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Abstract

This paper proposes a coupled encoder-decoder ConvLSTM network (ED-ConvLSTM) based on an
encoder and decoder to identify parameters and solve partial differential equations simultaneously.
Convolutional and transposed convolutional layers are utilized in the encoder and decoder modules
to extract and retrieve spatiotemporal information in physical laws. ConvLSTM modules are embed-
ded into the encoder and decoder modules to accurately approximate the time evolution in time-
dependent PDEs. Through intensive numerical examples, the coupled neural network can predict
field variables and unknown parameters accurately and efficiently, especially for the input with
large noise.
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Figure 1. The structure of ConvLSTM
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Figure 2. The structure of convolutional block and responding transposed
convolutional block
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Figure 3. The structure of ED-ConvLSTM
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Figure 4. The data flow in the coupled ED-ConvLSTM
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Table 1. The training procedure of the coupled ED-ConvLSTM model
= 1. 84 ED-ConvLSTM #&E &I ZRid T

N YIZEREA UL, (X, y,t) - BOFIZE A, SIS A,
Wi R UL, . RIS (X Y) .

WEAL: WM S0, Adam HRAk BRI T3 Ir,
for epoch in range (200) do

epoch =i,1=U;,,
for I in range (m) do
Ui,l :Nu(l;eu)’
1 .12
H(9)=TZ Ui,l || +/1u N ,| Ui,l x
bd Npg
r(xy)=N, (U,T, 9,)
—ZH X9 - (o)L + NZH ()= (5w )L
|nt int
LOSS,+=L, (0) LOSS, +=L, (),
I=U,,
end for

FIF 52K B $ LOSS,, LOSS, HH %S5 0 .
when epoch % 100 == 0 do Ir /= 2 end when
end for

AE-ConvLSTM [17]: A& — AN gmb it fl — AN ERS BT B ) dm b SR T AN 45 o mbd b fh —
A~ Conv-ConvLSTM 4%, RS HER f #1~ ConvT-ConvLSTM Al Conv-ConvLSTM — /M il

#4 ED-ConvLSTM: H—~ Encoder-ConvLSTM #Hfll—~ Decoder-ConvLSTM e 2H 5 1) /X
“ . PIEHL AL = A Conv-ConvLSTM HtH1 =/~ ConvT-ConvLSTM Hi7t, FF HAHN T H2 (A
i Bk BRI AR IE o

W28 (PPN PR PRI B GS L2 iR 2E e, A L1 4aXtin2E e, How R

r 2

*

U (10)

2

e=Ju-v,

. N

o, UTL U 2Ri#oR PDEs RORSH AN W 2% LI, o, raERas LL a8 L2 Jud. A T X
AT, PR A Adam Uik 28 HiG N BN K S8, Hg K= RBY)E0 8 1073, 14k,
P ) 8% % FE R [R) 76 56 PSRRI % N B R S 3 b AT AL IE S 2 A M AR 4k
4.2. BEZHIE
?‘ﬂ?‘iﬁﬂi?ﬁtﬂ/\l:i&?ﬂﬁ}#&ﬂﬂ‘l‘ﬁﬂﬁ‘]’}%ﬁc%ﬂﬁ@ T NATEREY . BT/ WMo
A, R REBERM TR, A SO BAA R L&A AT, e LR
au(x.t)

ot
u(x,0)=g(x),xeQ,

—r(x)au(xt)=0,xeQ=[0.1] te[0T], (12)
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K@A2) K C B—ANEHEDKARMEE, HTRREZELREBNEEN . WEEZ SR ar
LAAS B4R IS 221 (08 B8 23 A i T
u(x,0)=x>+y%(xy)e[0,1]x[0,1]

BN T PO BN, 43 J G T 288 i SR [0, 1] < [0, 1] 359 5 BS A 64 % 64 [FIRUAE ,  BIRE— I 2135 1 FE AE 1)
R} N 64 x 640 24K FAFEINAE K At =0.1, 1,10 s I, %R (12) 7 % 5 C 23 HIEL 1e—4. 1e—6. 1le-8.
4L, AR, T8 4> #1A 10,000 /M7y, AT 9000 AN ZIVE M UIZREEA, T4 1000 AN ZI4E il
o TERTIMMES T, K 10 ANESEN 2R LA AN, X258 B 08 i R RIESE 90 AN Z1 (1) 2 37 Tl
MME . He R e 2200 T BN FR SN R 4, e 245 21 5 A RIS 4

I SR FAEA ED-ConvLSTM Sl i FER A S 4 r (x), w1l 5 iR, MESRAWTLEH, 1EAH
BPIED N, B IERER N, A RIS EIIME R AEE D TR, X 3B IR AR I i s Y
B 2] B B AR AR, FF BAEASIRI (RPN #B R IR AR B I T 45 5 o HAEX L2 R R
REE WA 2, TR AR R A RIS TS K At =10 s 100 R, A7 I8 S 500 TR B RS DR RFAE 1e-3. T
DI ED-ConvLSTM fefi RURMLMER TR IES L, WIETERETREDKIEDL T, 1B RE
PRBONAER I TION25 5« 1X R BIZAAY T TR o KBTS B0R A R R, B R E .

BT IRIE 5 SIS RR A PDEs £5 OB S EN RIS, — Mt 2[RI SR A% PDEs. A 7 SR UF1ZAR AR fif 77
FRAHERATE, fE ED-ConvLSTM HEAYLE TN 75 F2 45 SOIE S 2 R, W25 T il 73 77 R A 1Y) Tt
u(x,t), HERIE 2, WDEBIFEARNEZKMEL T, JrREBINRRARR L2 SRZIREHE 1le-4,
T B A TR T3 3 P T T DA 08 s ARG

(13)
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Figure 5. Linear heat equation: The exact parameter, predicted parameter, point-wise absolute error and
relative L2 error of the inverse parameter r(x) with different time steps At=0.1,1,10s obtained by
the coupled ED-ConvLSTM model after 200 iterations
5. &M ATE: 23T 200 RIEKEHEE ED-ConvLSTM REAERERTE S At =0.1, 1,105
THRINGOESH r(x) BETHRE. TUNRR. BLEINRE. B L2 IREE

N TR BAESA SR MR A R, RS RS S HO BN AE-ConvLSTM BURLEAT LEER,
6 25t 1M RAE A IR EE R, 4 200 YOS RIMSHINE R EN R E. K7 RoR T =&
FE5 100 ANANERS ZI IR 7 FE FOARXT L2 IRZE(EH. AR I, T2 i B TNNE I 2 15 S s 24
AR H IR T AE-ConvLSTM, I HAEANRII (8] 25K it B2 3 FIUIIMEL (ARG FE A0 AR R ARE - IX 7873
YHZBAAEA RN AP AT R A B S e, TR a2 K i 224k, #& ED-ConvLSTM HiAY
AP BE ORFF I R4 T e o

AE-ConvLSTM AE-ConvLSTM AE-ConvLSTM

(a) Ar=0.1s (b) Ar=1s (c) At=10s

Figure 6. Linear heat equation: The absolute point-wise error of the inverse parameter r(x)

with differenttime steps At=0.1,1,10s obtained by AE-ConvLSTM and ED-ConvLSTM after

200 iterations
6. ZeMEMFTE: 3T 200 &R E AE-ConvLSTM, 84 ED-ConvLSTM REIZEAE
BHEIEHK At=0.1, 1,10s TREMFRRSH r(x) HZEREIREE
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Figure 7. Linear heat equation: The L2 relative error of PDE solution u(x,t) at

the 100th extrapolated time with different timesteps solved by AE-ConvLSTM
and ED-ConvLSTM

7. kMM FFFZ: AE-ConvLSTM, 84 ED-ConvLSTM 1R B 7 R [E] Rt (8]
FKTFENEE 100 MMNERZLREIHTUUIE u(x,t) BIFEXS L2 IREE

e, ASCIRAR LA M A KT R IR, 7 W HOG R s G R, DR PP IR AL PR 25
IR BE T o X L 37 A 2 O B R P32 5 DX 457 T J o R W s«

U, =(1+ge)u’,r, =(1+4e)r’ (14)

Hrb, e RAWIESDAG, ¢ FmMeEKoF, BUERN 1%, 5%. 10%. 38391 2515 2 i 2 201 E A s
FESZTRME A XS T L2 iR ZEW B /RTESR 2 i mTLUWIER R, [l M s 7K ST IO 3 I R o AR % L2 1R 2%
HEANAR XS 0%, X UL A SR H R R 0 e S B R AT BRI, REB8 A AU L e 1n) A Hp S DL I AN e

i) 7l o

Table 2. Linear heat equation: L2 relative error of the inverse parameter r(x) and predicted solution u(x,t) by the coupled

ED-ConvLSTM model with different timesteps and noise levels
% 2. M52 384 ED-ConvLSTM BV REIRTENSK AR K P T RSES 8 r (x) FIFHRE u(x,t) FOME

BFERT L2 iRE
L2 relative error
Time step
Noise level = 0% Noise level = 1% Noise level = 5% Noise level = 10%

At—01 e (u) 5.371e—4 6.224e—4 1.803e-3 2.148e-3

=0.1S
e (r) 4.443e—4 2.861e—3 1.650e—2 2.242¢-2
At o1s e (u) 3.682e—4 7.735e—4 1.773e-3 3.408e-3
e (r) 3.828e—4 3.587e-3 1.057e-2 2.667e—2
e (u) 5.388e—4 4.402e—4 1.597e-3 3.196e-3

At=10s
e (r) 1.514e-3 4.167e-3 1.201e-2 3.022e-2

4.3. LM HAE
ARL M Jr FE R PDEs WU B 2032, 2N T sebr TRESUE A, Witk /1% AT
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Bl

TR ARG . AT EAG KR 70 H 10 T A AR M SO FEEA TR 7T, Hose LR
ou(x,t 2
M—V(I’(X)VU(X,I)):f(X,t),XEQZ=[O,1] te[0,T], (15)

u(x,0)=g(x),xeQ,

Hor, r(x) 2R RIESEL  f(xt) 2T, @ T
r(x)=1+x"+y?, (16)

e s
(o)1)

5E SAET(L5) Kl 7 T3 AR R AT A«

u(x,t)=tsin(ngcos(gyj, (18)

FEAAI Y, o R s A5 2R A AN [ I ) 25 KT 15 3 R A7 B T8 2 BT RS B 8 4 A ED-
ConvLSTM HERI1S B ) S IME 5 B IUA I 4a %) 12 2 3D = . AT LR A H, fEAF B EDK TR,
AR AR5 38 (1) SO A R L SR AR — Bk, AR 2 R KR FRE 1e-3 RS HHEMRAMN L2
WENL 3, ATUEBIBEER S KM 0.1 s INE] 10 s, FFIIESEIMANN L2 iR E IR RFFE le—4 B
po XU HIERY AT DUEORHER LT AR MY BOT R R IS MAh, B BRI TE SR A S
H 0 [F i PO AR L BT R A . 1] 9 g TAERT R K At =1s B HL T, #44A ED-ConvLSTM 153
ITESMERT [A] B 9910 s~10,000 s [ B FME, EHAERERE, ZERBIHAOEENSGEIRES . 1%
I ) B3 PR I PSS FROIIAE AR AR L2 1R ZE7E 10,000 s HUAS 5 KME, A 6.435e—6; 1E 9920 s AbHRUA 5/ ME, A
2.385e—6, IXKHZAA BAGRIFIIMEE, REOE AR i 46 B0 HEV IR B 32 I AR SR AR A 1 Tl

(17)

Exactr Predicted r Absolute error

(@ At=0.1s

Exactr Predicted r Absolute error
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Exactr Predicted r Absolute error

(c) At=10s

Figure 8. Nonlinear diffusion equation: The exact parameter, predicted parameter and point-
wise absolute error of the inverse parameter r(x) with different timesteps At=0.1,1,10s
obtained by ED-ConvLSTM model after 200 iterations

8. LM B TE: &1 200 RIEK A4S ED-ConvLSTM #EEI#E A [E) R 8] 54<
At=0.1,1,10s MSRIMFFRIESH r (x) FOIEHARE. TUNMR, BRENRER

t=9910.0s t=9960.0s t=10000.0s
1.00 9910 1.00 9960 1.00 10000
0.75 0.75 1 0.75 1
_ J 0.50
>0.50 7432 >0.50 7470 7500
0.25 0.25 4 0.25 -
0.00 0.00 4 0.00 -
4955 4980 5000
1.00 1.00 1.00
0.75 0.75 7 0.75 1
>0.50 2478 o, 0.50 2490 0.50 4 2500
0.25 0.25 1 0.25 4
0.00 - 0 0.00 + 0.00 - 0
1.00 0.090 1.00 0.098 1.00 0.177
0.75 0.067 0.75 0.073 0.75 0.133
>0.50 0.045 > 59 0.049 0.50 0.088
0.25 0.022 0.25 0.024 0.25 0.044
0.00 0.000 0.00 0.000 0.00 0.000
0.00 0.25 0.50 0.75 1.00 770.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X X X

Figure 9. Nonlinear diffusion equation: The exact solution u*, predicted solution u and point-wise absolute
error (top to bottom) for the forward diffusion problem at different extrapolated times obtained by the coupled
ED-ConvLSTM model with timestep At=1s

B 9. IELMESE: ERTEISK At =15 TET 200 LK FEE4 ED-ConvLSTM 1ERIEF|H9EESN
RTEER LR Y . TUUME u. BABIHRER (RN LB THIREF)

Table 3. Nonlinear diffusion equation: Relative L2 error of the inverse parameter r(x) and predicted solution u(x,t) by the

ED-ConvLSTM model with different timesteps
F 3. dEEMEYHU5I2: 184 ED-ConvLSTM B REIRTE S TR ESH r (x) FIEHEEE u(x,t) FERME BT

L2 iRE
Time step
Relative L2 error
At=0.1s At=1s At=10s
u(x,t) 1.627e-5 6.435¢—6 7.609e—6
r(x) 2.923e-4 3.476e—4 3.058e—4
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B, BASCIR AR S R S 405 B ¥ AE-ConvLSTM BT LS. B 10 J#oR T 200 EAR G
RIS SRIHS BN IZ S A0 iR 22 w . ] 11 25 HHAESS 100 ANSMER Z1 3 B2 3% FUIE AR L2 iR 22
o AT BLA H, AN AR S 2 B0 AL B 7 (1 T B, #% 5 ED-ConvLSTM [ EZ#K = T AE-ConvLSTM
B, X IE SEASCHR Y I 28 AE TRINAS FE LRttt . 25 F, A8 ED-ConvLSTM fESLHLEIHE L2
BRI AR T 75 T B A RS

AE-ConvLSTM AE-ConvLSTM AE-ConvLSTM

073’9
o 1.0
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0% 10,4 0.5
0.5 51y 02 X
y 4 0.00.0
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(a) Ar=0.1s (b) Ar=1s (c) At=10s

Figure 10. Nonlinear diffusion equation: The point-wise absolute error of the inverse parameter r(x)

with different timesteps At =0.1,1,10s obtained by AE-ConvLSTM and ED-ConvLSTM after 200 iter-

ation.
10. ELM 8052 £33 200 JRiE{R/F AE-ConvLSTM, 384 ED-ConvLSTM #ERIFER[E]
RHEI 4K At =0.1, 1,10 s TEEIMNSERESH r(x) WE S B5TRER

0.6 - 0.5739 0.5913

0.297

1.626e-05 6.455e-06 7.6e-06
At=0.1 At=1 At=10

AE-ConvLSTM W ED-ConvLSTM

Figure 11. Nonlinear diffusion equation: The relative L2 error of PDE solution u(x,t) at the

100th extrapolated time with different timesteps solved by AE-ConvLSTM and coupled ED-
ConvLSTM
B 11, e #0558 AE-ConvLSTM., #B4& ED-ConvLSTM &I [ERT

B 5K TSEIRIEE 100 MMERTZLR B TUME u(x,t) BIAERT L2 REE
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i, MR e e, HE— PP AR AR A 7 SEBR i AT IR AN 7)o BT AR AN ]
AR TR RIES B 4. T UATE BIREE M A KT IOIE N, BRI A5 S S BT RS L s A T
B, BmiAE] 1e-2 B4k, [FINREES TRINME FIAXS L2 IR ZRFFAE 1le—6~1e-3 JEHIN . BRI HITERE
Wt 5 M e AT S N T B, (BRI TN RE 0 U5 ORI AE 2 NI R 7K. F & ED-ConvLSTM fEA [ i 1]
SRR 2, PN AR B S HOR . PDES 1E Al BRI f) & PR AT AT S

Table 4. Nonlinear diffusion equation: Relative L2 error of the inverse parameter r(x) and predicted solution u(x,t) at

the 100th extrapolated time with different timesteps and noise levels solved by the coupled ED-ConvLSTM model
4. JELMY RS TE: #84 ED-ConvLSTM R EARERYE) LK AR A K F TFRIAVE 100 MMERRIFRIRSH
r(x). BEHU(xt) FUNMERHERT L2 iR2%E

Relative L2 error

Time step Noise level =0%  Noise level =1%  Noise level = 5% Noise level = 10%
A= O1s e (u) 1.627e-5 2.524e—4 1.145¢e-3 2.412e-3
e (r) 2.923e-4 1.796e-3 1.035e-2 2.073e-2
Atols e (u) 6.435e—6 2.692e—4 1.254e-3 2.548e-3
e (r) 3.476e4 1.871e-3 1.049e-2 2.112e-2
A 105 e (u) 7.609e-6 2.244e—4 5.077e—4 2.142e-3
e (r) 3.058e—4 1.927e-3 1.045e-2 2.020e-2

5. &

ASCHETEM LSTM S T —F R A BEROE S (RS & 2 A5 6 UK S IZ /2%, TSR 22
(i oy 75 REANS BRI Rl L. — 5T, AR RENE AT ROR i PDES H IR SIS K 5 — i, BRI
WMZN 1 R GGG, H HILTNE BT AE-ConvLSTM BiAL . 7EMIRRY B, AU 10 ANESET
Z (R FLSIEAEE, W2 BEXS AR R 100 NI 2R3 B 3EAT BOR RS B (0 T BB 45 SRR B, #& ED-ConvLSTM
A DA ROR 8 — 407 BN HOT RE P AR RIS 5 IR . BEAh, P th R RLAE AR K F F
XS HOR A BRI 78 S R E AT SE R . SR, FESKBR TAEN M b, Bl s A R X IR AT 2 98
RIFEABEAT ISR, X —IRHIBENS 7 BRI IRE S, TN T (R HEm e . IR IR A 2ok 2550
B, AEERAEARR A TAE h i X — s
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