4, W(r)MUBEST 3, )”ﬂﬁvc(K)Z%

@) Hk-2>28, Bk>4, W (1) WRIESF (-2)~(-1), k-1, W ve(K)22
M AR, R T
() WF1<k<4, ve(K)23

m)ﬁ?k>4,vdK)z%;o

Fe R KR8 K 1 forbidden /1 R 7t

() Mk-2=-10, Wk=1, W, ()=—+2-1=(c=1)(1-1), Ww; (t)=1-¢:

(2) Bk-2=00F, k=2, Bt W, () == +3t+1" =3=(e=1) (=" =t +2), MW (6)=—~"—1+2;

(3) Lk—-2=1HF, Ml k=3, Bl W, () == +3t+6" =3=(e=1)(=" =1 +2), Wi () RE L
GEGE

|

4) Hk-2=20F, Wk=4, W, (1)=-20+5+1" 4= (t-1)(=t"=2e+3), W
We(t)=—t"-2t+3;
(5) Mk >4mf, S

k=3
We(t)==t"7 - +(k+1)t+t" —k= (t—l)(—Zt" -2t—¢" +(k—1)j ,
i=2

k-3
Wwy(t)==>t-2t—t"+(k-1).
i=2

W FRitie, AR 3.2 ATEEASH DU iR

(i) T k=1, 2, K1 forbidden ZLHI T IN k;

(i) *F k>3, KM forbidden B/ AN k-1, o
Vi (1) A KT forbidden B, AR W, (¢) FIL, ATHV, (¢) #IWr. FHEENHV, (1) . 5648
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RITEHR

HAZA A B R, B BANGEI A B — I, eI s B A8 O R 2 SR A B s .

Bl 5 B, PSS APIMAE WAL, [FEE, XT =25%00F A S A,

Figure 5. Alternating configurations of pairs of chords

5. BRI EME

BERMALEE D, WS, S, NG5 A B FREER S El 5 BiR). € X[7]
V()= Wr(D)(Vszr(D)+l) S ()" |:L0(C)_[l+;(c)j:|

c

4 z e (Ci ) c (Cj ) tlnd(C[)+Ind(C/) _ z e (Ci ) c (Cj ) tlnd(q)JrInd(c/).

{ci,c/}esl {L‘l ,cj}eSz

R 3.1 (7] BBt K 52— forbidden Uy 1 IMEINALLS, AV, (1) Z W LASHK 4 T, HiiZ

PR KB ¢ BB UCRE, B2 IS K B ¢ I3 UCR

B 3.0 [7] BeREAULLES K, Wil 6 B, 147 ot i, i 5ESw, (1)=0, W (¢) P, Tk
Vi (8) RAEPIL, Ve (£) =2 =20 =20+ +2, e 3.1 W15, K, ] forbidden $>2. TMIHRHE K, Xf 5
T E AT AL, R PIIR forbidden ARl vl KBBS54, R IZREAU AL S, K ) forbidden H0M 2.

4. IENEHESRZEFIE [ 515838

Folwaczny Al Kauffman [10]% 9] writhe 2 Hizt AT LA X 70 FE LB IR fieh SRASKS, (HAREX 7 IE St 9848
Xt 1 writhe 25 JAAT I AT RAX 20 1 SR RAEXT o N AT Mt writhe 2 T 20— writhe 25 T

xf b4 B — SRR AL 4 K MR AR (520

Figure 6. Virtual knot K
6. FERIALE K
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4

2

Figure 7. Gauss diagram for virtual knot K

B 7. WAL K SRS ETE

JeE i — T A5 1 Conway RAF, Conway RAFEMALE K UM — 2858 L, @it /KFRE, EH
LB 180 BEiRie Kt aise, WM A LR i, X =M RAZ WA 8 frw.

L U A W A W A W A
I R B R R o N R R B Rl B
fN N N N N

Figure 8. Conway mutations on a tangle L within a knot diagram
8. EALEEIFYESS L EAY Conway IRE

SEX 4.1, [10] WRGEGER)TT ML FOHOR & R UL, TFRONIERAS: WSRGESe 7 7 L BTG & )5 5
TR, WRRARAL .
FEAEE R L 5E BT A IERAR AT LU B O R K Al R AR R SE I, AR E AT IE S S A IE Jigd

A A I
i Aad i L =] |
FY P AR

Figure 9. Positive reflection and positive rotation

B 9. IERSTFIENERE

EH 4.1 T RS K, writhe 2T AT X 7 K 1 K FIEBERERAE MK; 17 writhe 2 WA ]
X5 K Al K [RIE SO 98484k MK, {8 B writhe 2 AT [X 4 K f1 MK .

UEBH 152570 #T writhe 200 K I K 1) IE R A8 1A MK (520, ] 10 A0 11 2300 0k e fUL A 45
K 1 MK (f A1 25 A s i A

DOI: 10.12677/aam.2025.141038 392 N H it e


https://doi.org/10.12677/aam.2025.141038

RITEHR

WK 10 FE 11 R B4Rt K MK A8 Y S ) — e bR, GERAEL 2 ME 3G

gt

—_—— k+1
k2R

Figure 10. Knot diagram and Gauss diagram for virtual knot K

B 10. EMAL K AL EMSEE

+
k+3 * k+2
kMEX R k+4
Figure 11. Knot diagram and Gauss diagram for positive rotation mutant MK
B 11. ERERERER MK AL EMEEE
Table 2. Some indicators of crossings in K
R 2. K PRN mH—LERR
¢, LO Ind LU e(¢)
1<i<k —i 1 i-1 +1
i=k+1 1-k k-2 1 -1
i=k+2 0 1 -1 +1
i=k+3 -2 2 0 -1
i=k+4 1-k -1 k +1
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Table 3. Some indicators of crossings in MK
T 3. MK PR X R — L4547

¢ LO Ind LU £(c)
1<i<k 2—i -1 i-1 +1
i=k+1 -2 2-k k -1
i=k+2 1-k -1 k +1
i=k+3 1-k -2 k+1 -1
i=k+4 0 1 -1 +1

M2 2 FIF 3 W Ind . (¢;) = —Ind (¢;) s e (¢)=6x(¢;)» Hbi=12, - k+4.
IRz A

We(t)=kt=t'2+t-1 +t" k=== +(k+1)t+¢" —k,
Wy () =kt = +t=17 4 k== =7 4 (k+1)t " +1-k,

MﬁWWM=mﬁﬂo

FHIL AT %, writhe 2 T AT X 43 K AR (1) 1F e i RAGAR MK .

NI4T writhe 2 TN K A K B IE RO R R MK 1520 . [ 10 #0112 235 AU a4 K A
MK A 25 B A = T

k+4

k+2
KANBE X k+3

k+1

Figure 12. Knot diagram and Gauss diagram for positive reflection mutant MK’

12. [ER IRk MK’ AR TS HTE

IRE, AR 12 st AT S MK aE R i —SedibR, SR 4 FiR.
WAL 2 MR 4 KR, A
Ind, . (ci) =Ind, (c,.) y Eyx (c,.) =é&x (c,.) )
Hi=1,2, k+4 o UL, (£) =W, () ==t = +(k+1)t+¢" =k , B writhe ZIUAF X 4> K Fl K
(¥) IE S AR A MK
FRBA LA 2 Hr =B writhe 2 B0 K A K ) 1E B RAZ A MK 1529 -
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Table 4. Some indicators of crossings in MK’

F 4. MK' PR SH—LIERR

¢ LO Ind LU e(c)
1<i<k 1-i 1 i-2 +1
i=k+1 —k k-2 2 -1
i=k+2 -k 1 k-1 +1
i=k+3 —1-k 2 k-1 -1
i=k+4 1 -1 0 +1

MR 5 45 B 520t S Bk Y, ﬁi%ﬂxﬂ%10$n12tiﬂK$uMK'H’ﬁ,ﬁﬁl§lT%n K F1 MK' Hm]
AEEBMTEA N {k+3,k+4}, {k+Lk+2}, O{i,k+4}, Hh7E Kb {k+3, k+4}$ﬂU{zk+4}7E$’JiA

i=l1

{k+Lk+2}%ﬁﬁﬂB;iﬁ%EMK”*{k+Lk+2y%ﬁﬁﬂA,{k+lk+4}ﬂﬁ3ﬁj+4}%ﬁﬂﬂ30
i=1
2L FT A

Ve (t)= (ks )+it( )= [(1-k)=0]+2(0-1)—¢* (-2-0)

i=

+t [1 k) =1]+ (1)t +kt* —(-1)2*"
=k(k+1)_(3+k)kt

—(1=k) =142 ket =+ k+

2 2
2 2
_k ;3k—k Jr?““t—(l—k)t"’z+212—kt’1+t"’1

mmxg:fﬂgiﬂ+§?[a_g_(}¢k«_k_m+t¢k_u_ﬂ(4_k_®

+ (1= + (=) = (-1)t—k°
_k(k+1) (14k)kt
2 2

K-k Kk +3k

= —————t+ k" (k+1)7
2 2

k2 —(k+1) t+(k+1) =" +1—k

BRI
Vi (1) =V (1) =2k =2t =" +(1=k) £ =kt + 217" &

PRI AT AR B Ve (£) = Ve () DR W (¢) RS BN K RIMK' () writhe 2 T0REA 7 30, bl
Vi (0) 0V, (1) RFFE W, (0) AR, B writhe 2 B RTHE K A MK X 73 TR - O

5. &5iF

FRSC TR U —H LSS K, FIF writhe ZTURM i writhe 2T a0B 50 3 B3 S
FF A forbidden 341 F AL, BB T W, (1) A1V (¢) R K RS S RN, Huk g
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N writhe Z TR X 4 K #1 K IIEIERE RASAK MK, 17 writhe 2 AT X 73 K F1 K IR IE SO RAR 1A

MK

", AH i writhe Z AT X 7> K A1 K (R IE SR RAZ KR MK

SE K
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