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Abstract

The main research objects of virtual knot theory are knot and link. Virtual knot polynomials are a
class of virtual knot invariants expressed as polynomials, such as the zero polynomial and the
writhe polynomial. In this paper, a new polynomial is given by studying zero polynomials and
writhe polynomials of virtual links. The polynomial of the original virtual knot is obtained by com-
puting the virtual link. It proves that the polynomial is a virtual knot invariant, and properties and
computational examples are given.
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FEMVALAE IR /24 STIRNE Sy x | o R THIR RE FOVLL 405 R R FDUBE A AR 5 5 S A 448
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SEX 2.2 KR AL (BEFR) B Sy x | 444 5] S h T Bl st (St ust U ust) .

Fe Sy x | BAFHI S rh o= A R AUAE XA
2.2. X RA[1]

SEX 2.3 Syx | BEHFE]S? iy, % epfy LSRN FIARZE 2B R — A28 SR, FRATTRRIEFAE XA i
WX, H—ANRABRER, WE 1L ALFR, B ADRS A YA,

FEX 2.4 EHEFER L G PR SEAC SR, BRSO SERE XN B AS S L A SE A YRR
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Figure 1. Different types of intersection points
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2.3. FF5[6]
X 2.5 HANEMA XA ERIES B SRR AR S, fidks(c), Wk 2 ps.

XXX

g(a)=-1 g(b)=+1

Figure 2. Intersection symbol
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2.4. =X Reidemeister Moves [6]

KL Reidemeister moves S& 1 £ it Reidemeister moves TSR 1. |~ X Reidemeister moves f1354
# Reidemeister moves 1 gL Reidemeister moves, Z5#a 75 a0 3 fiw.

il S

VR- I IE VR-1
*%ﬁ%%*%
/

Figure 3. Generalized Reidemeister moves
3. "X Reidemeister moves

WAV A B ALEERZENT, WABUMALEEE MRS AN HRKT LW
Reidemeister 25 #:15 21|17 .

VE 2.1 wE 4 BRI AR OR A RV, BRI . R AV AR S RE, AR
RE AN 25 #80] LAAR BT FLAL 45

Koo R

Figure 4. Forbidden move
B 4. ZiE#Ha)
2.5. SHE[7]

Ml G A MR TR n AN(n > 0)HFFSIIA LA, AR SAL L E—— R, X
SEaZ AR ST L 20 A, TR T TR R SO B, 5207 AR B A MR I R AE X, X
XF LI AR ORI RF S AR id %, WAL 5 . BERA e iU I BV AN 2 2 o 20 PR 5 52 R SRk
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Figure 5. Gauss diagram
5. SHE

2.6. Cheng Ha[3]

Cheng 1 Gao #f& 1 —FiUA A [ REAULA1 45 B () R A 22 e ORI D53, AR Z N2 8 S
fdabs, Al Ind FoR. B K NEFIEMALEE, ¢ K SIS X, K Hi ¢ IFF5H sgn(c) %01,
HL a2 fros. M2 A ¢ BIFEAR Ind (¢) 7€ X N: Ind (c)=sgn(c)(a—b-1), it a b At
6 IR K LR tbn S . AP NMER AT SRR E I, BAT BT 73 SCHSIAE -

b+1 a—1 b+'1\/'a_1 b>x<a
a b a b a b

Figure 6. Cheng coloring of K

6. B K B Cheng HE&

2.7. Ind'(c) [4]
EN 2.6
Ind'(c)= > sgn(e)

eeR(c)

Hrh R(c) A% ¢ A MER ¢ M ™ AN T 525 i &R &, W0l 7 s

-sgn(c)
3

sgn(c)
Figure 7. R(c)
Bl 7. R(c)

2.8. 1-Smoothing [8]

WK MRS, ¢ 2 K AN . % ¢ 474 8 Fishy 1-smoothing (1- 1),
AFEREEIRE L, 0K, AT LIRS 1, 0.
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Figure 8. 1-smoothing
8. 1-FiF

2.9. Writhe ZIR3[4]

Forfte K 0 E A XA LR Ind (e) %0
3. EMASH—fHEZMAI TR
SN 31K A AL, ML 45 10— B £ TR W (1) Jo:
W(t)= > sgn(c)W, (1)

ciec(k)
Ind(c; =0

Hrp
W, ()= 2. s(e)t"™

ees( K
Ind(e)=0
Hrfsgn(c), s(e) BIALMA GRS, Ind(c), Ind’(c) XU 2.6. 2.7 fix, W, (t) ZEEFFHT writhe
Z Ui,
NTIEAZ AW (t) 2 RIMAL AL R, RATFUEHW (t) 7E] X Reidemeister #2)) N & A& &
e b R KA, IR R FIEAW (1) £ Qv Qs Qpu Qv Qq FIQY B3N FRAAE

=

Ho

EH 3.1 WK AR EMALEE, MW (t) 7EQ, M1 Q, Ba) T NAZE.

EHE % K A REAEE R, KO MR M EIXT K 2547 1-smoothing J& IR FUEEIA ], K il it
Q,, B, I K BBIA [ EILAS E, s 9 Fis.

/ Q1a / Q1b
<>

<>

Figure 9. Transformation of Q,, and Q,
B9 Q,fMQ, Tk

SIS 0, 25 H, VE I 9(a) e XN ¢ T K AR RESEAE XA h, 255 XA h A ¢t T Ind (c) =0
RISEW (t) B M.

PR N A ¢ Hoind (h) =0, ' h 7 K’ S SR s, 445 50% by h' 47 1-smoothing 25
R AEIN K" 5 K ALLEG, BT # 5 ¢ SN R, ces(K™) Hoind(c) =0, JURHW (t) A .
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L TR, W () 76 Qy B FRAVER . K, AT EHENIW (t) 78 Q B3I F 2R,

EE 32 WK AR, MW (t) 75 Q, M Q, B3l F A&

WD 4 K oA AL, K St BT 1-smoothing J5 BIBEIEERR I, K it Q,, Al
Q, BENI K 1B 11 414 SH. Fortres c, ol 10 B 3 XA,

/ /

cl cl

< QO2a < Q2b
—> «—
c2 c2
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Figure 10. Transformation of Q,,
10. Q,, ik

Hi T Ind (¢,)=Ind(c,)» MW Ind(c,) 5 Ind(c,) ¥4 0 B4 K 0.

#Ind (c,)=1Ind(c,)=0, MIXfW (t)BA M.

#nd(c,) 5 Ind(c,) AN 0, WT KHUERESEAZ XA h, HAZXE h & sic, . XREAIAGI
B hjgc, WX c #47 1-smoothing #5155 K* , Xf ¢, #4T 1-smoothing A8 /553 K% , 40l 11 fir
Ne A LOEN Q, Oy, BARFEAL, HARBMA, d1Ts(c)=-s(c,), Mg 3.1 %, K5K'
FEE, W (t) 2 AR M0 LU EARIE, W (t) B .

QB

Figure 11. K% and K%
11. K* 5K

FREXE N AR AR, Hind(h)=0, Ay h 7EK PRI A, W55 hy b g7 1-
smoothing & #5321 K" 5 K™ ARLEH:, # e ¢3RN R AN, WXtw (1) BHEKM. #c. ¢, BN
B2 H Ind (c,)=1Ind(c,)=0, WXIW (t) BAHFM. #c . ¢, NAZ M, Hind(c)=0, Ind(c,)=0,
Hnd'(c;)=1Ind’(c,), T s(c))=-s(c,) NIXW(t) & #mi.

gi bRk, W(t) 7E Q,, B T RALN . KA, FRATTELHERW (t) 75 Q, B3 FRAZR .

518 3.3 4 {i, j.k}={12,3}, & KARMALEE, =LA ¢, ey, W 12 fm. Wik
C v CREI X RN ¢ i B A

WER e C 2 AN, 12 th =SS X i =20, b AN S S i = ke
MIPI2%, Hic CEHEAIX R, RI=J6INRE T —MERD 3, Mo o AR

SEHEL 3.4 B K A FMEIMALEEL, W (t) 7E Q,, #83) T AL E .

W & K A REMALE, K yxtc BT 1-smoothing J& 73 3 A 1 EIIEEA R, K’ il Ji
Q. BB K BEIWAG MR ALEE . Hrhc . ¢, ¢ K s Xk, BRI XI55 3 1
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Figure 12. Transformation of Q,,
B12. Q%

AT KRR i h Hind(h)20, HZXsihike . ¢ ¢HERE 1, ¢ ¢ &K
F150e  cpn CAHXTMIRIA. Wh e, WK hy b AT 1-smoothing A4 575 21 K" 5 K™ AH
B, s 13 P, K™ AT KT Q,, B EiEk Q,, B3N FRE], diE R 3.2 AIA W (t) B R .

J TCZ c3" /
02'/
/ & e

Figure 13. K" and K"
E13. K"5K™

HRE R h AR~ ¢y o R —AN, MK 5IXT hy b’ 34T 1-smoothing 224 f5 13 2 K" 5 K™
MRS AT v ¢y ¢ FEDDMREALZN A, % Ind(c)=Ind(c,)=Ind(c,)=0, MXFW (t) %A
Mo #cn €y G RAMRALN A, Be ZHZXHEH Ind(c)=0, MXFTW (t) BA .

H i~ €y~ Cy AN SRR BB XA, 5B 3.3 I, =/NA8 R A2 B2 XA, # Ind (¢) # 0
Ind(c,)#0, Ind(c;)=0, HAVEFRHAF—FFLL, WA 14 Fox, WHIE K &, Ind'(c)=1,
Ind’(c,)=1+11, Ind’'(c;)=NI, 7EK 5, Ind'(c;)=1, Ind'(c;)=1+1I, Ind’'(c;)=NI, HAREHLIAT
FALERT, WA HINT W (t) A 0 .

Ocl Oc2 0c2! I
c
I I I I
Ucl Oc3' > Uc3'
Ucg2
Oc3 Uc3 Uel Ued'
I T

Figure 14. Gauss diagram
El 14. SHE

KAk, FTIEBTH AR TS BLIS W (t) A . 28 BRI, W (t) 75 Qq, B3l T A,
SEHL 35 W K VA A RS &L W (t) 7 Q,, B3I T AR,
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ERA B K ONA ALK, K YR BT 1-smoothing J& i REILVEEM &, K vl Q,, #%
A KR Z0A AR AL S5, W 15 For.

/

Figure 15. Transformation of Q,,
E 15 Q, Tk

B 15 HAZ XA ¢, ¢ K o M RIS 6T K AR SRS XA h Hoind (h) =0, #7% X
Mhgc, WX e, ¢ 4357 1-smoothing 284 5 5 2 K 5 K’ A LM, HiT Ke dsa 1
INEAZESCAT, TXFW (t) A R .

R A ¢, WPKEA AT hy b 34T 1-smoothing 2845 13 2010 K" 55 K™ MILLE:, 75 ¢ A2 H
ARG W (1) AR 47 c REA X AL Hind(c)=0, MXFW (t) EA#M, #c AL, H
Ind(c)=0, T K" K™ B, NxFW (t) BA .

Zi LRTIR, W (t) 7E Q, B3h RN,

SEHL 3.6 [9]FT4 5E MY Reidemeister Bl Qv Qv Qo Qyp Q, FQY BBAEK.

SEHL 37 W(t) AL AR,

UERA HEEE 3.1, AEEE 3.2, sEHE 3.4, & 35 KOEH! 3.6 WM, W (t) fEFTH Reidemeister 3 T
AL, e T EL, W (t) fEREIURES) MR . Bk, W (t) 2 EMALR AL R,

SEHE 3.8 [10]412KR D & — AR MALEE], AN T D PRAEMAIAZ X ¢, A Ind(c)=0.

EHL 3.9 W KM REMALEE, MW (t)=0.

VB X K FEE— N h, MR4EE# 3.8 4 Ind(h)=0, HIW (t) & X%, A 2858 sl
AHEAEN, W (t)=0.

B13.1 ¥ K 2%l 16 ffras (K4 [ e 145

Figure 16. Knot diagram for virtual knot K
16. EHIAL K FALE

Xt K AT A
sgn(c,)=sgn(c,)=+1:
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Ind(c,)=sgn(c)(a-b-1)=-1;
Ind(c,)=sgn(c)(a-b-1)=1;
Ind(c,)=sgn(c)
=sgn(c)

c
Ind(c,)=sgn(c)(a-b-1)=0,

0;

(
(a-b-1)
(

HI7E AT, ARV Co Co MR BRI AT

Xt ¢ #E4T 1-smoothing 738 K% | 19514 1 %4,

Table 1. The index value and sign of each crossing in the virtual knot K%

=1 EPAL Kt RN RBEIRENTTS

c ¢ es(K®) Ind (c;) Ind’(c;) s(c)
G, V +1 0 +1
¢ J -1 -1 +1
C, X R " +1

Nﬂﬁwq (t) = s(cz)t'”d'(cz) +S(C3)tlnd'(c3) 14t
% ¢, WEA7 1-smoothing 51K, 15514 2 4.

Table 2. The index value and sign of each crossing in the virtual knot K*

? 2. ENAL K? h RN RHERENTS

¢ ¢ es(K?) Ind(c,) Ind’(c;) s(c,)
G N -1 0 +1
C, X o o +1
Cy N +1 +1 +1

)”\”ﬁwcz (t) _ S(Cl)tlnd’(fq) +S(c4)t|nd’(C4) =1+t .
TW (t) =sgn(c, )W, (t)+sgn(c,)W,, (t)=t"+t+2.

4. B

AL EEAET ZWAMEES Writhe ZUIAZEA_ L4 T REMAL —H 20w (1), JHEVHEE
MAGALE . ZUEW (t) 7T LR RE A 45 2 WSS & R AR 2 AT TH 5, JFfE i m 4t 1 ek

R B BEAUA 0 2 S50
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