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Abstract

Hyperbolic conservation law equations and convection-dominant situations in computational fluid
dynamics and other areas can be solved numerically with great precision using the weighted essen-
tially non-oscillatory (WENO) techniques. In this paper, we attempt to address the hyperbolic-elliptic
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mixed equations by developing a corrected high-order finite difference WENO scheme. By introduc-
ing a special flux splitting method, the flux is decomposed into two parts. We then apply the hyper-
bolic WENO operator to these two components, and add the higher order correction term to the
numerical flux of the conservation laws, and finally a high-precision finite-difference WENO scheme
is obtained. The discretization scheme is mainly used to solve the hyperbolic-elliptic van der Waals
equations under the viscosity-capillarity admissibility criterion. It can be shown by numerical ex-
amples that the scheme not only can preserve the necessary no oscillation in the discontinuous re-
gion, but also retain high order numerical accuracy in the smooth part of the solution, and can ef-
fectively describe the complex wave structure.
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PR U+ f(u) = 0 [T bR % ] DAH e SEARFAEEARABLN A A, D5 R A X R )

TEAR 2 WAt B 77 i H, ENO/WENO # 3X0RT DATE M A6 DX IR 5 i b 2, 6 5 1) W P A2 DR AR AT
TorEY, T8 2 HF RN B s a7 FR[1] [2]. 25 M0l AR RE L & SRR AE (e, 0] 5 P S A I 25
{BFESERRH B 2 7 R VR A U - RIS AL, sk s RRI3], S VA %G T REA SR R R
FE[4] DA S [ A R R AL 3R ARIA S [5] . FEASCH, AT ZRMG R AGIERIR ) - AR RIS BLSF
fEERETHE, BMRIE i AR Ak 6]

{thrp(w)X 0, w-v,=0

v(x,0)= VOEX)x w(x,0)=w’(x) 1)

Horpw LA, voREEE, p EHAEY w BRI R 2T BUAERE Oy £ p'(w) » 7EEE
AR, IS0 p e, M 77, EAESMBEHPIRETS, p aTaEE w I XA h
A8, AEZ P2 BRSOy 7O TR, AT R S 006 55 1 i AL

u(x,0)={

Shearer #iff 7t K BLZ I 46 2 1F Y6 AR 467 2 BOMR 0T Bt « FRmiie . AHU S CBGE v 0 HEHA R AH 7
AR ) S5 e AR IBAE) o AE U HE X3P BE T BRI (7], 715 TR ] X dslit 2 P AR A A, RIVES AR 3] X 45k )
(BT, XN T ARG X IR A T E KBS . B Truskinovsky [81F1 Slemrod [9]$2 Hi H viscosity-cap-
illarity VPV PF AT F T B A W U VF I 59 . A5 PFRIREIE F TR B 2R 2 W 0h 26 s
TR VR TE S AR . T FE(2) 1 viscosity-capillarity 7875 211

u, x<0

O]

Uy, X>0.

{vt + (W), = iV — ot Wy, V(%,0) =V, (x), (3)

W, -V, =0, wW(x,0)=w,(x),
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b s 0 WMIE, o EAAT R, BEWLF oc {oﬂ . A AN o =%a L 0T

(87 u = (v, w)' AR AR U A VEYESIMR . B ATWE SO E T C 4 B AR 2 — sl — B (% ki A
IREANOEAE R, Hh LG S /& B Lax-Friedrichs B5#I[10], {HiZks 3R H IR B50ME A1 AR 2 S B
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P00 o 7 2 RO 2 75 925 P e AN PRI AR B DX 0k, BRL i ol [X e 1232 AT R iz i o B3R
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2. EIEBRES WENO &3
2.1. BRE%S WENO R0
FATE S WENO ¥ HE TR dtiid . AT HE I, St EXIA [xa, Xb] :

Xy =Xy <Xg <o <X <X g =X (4)
2 2 2 2

Hoftx | RATEIE, AX :? HETERLE, %, FETEF 0 B S = [y fy, f s fip, fia )
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SE: = { fi—Z' fi—l' fi' fi+1' fi+2} ﬁIé}i‘yE/[\/J\%ﬂﬁ Sk = { fi—2+k' 1:i—1+k' fi+k}(k = 0’1’ 2) ’ Eﬁ/l\lj\$ﬁ$ﬁj:§j\%u
Rt —Riig B H A6 2 X, IR SRR x = X 4 HE, 1530
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3 3 1
fOx , |=2f+=f,—=f 5
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2 2

2
fo =k2“’<k)f(k)(x 1J (©)
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ﬁozg(fi—z_Zfi—l+fi)2+%(fi—2_4fi—l+3fi)z'
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B :E( f,—2f+ fi+1)2 +Z( fi - fi+1)2’
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2.2. EIEBRES WENO R

2 B8 B30 R T AR A B SRR T AR R, B O] LU R ———= of ()) TEEE RS, FRATH 3L
I & 53 AP
f(u)="Ff"(u)+f (u), (10)
FIN[L2]H e o R ik

11)

OB, AW AR

a —max{max(o VM2—4p’(w)—MB
2= 1 ' 2 ’

o =a,+M,

M =amax,/max(0, p'(w)), a>2. (12)

95 BB K B AR B g (u) =M (v,0)" » MRS TF BRI NG M 7 T T L A
ﬂiggﬂﬂﬁﬁxﬁM§%m@,kaﬁmﬁ@,%mﬂ,ﬁm%ﬁ@mﬁﬁiﬁﬁﬁmwwﬁwo
— B R)IX— i, BIRE 518 A Lax-Friedrich il 2424 BAR, BN &EN o X au HEATINE, DASER 2
[12].

SPIEHETR MR — (u), =— 1 (u), — £ (u), . A7 p A RSP B O R i

L(u). =L (u), +L (u), :——X( fAfé - j——[ fr,—f, J (13)
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fAi+1 N, EARZESINEZRN, T S HoRE

i(ffl—f_*ljzw +0(ax"), i[f‘l—f_'ljzaf—(u) +0(Ax") (14)
AX I+ - OX N AX I+ = OX %
Hfm s f 1793 AR 188 5 TR 2 89 e I =0 A
2
£t + Sy 2k o™ + 2m+1
fi% = fi+%+k§a2kAX pvz f i+£+O(Ax ) (15)

o1 o1 XX
i+ i+ 24

! +O(Ax6)=D{f:l}+’Ti+l[fi], (16)

WZA% A 2m (RS . fEASCH, Wim=2, MW 3RS A fpr i im &
+%Ax fXXXX )
b, D[] REEE, A EATA R %7 WENO %GR . 7 .[] NPRIEEEA % 2O LB RS E T e
Brep 2 E, W REUE AR A S5 2

i+=
2

7
|+,|: :I__A zf |+,+5760Ax fxxxx L1
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AXPfE i+£=4i8(—5fif2+39fif1—34f* 3411, +39f,:, =511, ) +O(AX"),

AXEE

XXXX

( f5, =317 + 2" + 22 31, + f1,)+ O(Ax®). (17)

FERATR 5, 23 (AT B AT | DA AP SR Ak
(1) HSs ={f,, fiy £, fiy f, ) FILEIE WENO B, THEARIFTE BTl Wﬁf

(@) B89 ={ iy f fos Fpy fua} FTWENO TERIJFME, HSEABBIRTA T SR £,
() H1S ={ £ 5 7, K £ o} HSEBTARA h LA ST T [ ik 2
(4) 118 ={ 15 15 70 fo £ T} WSR2 00 b BT T [ ok

(5) Kl ey

fAfl:D{ffl}+Tl[f*], f1=D{fl}+Tl[fJ; (18)
2 2

(6) 7 [A) 51 B Hug 2N
%:_i( f-+l - fA.+1J_i[ fil - flj (19)
ot AX\ iy i ) AX i i

Wi fEHE T LS B ODE B3l u, = L(u), BT H =k TVD Runge Kutta 7772 B #[13]:

u® =y 4 AtL(u(”)),

@ =3y Ly +£AtL(u(1) )
4 4 T4
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G =lu(n) +gu(2) +EAtL(u(Z)). (20)
3 3 3

2.3. BEMST
B X 5 R 2R(10)~(12) KB =4 3 5, BAIRE 74 4 Lax-Friedrichs #8328, Z#&20A]
LS A — A dosg Rom E— AT %anuxx FIRERCI . W R H R 2, AT T AR e R —

/I\EF’flL»i‘%iﬁiJDL%fC?ﬂ%&Axuxx FIFERO. KL, 275141, W] LA B 3 B2 SRS S8 T P A VP I 55

FATAT LAREAT KB PR BB SR B8 R AT At B RS S E MR V1, 58 3 1 BB S (U 1% 7 [l B8
M Sas R
St R QO ik, BATRAS 2 IR U(EK(13)):

umt = (| +At|_+)(| +At|:)u” (21)

T B R ARMESAEZE  ,  T@0) T £ (u) X, iﬁ%iﬁ%iﬁ%(ums)ﬁﬁ

RIS, (HIX IEAREA K (21) 2R 1, ﬂa(nmﬁ)ﬁﬁﬁaﬁi?ﬁ%, WASBEFI 6 . ST R 2L
AIEE, W SR T S A 1 A ans(22), o g R(21) 2R E I .

[1+at|<1+0(at), |1+at|<1+0(At) (22)

3. HEHB

AT S5 P A T R AT RS B, L 50 ey A LA P 2
3.1 HEMNR

1. — A REAFRTRE, MR SR,

U +U, =0; u(x,0)=05+sin(nx), 0<x<2.

%ﬁ%%MKWwBHm@@—%nOﬁ%%ﬁw%m%ﬁ%ﬁﬁ@%ﬁﬁﬁ%ﬁﬁz
o 1 2 )
L = N+l ;Ui —U(Xi,t)| y L :9;2),& ui _U(Xi,t)|, (23)

BT =2i, CFL=0.2. % 1. % 2 70ul4 MAEIERT 5 WENO #aURITHE 4R, WA B IEE K
T
WP ERZEE N, HIY kS R .
Bl 2. ARGARETTRE, A R IL S %A
U +U, =ru;u(x,0)=sin(x),0< x<2n
FEHR A u(x,t) =e " sin(x—t) o F IR ru,, H T8 B 0 2 43 DL

ru, = -u,_, +16u, , —30u, :—16U|+1 —U, (24)
12(Ax)

PHA#r=001. %3, LA4GHT =1ZIEAT5 WENO #UfTHE LR, KA R EE.
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Table 1. Accuracy of corrected fifth WENO on u, +u, =0, u(x,0)=0.5+sin(nx)
F 1 u+u,=0,u(x0)=05+sin(nx), EMEE WENO i+ EHRHEE

N L* error L* order L~ error L~ order
10 1.11E-03 - 3.53E-03 -
20 2.59E-06 5.42 1.03E-04 5.09
40 5.39E-07 5.59 3.02E-06 5.10
80 1.13E-08 5.57 8.93E-08 5.08
160 2.43E-10 5.54 2.72E-09 5.04
320 5.30E-12 5.52 8.45E-11 5.01
Table 2. Accuracy of fifth WENO on u, +u, =0, u(x,0) =0.5+sin(nx)
#2. u+u,=0,u(x0)=05+sin(nx), FH WENO i+ EHEE
N > error L* order L~ error L order
10 1.40E-03 - 4.49E-03 -
20 3.33E-05 5.40 1.33E-04 5.07
40 6.92E-07 5.59 3.88E—06 5.10
80 1.46E-08 5.57 1.45E-07 5.08
160 3.13E-10 5.54 3.49E-09 5.03
320 6.81E-12 5.52 1.09E-10 5.01
Table 3. Accuracy of corrected fifth WENO on u, +u, = ru,,, u(x,0)=sin(x)
F#3. u +u, =ru,, u(x,0)=sin(x), AMEE WENO IHEREE
N L* error L* order L error L* order
10 1.27E-03 - 5.43E-03 -
20 3.39E-05 5.23 1.86E-04 4.87
40 7.03E-07 5.59 5.53E-06 5.10
80 1.48E-08 5.57 1.65E-07 5.04
160 3.18E-10 5.54 5.11E-09 5.01
320 6.81E-12 5.54 1.55E-10 5.04
Table 4. Accuracy of fifth WENO on u, +u, =ru,,, u(x,0)=sin(x)
F 4 u+u, =rug,u(x0)=sin(x), T WENO i+EREE
N L* error L* order L” error L” order
10 2.27E-03 - 7.51E-03 -
20 6.19E-05 5.20 2.53E-04 4.88
40 1.29E-06 5.58 7.20E-06 5.13
80 2.72E-08 5.57 2.18E-07 5.04
160 5.57E-10 5.53 6.72E—09 5.02
320 1.27E-11 5.53 2.05E-10 5.04
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3.2. FEEERE

(T4 1497 673 1) WENOS Hs5tbL B RN A7 7%, a=2.2 . BT At = aﬁ(CuF)LA;f ik
p( ou " ou j
WL p(+) 9
of"(u) of (u)) 1 2 a0
p[ FYR —msx(5(2a2+M+,/M —4p(w))j. (23)
13 p(w)= 1 O_'?, K12 E RS R EE. w<eBiw>d BESAEARS AR .

w-0.25 w

p'(w)<0 (c=0574912, d =1.036251), HRXUHTFE. c<w<d I, p'(w) ik, 2IUHEK .
1 BE Jy Maxwell 25 (5 #iZ8 142 T /5 m = 0.494273 F1 M =1.405065 , {151 5 &7 AR AHSE), 1K
V-2 AD, CF £33 i a=0.483100 fil f =1.918618 , N | WEMHPIRES, 7£LL T B H P KK T LR
AHEE X 8. CFL = 0.6, AR SRR, BATETHE LV ER B 2 T i) i
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Figure 1. The image of p(w)
B 1 p(w)HE%

1) (voow)=(Lm), (vg,Wg)=(LM), T=25.mFl M Ny LRI Maxwell {5 . ZHIUAF A LT
IR AN viscosity-capillarity R VFVESEAF[9]. 14 2 25 H T 560 N IVEUE S5, FRATVR IUEUE MEAE XU X
SR FERSE R RS RRAIR DX RIS FF BE G R IR B BRER . BeAh, FERAARAR MR XA, BdEm b RE
AE PR S, AREANIIFA R B R A 1

() (v, W )=(1054), (vq,Wg)=(L1.8517), T =4 ZHIUAFMAT W00 X, 6 2P Fa Bk
X (%) Rankine-Hugoniot &4, {B4)3 J5 ¥ A viscosity-capillarity 7878 2% 114 [9] 2% BH X Fh kiR & A A VFIY
HEas R b1 3(a)or, JATHE BIFRIZHTHA N E R I MIBRER S5, X BARAEH 2.3 T 177 Z 2]
A REER LR B Bt sh, FEAI ST L T RS AT, X RO ERAIRE X, AT X
FEIBSRAG TR, W TR AR AE Y, B RO B AN (R SR XU ), AR T B IR
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ER5[12]% ENO &AL BAHEL, 1B1ER WENO #3377 A= RIBUE R % B 58 izl H %A
DU I 2 AU SR, X R FRATT Ak S BRI D HR S o« BTk SEANAL RS B, 4 95 0k /s HLBE 32
PR, MR R RS . B 3(b)4h T 2000 PSS (USSR, SRURER B, RIMEAATEX IR, &5 A
HA WS

Kl 3(a)ff FHZ IE R WENO %30, HH 2000 P#E st 5. 85 4000 siffih B4 R —50 BtnT LK
NSRRI 59 A Z 7 A2 viscosity-capillarity A VFPESRE, XIS A2 1IE WENO J5 Al
B, YOV T 2 M AL, AR RS U R B RO (R . FRAT T e B A A, A
52 1) g B R, H R ERTIRE (BRI 8 6000), & 4 4H T w=%$ﬂy—>0
(1#£=0.1,0.01,0.001 i AT 25 5, FRATRTLATE B 2 1 — O B AR BR AR ST FRAT T BB R -

+ numerical
exact N . " TV

09— —

08— —

07— —

06— —

05— - —

041 L 1 1 L 1 1 1 1 1 1 L 1 1 L L 1 1 1 1 1 L L 1 1 1 1 1 1 1
6 56 -52 -48 -44 4 36 -32 -28 24 2 -16 -12 -08 -04 O 04 08 12 16 2 24 28 32 36 4 44 48 52 56

Figure 2. (v_,w_)=(Lm), (vg,Wg)=(LM), T =25, numerical solution (+, 200 points), convergent solution (solid line,
2000 points)
2. (veow ) =(Lm), (ve,We)=(LM), T=25, BUEM(+, 200 =), YTEAR(SELR, 2000 &)

19 [T T T T T T T T T T T T T T T T T T ]

HHHHE - -
i +
18 + numerical N
exact
17 —
P‘ "

6 -56 -52 -48 -44 4 36 -32 -28 -24 2 -16 -12 -08 -04 O 04 08 12 16 2 24 28 32 36 4 44 48 52 56

@)
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A numerical =
-~ exact
17— -

09— —

08— _

07— -

06— —

05 —

1 1 1 1 1 1 1 | 1 1 1 1 1 | 1 1 | | 1 1 1 1 1 | 1 1 | | 1 I
-56 -52 -48 -44 -4 -36 -32 -28 -24 2 -16 -12 -08 -04 0 04 08 12 16 2 24 28 32 36 4 44 48 52 56 6

(b)
Figure 3. (v_,w_)=(1,0.54), (vg,Ws)=(11.8517), T =4, (a) Numerical solution (+, 200 points), convergent solution

(solid line, 2000 points); (b) convergent solution (2000 points)
B 3. (v,w )=(1054), (vq,We)=(11.8517), T =4, (a) HEM(+, 200 =), UIHIAF(SELk, 2000 =); (b) UTEAR
(2000 )

T T T T T T T T T T T T T T T T T T T T T T T T
2 —esu=01 b
u=0.01
- u=0.001 7
numerical [z

09— -
08— —
0.7 = —
06— -

)

05 = -

| | 1 1 | | | | | | | | 1 | | | | | | | | | | L | 1 1 1 1
04
6 -56 -52 -48 -44 4 -36 -32 -28 24 -2 -16 -12 -08 -04 0 04 08 12 16 2 24 28 32 36 4 44 48 52 56 6

Figure 4. Numerical solutions of viscosity-capillarity equations with = 0.1,0.01,0.001, 2000 points
[ 4. Viscosity-capillarity F#2#{8#%, ~=0.1,0.01,0.001, 2000 =

(3) (v, w )=(10.45), (vg,Wg)=(215), T =1.5. XFFHEHLATHANEEGE, FAEYIGKE
R MREMT R, K 5% H TEUEM(+, 200 PR AR (L4, 2000 M), Kl 5(b)FKH,
1 —0 (x=0.1,0.01,0.001)F1 » = % I viscosity-capillarity 77 F2 U SL T FRATTH 5 BT A5 I E AR A
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I T I

+ numerical
28 exact

26—

24—

22—

08— A _

0.6 [ -

04— —

02 gy
56 52 -48 -44 4 -36 -32 -28 24 2 -16 -12 -08 -04 0 04 08 12 16 2 24 28 32 36 4 44 48 52 56 6

@)

I I T T T T T T

3 e=0.1 -
e=0.01

281 e =0.001 770 _
—=== numerical

26— i —
24— —

22— —

11z |
08— j =
0.6 = =

04| B

02 1= 1 1 L 1 | | | | 1 1 1 1 1 | 1 | | | | 1 | | 1 | 1 1 | L [
6 -56 -52 -48 -44 4 -36 -32 -28 -24 -2 -16 -12 08 -04 0 04 08 12 16 2 24 28 32 36 4 44 48 52 56

(b)
Figure5. (v_,w_)=(1,045), (vg,Wg)=(2,15), T =15, (a) Numerical solution (+, 200 points), convergent solution (solid

line, 2000 points); (b) Numerical solutions of viscosity-capillarity equations with 4 =0.1,0.01,0.001, 2000 points
E 5 (v.,w )=(1045), (vg,We)=(215), T=15, (a) HIEM(+, 200 =), UK (SELL, 2000 =), (b) Viscosity-
capillarity 5 2 #{E#%, £=0.1,0.01,0.001, 2000 =

il 2. FEIPIRA p(w)=w—w*, Bl X 3 w{—@,\/j
(Ve Wg ) =(-0.327,-0.7), CFL=0.6, IHHAIT =2, [ 6(a)4sth T HUE MACSUR . W PR, fRaE
Fe AR N, Bk 2 MAFERR 8 AR S . 18] 6(b)45 i T viscosity-capillarity 5 72 IS Sk -
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Figure 6. (v_,w_)=(-0.327,0.7), (vg,Wg)=(-0.327,-0.7), T =2, (a) Numerical solution (+, 200 points), convergent
solution (solid line, 2000 points); (b) Numerical solutions of viscosity-capillarity equations with x=0.1,0.01,0.001, 2000

points
6. (v, W )=(-0.327,0.7) , (Vg,Wg)=(-0.327,-0.7), T =2, (a) BIEM(+, 200 ), YIELAR(SELk, 2000 £); (b)

viscosity-capillarity 7S #{8#%, £=0.1,0.01,0.001, 2000 =

B 3. FE4] L R JPIRES TN, A GIEWIAG 2% A LA 3 5% A

(1) (v°(x),w°(x)):(1—0.5cos(x),1+0.55in(x)), A TGRSR X k. & 7()Fw,
t<1Bf, FMOEEMOSENER XS, B RERS, AR TR B b AH AR B8 1 oy BOBI R, 5%
A AL TE SR X P

2 (vo(x),wo(x))=(1—0.5003(x),0.8+0.23in(x)) , WG SR S8 A B S AEAR IR XN - ] 7(b) s,
IS T R 5 (1) 2K L. 5 ENO #1214 L, FRATTI 5 A6 M [ X 38005 A5 415 99 47 9 EL I b [ [X.
B R AS Ol . Mt < i, BUEME TS XN B IRG ERIZL > URIR%BITNEER. XK
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Figure 7.t=0,0.2,0.4,0.6,0.8, 1, 1.2, 1.4, 1.6, 1.8, 2 (400 points), (a) (v*(x),w’(x))=(1-0.5cos(x),1+0.5sin(x)), (b)
(v°(x),w°(x))=(1—0.5cos(x),0.8+0.25in(x))
& 7.t=0, 0.2, 04, 0.6, 08, 1, 1.2, 14, 1.6, 1.8, 2(400 &), () (V" (x),w’(x))=(1-05c0s(x),1+0.5sin(x)) ;
(b) (v°(x),w°(x))=(1—0.5cos(x),0.8+O.Zsin(x))
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