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Abstract

In this paper, we study mixed-type duality for DC-type tangentially convex optimization problems
with inequality constraints. Firstly, we introduce constraint qualification conditions to establish a
mixed-type dual model. Subsequently, leveraging properties of pseudoconvex functions, we derive
weak duality, strong duality, and converse duality theorems for the proposed optimization prob-
lem. Furthermore, our results generalize and extend existing conclusions from prior studies.

MEFI A HR AL DC BV R IR S BB ], S E i, 2025, 14(3): 373-381.
DOI: 10.12677/aam.2025.143125


https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2025.143125
https://doi.org/10.12677/aam.2025.143125
https://www.hanspub.org/

Keywords

DC-Type Tangentially Convex Optimization Problem, Mixed-Type Duality, Duality Theory

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 518

LA ) BRI AL A RS (A% 0 el ., V22 SIEB Il JBE — 2 25 1R 1 0 mT AFE AL R — A2
AR, T N T LA AR . SRR, SRR sk . B HEsehr . R,
YRR I BRI FE S RS T AT I AL, V2 A S S A A I AT TR N IIRE TS, I
BB T — R B 45 [1]-[5].

SRS R AR B FEFANELZ —, EAMELE o EENEIRME, T HAE S
et AR A5 ) S5 AT A6 T2 IR o LI OB Y R 22 L) Lagrange BB SR, 38 Wolfe X 48
Mond-Weir X5 F17E & U548 i) . 332 3, Wolfe X {8 1] BURT Mond-Weir i 18 i) #0345 A 968 724 06} 415 1]
R REBI[6]-[8]. 14N, SC[61EFXF—JARLR MR M & 5] N T AE e hiig BT H k%, @R T Mond-Weir
BUKHEAE T J5 R o 0 —28 50 R oy SO R, 3 T — PR A B, RS 7 & ot
BEH . [7THEAEL AT, FIRLEhTE, Gi— 1 Wolfe XHE5 Mond-Weir X5 IHESE . SC[8]1HH
Fritz-John W ZE B M S AR @S T 06 T —2K 2 H b AR in] R AVR & AL, FRHE T i A0 48 2 2R Y
it

BE—2, A AARAL I R B AR R ECH DC B (BRI PIAN h BR B 22), SCIOTTE JLA 2 ARG 4% 4 2 1)
WAL T RAR, I HA XA R TE 4 ZE T DC LRIk B 98 Lagrange %[{# A4 Lagrange %
8o SCL0THFIF LB R LB ARGE T B ARG 26, %0 T e XMl M, RS9 T 440~ Pk
PEAN AR B o SCLLLI ORI SR v AR T A 10 02 ] PR oo B P F Sz, ) P ) N3 P B P 24 TR 2%
fF, FHAEJRFBMN Hausdorff #4115 2% (] FR o 78 T HEL) RS A DC ALK In 85 1 0 2 12

WK, VIl e H R FORE R D) )M AR 1) 5 RS T AT Sz O . TR Y 1 R gy A S
T YT A AY 1 R B S A AR BB [12]-[16] . BT, SC[12] 71 Se iR Y R i A, A
EEENL T ARLR M R B 2 A o SCILSTIULE I ) e R 2 SR A T AR AN B s A 1) R 06 BRI FE 43
AR At o SCLLATRI DI ARG o 26 T AR JEBR BRI 1) B ) e O ik 2% A, I B T S AR

Z FIRSCERE K, SR T s AN S LR ) DC B ) ™ A A 10 8 R TR A % A

inf {f(x)-g(x)}
(P) st g, (x)<0teT,
xeM,

Hrh f,g,:R" > R=RU{+oo} AVIFIMNEEL, g:R" - RAFFELEMRE, M AIENE.
2. BE5EX

BER™ R n HERRIRAW, (xy) o xyeR"MAM. & T MEE(TRER)ERE, L
R ={A=(4) : RAAIRA 4 =0}, & RIS Ny

DOI: 10.12677/aam.2025.143125 374 I3RS


https://doi.org/10.12677/aam.2025.143125
http://creativecommons.org/licenses/by/4.0/

RI:={1=(4),, eR": % 20teT}.

MR AR T4, ¢l M Flcone M 20l os M AT RIHERL . & LEEA M TE xe M AbR)E

HEy
N,, (x):={§eR”:(§,y—x)£0,VyeM}.
& Sy Fom M IIZRYERRHEL € SR
s _ 0, XxeM,
v (x):= 400, X e HAR.
Wf R > RBIHE, AR R AT R o3 il e SN
dom f ::{XGR” : f(x)<+oo},
8f(x):={VG R":(v,y—x)< f(y)—f(x),VyeR"},VXeR”,
f*(x*)::sup{(x*,x>—f(x):VXER”},Vx*eR”.

el f oK f A, BSCRRIL7]AT AN £ =(cl f) o Hemidh, 4 f 2 R" ERYECMEREN, A=k

HHERR L £ B2 R BRI RS, B 7 =clf o BAR, 4 NME MRS, WA
£ —clf = f. )

wXedomf . HXEEMdeR", KR

f(R+td)— £ (X)
t

FAAE, TER £/(X,d) N f7E X ALWY d D7 D7 A S8 Relil, 2d =0, X f'(X,0)=0

SEX 2.1[18] WRHL f:R" - RZELMEME, Xedomf . HIHMLEMdeR", f/(X,d)fEEHGR,
HA(%,) KT d BISHEMRE, WRR fE R X AL D). & f FEAER x e M AR e Dl i, 0

f'(x.d):=lim

RS M LRI M.
TR, (X)) REGEFRIE R, 4 764 X edom f ALR MBS, W £/(X, ) 75 R"
AT IR

BN 2.2 [12] WERHL f :R" — R 7E 4 X e dom f ARHIVIIFI RG5> o, F(X) 38 LK
or f(Y):={VER“:(v,d)§f’( vdeR}
A R, W f AR X edom f AR DTN, H o) f (X)=0f (X) .

MERBOR, HSCRRIIOTTAN, 0, f (%) RT AR MR TR, B (X,
HFLEN DR A

2 f 75 55 X e dom f Ak 1A)
d) & o, f (X)Mscsem sy, B

f'(x,d)= max (v,d).

veor f(x)
53 2.1 [15] WK% f,9:R" > R NS EL. # f,g /£ X edom f ~ndom g &2 lmdimy, WA
O (f+9)(X)=0rf(X)+0;9(X) -
GIBE 2.2 [14] BERH f:R" > RAE X edom f ALZ VIR, WEREy > f'(x,y—x) &N
Hi 2
o f(x)=0of"(x,-—x)(x)=2af"(x,-)(0). 2

DOI: 10.12677/aam.2025.143125 375 I3RS


https://doi.org/10.12677/aam.2025.143125

EN 2.3[15] WHEL f:R" > R7E R" L2 HM%, Xedomf .
(i) HXERE xeR", 2 f(x)< f(X)HH

f'(X,x=X) <0, ®)
JUFR £ 75 RUX AN . 35 fAEATRE X e M c R A0 0, AR f ZESE A M 2 O s 3
(i) EXMER xeR"\{X}, 2 f(x)<f(X)HH

f'(X,x-X) <0, 4)
R f7ERUX AR TR K 35 f EEAER X e M < RM AL A5 D i, AR f 7E4E S M2 4%

AL 8
X 2.4 [15] VA M R PGS T, HFLENxeM , HEEEGUFH(4) < (0+%),

BEARERI y e M, 29 4 LOIE x+ 4 (y-X)eM,ie N, FRES M c R 7Exe M ALRIE M. 454
M, A MAEAERE xe M ARSIRIE A, FRSEA M ORI A,

IR, R ML, A MAEMSE, UM RTINS M.
3. REExEER

WM cR" AR &E, R f,g,:R" > R R" EEVIANMEE, ¢:R"— R&Z& N PES NN
Ho v (P) I R AT SRR R AL AR AR 43 50l s SN

F(P)={xeM:g,(x)<0,vteT},
S(P)= {xe F(P): (x)-9(x)< 1 (v)-0(y). 7y < F (P}
HT g2 FRESE MR, Q)RR g™ =g . AT, HILHERERE ST
(-9(x)= 1 () sup {xx ()

X" edom g*

= inf {f(x +g x}

x"edomg*
[A] L 7] 8 (P) 540 T
B 1))

4 x"edomg” . 10 E(P)HI T Al N

() inf {F09=(xx)g7(x)).
/:‘r\V(PX*)iFDS(PX*)éj\%MJﬁ%Iﬂ AP KIS R, H—2b, EXh, ‘R" >R A

h. (x)= f(x)—<x,x*>+ g*(x*), vx e R".
% xeF(P), iRA(X):={2eR[ 1 40,(x) =0Vt eT | . N 1 E LR B, 51 AT F LA

€ Nep(s U [ZA000]+N, (0, xeF (P).

AeA(x) \teT

MAE 3L WF(P)RZILMSE, XeS(P.). #(CQHIFEX MM, MAFtE 2eRl,

DOI: 10.12677/aam.2025.143125 376 I3RS


https://doi.org/10.12677/aam.2025.143125

X' €0y f(X)+ Y 40:9, (X)+ Ny, (X), 40, (X) =0, VteT.

UEW: BexeS(P.), BT F(P) ML, HIHMIERE xe F(P) . FEAEFA {4}, < (0,+0).
i+ 47 4 L0 HX+4(x-X)eF(P)(ieN). HiTxes(P.), Kt
h.(X)<h.(X+24(x=X)),ieN, B

f(Y)—<7,x*>s f(7+i,(x—7))—<7+ﬂ,,(x—Y),x*>, ieN.

) y)

i (2 (x0) = (4 (%) )~ () (%))
[ /11

>0.

By
F(X,x=%)=(x=%,x")20= '(X,X-X)~(X-X,X), ¥xe F(P).

XA X S IR A R AR AR D A

H1 5| #E 2.2 750
0€dh’, (X,-=X)(X)+Ng ) (X)=0:h . (X)+ Ny (X).

4545 2.1 AI(CQ) K115
X' €o; f(X)+Y 40;9, (X)+ Ny (X), 49, (X)=0,VteT.

teT

XERM X edom g™, & (P, )i Lagrange BRELL . 1M x R SR A
L. (xA4)= f(x)—<x*,x>+ g*(x*)+Zﬂtgt(x), V(x2)eM xR,
teT

iEYE
3.1 il 3.1 ERATHONIT MARRIRTHE T, gt T IR P O)MRAFAE R L B, B34 1 SCRR[16]
FORHWAT RN AR R 26T
SESLIR (P ) 98 & 0T A8 1R RSy
inf _max L.(x,)

X edomg” (%, 4,4)

(0) st X €0 F(X)+ D (A4 +4)0:9,(X)+ Ny (X)
#9,(x)=0,teT

(X, A, ) e M x R‘I‘ xR‘I‘

4v(D) I S (D) 27 i B (D) i B AL (AR AL AR . XHEREAY X° < dom g i SC il (D)AY T ) LAy

DOI: 10.12677/aam.2025.143125 377 I3RS


https://doi.org/10.12677/aam.2025.143125

L.(x,A
max L. (x2)

(D ) st X €0 FO)+ (A +14)0:9,(X)+ Ny, (x)

149, (x)=0,teT
(X,/?,,,u)e M x R‘I‘ X RLT‘

4v(D,)+ F(D,)#1S(D, ) BRI D, MR . 7S ARRARSE. HEHIAL, 4 g =0,

L(x2):=f (x)+ 2 40,(x), ¥(x2)eM xR,
R 3.1 (FAEEHE) WX edomg’, xe F(P) (X, 2, 1) e F( X*)o
() #x edg(x), L.(.A+a)tEmxa2tamm, ML, (%24)<f(x)-g(x):
(i) #x" eog(x), L.(-A+m)fEAX AR, MWL, (X,4)<f(x)-g(x).
iE: & xeF(P), M

W)

9,(x)<0,vteT. (3)

¥ (X, 2,2)eF(D, ), WAL T(X),Y edrg,(X),teT MweN,, (X) £

2( )V +w=x, 4)
;M g,(X)=0. )

M, H(4) T4
<u+;( I )V, + W=, X~ x> 0. (6)

() MR, BEL.(X,4)> f(x)-g(x), Bt
f(x)-g(x)< f(Y)—<Y,x*>+ g*(x*)+Zth (X).

teT

T 2, meRM, Bk @)2A(5)2 [
>(

teT

+11,) 9, (x) <0,
249,(X)=0

M

B
f(x)—g(X)Jf;(ﬂ_ﬁﬁt)gt(XVf(7)—<7’X*> ()+§(4+M)9t(7)
Ft, T x edg(x), H Young %ﬁﬁg(xﬁg*(g*):(x,x*}, PR
-0 )+ () + S(E )8 00< 19

B

DOI: 10.12677/aam.2025.143125 378 I3RS


https://doi.org/10.12677/aam.2025.143125

CE

I L (1 + ) 2640 % AR AEOS M B, B, F15E S 2.3 AT L, (7 + 7)(X,X—X) < 0. BEebIIk
o e SCnT 5
<U+Z( )v FW=X X — x><0.
%(G)ﬁ%% WL 5 18

(i) HRIE®. B L, (X, z)> f(x)=g(x). JiEx=x. T zeR, HesaE)R%, fFEteT
113 9,(X)>0. # x=%X, BIFHE@)XATH g, (X)=0,(X)<0, FJE. FEibx=xX . LA FIHEL A%

L.(xA+m)<L.(X,Z2+7).
B9, L. (W2 +7) X AR i, BRIE, 454 x X T/
L. (~ 4 +)(X,x=X)<O0.
R DI i e SOR(8) AT 13

<U+Z( 7 )%+ W - x><0,

UG . HURLE

SEPE 3.2 (BAMEEHE) W xeS(P), Z,meR. MMERII X edg(X), HH&IHCQTEX Ly, Ml
e T+ me A(X), 113 (X, 2,m) e F(D. ) UK L. (X,2)= f(X)=g(X) o di—, %7 L. (%2 +5)fE X b
R A U”J( /T,E)ES( -

EH]: & xeS(P),

f(X)-g(X)= (Y)—(Y,x*>+g*(x*)sf(x)—g(x).
44 Young-Fenchel A% 3 AT 4
f(Y)—(Y,x >+g*(x*)§ f(x)-g(x)< f(x)—<x,x*>+g*(x*).
Blh. (X)<h.(x), E&YeS(P*)O ﬁEEﬁ?%ES.lﬂ%DZ?EZ+ﬁeA(7){§?%

X eo, f +(+)Tgl(x+N()

i 2,zeR!!, Z+meA(X)HxeS(P)cF(P), Hit
Zﬂtgt( )=2.#9.(X)=0. )

#(x,Z.@) e F(D, ). XEHX eog(X), BILLE )R T

DOI: 10.12677/aam.2025.143125 379 I3RS


https://doi.org/10.12677/aam.2025.143125

B, BT L (XA +R) £ X AR MRS, B EE 3.1 ()T
L. (%2)=1(X)-g(X)=L.(v.4), ¥(y. A u)eF(D,).
IH:(Y,/T,,E)ES(DX*)O EEE
SEH 3.3 (UXHBEH) UixeF(P),(X,2,2)eF(D, ), ZeA(X). HHTEX eg(X), BARXHERT
xeF(P), X eog(x) AR L, (A +a)EAX AR MK, WXeS(P).

UEW): B xeF(P),(X,Z,7)eF (D), ZeA(X). EltmeA(x), H

%9 (X) =2 79, (X)=0. ®)
T (x,2,7)eF(D,.), FILMEEEued, f(X),v, €d;9,(X),teT MweN, (X)

X =U+ D (A + )V +W. 9)

teT
JIRAEY: . B xeS(P), WAFEyeF(P) A f(y)-g(y)<f(X)-g(X). hiTF 2,meR,
g,(y)<0, Bt

f(y)-9(V)+2(A+7)9.(v) < f(%)-9(%).

teT

e E@) A
f(y)—g(y)+§(ﬂ_+ﬁ)9t(y)<f(Y)—G(Y) ;(i+ﬂ)9t(7)
TERH X edg(X)nog(x) . FELH Young &R AT
f(y)—<y,x*>+g*(x*)+§(}?+ﬁ)gl(y)< f(Y)—<Y,x*>+g*(x*)+;(}?+ﬁ)gl (%).
)
L.(y.A+z)<L,(XZ+1).

L, (WA +2) FEA K AR, #LL (WA +)(X,y—X) <0 FFBbIH U sE ST 4

<U+Z(/Tt + 1 )V, +W—x*,y—Y><O.

teT

|

RX5Q)ATE, FxeS(P). iEHE.
SE 3K

[1] Bot, R.1, Grad, S. and Wanka, G. (2008) On Strong and Total Lagrange Duality for Convex Optimization Problems.
Journal of Mathematical Analysis and Applications, 337, 1315-1325. https://doi.org/10.1016/j.jmaa.2007.04.071

[2] Fang, D., Luo, X. and Wang, X. (2014) Strong and Total Lagrange Dualities for Quasiconvex Programming. Journal of
Applied Mathematics, 2014, 1-8. https://doi.org/10.1155/2014/453912

[3] Wang, M., Fang, D. and Chen, Z. (2015) Strong and Total Fenchel Dualities for Robust Convex Optimization Problems.
Journal of Inequalities and Applications, 2015, Article No. 70. https://doi.org/10.1186/s13660-015-0592-9

[4] Dinh, N. and Son, T.Q. (2007) Approximate Optimality Conditions and Duality for Convex Infinite Programming Prob-
lems. Science and Technology Development Journal, 12, 29-38.

[5] Fajardo, M.D. and Vidal, J. (2016) Stable Strong Fenchel and Lagrange Duality for Evenly Convex Optimization

DOI: 10.12677/aam.2025.143125 380 I3RS


https://doi.org/10.12677/aam.2025.143125
https://doi.org/10.1016/j.jmaa.2007.04.071
https://doi.org/10.1155/2014/453912
https://doi.org/10.1186/s13660-015-0592-9

(6]
(7]
(8]
(9]

[10]
[11]

[12]
[13]

[14]

[15]

[16]

[17]
(18]

[19]

Problems. Optimization, 65, 1675-1691. https://doi.org/10.1080/02331934.2016.1167207

Bector, C.R., Chandra, S. and Abha, (2001) On Mixed Duality in Mathematical Programming. Journal of Mathematical
Analysis and Applications, 259, 346-356. https://doi.org/10.1006/jmaa.2001.7518

Bot, R.I. and Grad, S. (2010) Wolfe Duality and Mond-Weir Duality via Perturbations. Nonlinear Analysis: Theory,
Methods & Applications, 73, 374-384. https://doi.org/10.1016/j.na.2010.03.026

Yang, X.M,, Yang, X.Q. and Teo, K.L. (2005) Mixed Type Converse Duality in Multiobjective Programming Problems.
Journal of Mathematical Analysis and Applications, 304, 394-398. https://doi.org/10.1016/j.jmaa.2004.09.031

Fang, D. (2015) Some Relationships among the Constraint Qualifications for Lagrangian Dualities in DC Infinite Opti-
mization Problems. Journal of Inequalities and Applications, 2015, Article No. 41.
https://doi.org/10.1186/s13660-015-0561-3

Fang, D.H. (2012) Stable Zero Lagrange Duality for DC Conic Programming. Journal of Applied Mathematics, 2012, 1-
17. https://doi.org/10.1155/2012/606457

Zhou, Y. and Li, G. (2014) The Toland-Fenchel-Lagrange Duality of DC Programs for Composite Convex Functions.
Numerical Algebra, Control & Optimization, 4, 9-23. https://doi.org/10.3934/nac0.2014.4.9

Pshenichnyi, B.N. (2020) Necessary Conditions for an Extremum. Chemical Rubber Company Press.

Mashkoorzadeh, F., Movahedian, N. and Nobakhtian, S. (2020) Robustness in Nonsmooth Nonconvex Optimization
Problems. Positivity, 25, 701-729. https://doi.org/10.1007/s11117-020-00783-5

Long, X., Liu, J. and Huang, N. (2021) Characterizing the Solution Set for Nonconvex Semi-Infinite Programs Involving
Tangential Subdifferentials. Numerical Functional Analysis and Optimization, 42, 279-297.
https://doi.org/10.1080/01630563.2021.1873366

Martinez-Legaz, J.E. (2014) Optimality Conditions for Pseudoconvex Minimization over Convex Sets Defined by Tan-
gentially Convex Constraints. Optimization Letters, 9, 1017-1023. https://doi.org/10.1007/s11590-014-0822-y

Liu, J., Long, X. and Huang, N. (2023) Approximate Optimality Conditions and Mixed Type Duality for Semi-Infinite
Multiobjective Programming Problems Involving Tangential Subdifferentials. Journal of Industrial and Management Op-
timization, 19, 6500-6519. https://doi.org/10.3934/jimo0.2022224

Bagirov, A., Karmitsa, N. and Makeld, M.M. (2014) Introduction to Nonsmooth Optimization: Theory, Practice and
Software. Springer.

Lemaréchal, C. (1986) An Introduction to the Theory of Nonsmooth Optimization. Optimization, 17, 827-858.
https://doi.org/10.1080/02331938608843204

Dinh, N., Mordukhovich, B.S. and Nghia, T.T.A. (2009) Qualification and Optimality Conditions for DC Programs with
Infinite Constraints. Acta Mathematica Vietnamica, 34, 125-155.

DOI: 10.12677/aam.2025.143125 381 ISR e

2
b


https://doi.org/10.12677/aam.2025.143125
https://doi.org/10.1080/02331934.2016.1167207
https://doi.org/10.1006/jmaa.2001.7518
https://doi.org/10.1016/j.na.2010.03.026
https://doi.org/10.1016/j.jmaa.2004.09.031
https://doi.org/10.1186/s13660-015-0561-3
https://doi.org/10.1155/2012/606457
https://doi.org/10.3934/naco.2014.4.9
https://doi.org/10.1007/s11117-020-00783-5
https://doi.org/10.1080/01630563.2021.1873366
https://doi.org/10.1007/s11590-014-0822-y
https://doi.org/10.3934/jimo.2022224
https://doi.org/10.1080/02331938608843204

	带不等式约束的DC型切向凸优化问题的混合型对偶
	摘  要
	关键词
	Mixed-Type Duality for DC-Type Tangentially Convex Optimization Problems with Inequality Constraints
	Abstract
	Keywords
	1. 引言
	2. 记号与定义
	3. 混合型对偶理论
	参考文献

