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Abstract

In this paper, the numerical computation of manifold solutions of nonlinear systems is transformed
into the numerical computation of regular solutions of augmented nonlinear systems using the
boundary matrix technique. The approximate left-zero space and right-zero space of Jacobi matrix
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are used to construct the generalized matrix, and then the generalized matrix is used to construct a
family of generalized nonlinear systems, and each nonlinear system in the family of generalized
nonlinear systems is a regenerative system after the constraints are added to the given nonlinear
system, and Newton iteration is utilized to update the solution of the generalized nonlinear system
to make it approximate to the manifold solution of the original nonlinear system.

Keywords

Boundary Matrix, Regular Solution, Numerical Computation

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518

ARLRME R G SR 1) BETE R 25 T AT 5 8 R R A% O . T B 7 PR EE M AR RV R 4
FAE B SR AL FT B MR R LR S, IS ARRIZMRNIENIAR . R, HARZME R R
BRI —MRIEIS 1K EEARFR IR .

TR ISR AR 7 ORI 278 Allgower FiT Georg [1147 H (1 [ 46 % 4 7253 3o 4 s 322 48 1) [F 46
IR, BEWH RUBERARRE RGN Z MR, R IE T AR BUR TR 1 L. Sommese R Wampler
2R FHBUERED U i, @ i 2 X R R 25 (8], SE 3R e T IR AR SR @A B2 . Tenenbaum
2N [3192 tH MR 7 21 77 il i SR AV AR 2oV R G MARAE TR 4500, AR MR I B 4 SR 44t 18 #ogk
%, Bates & N[41HFF T 2R KRG IEUEMRRIE, $E T 2K U 1 & 257k . Hauenstein Al
Sottile [5]F H HUHE [FI&: 77 2K R 2 TR R A IRIE MR, HIRTE R4 R R R se it 7 9T Bk . ksb,
Kuznetsov [6]4 T4 7 B (7 V2l I 701 R G S BRI R 1 Fe e . #8008 TIRIEMRIN 7 ZAT N .
O’Malley [7]5] N [T 16 20 08T 43 il & e W PRAG ROBERR P, RB6E SR B 2 REEAT IR TE i -
Raissi 55 A [8]#F IR B2 2% S SI NBUETH, B ZRph e I 2B I A2k it R G HIR, v 4R M8 1) SR A
PRAL T R B

WAk, W 2Rl AR . Griewank H1 Walther [9142H BB HOR, idhs
BT SRR P LUAE AT S B 2, B 1 AR IR A TR R R RO WS Sl (R T R UK . Deuflhard [10]
FINBNARGE, I I O AE R LR B R B, B S T B AL B A R A R BB AR E T, HAEAENR
SRS H E ARG ST ) . Kelley [11]#2 3T Krylov 125 (8] (7%, @i IS AR R AL R 48103 1
filt, i T RMBAEZNE RGP T MR SRR, (B4R ) B PR BN BUR . FRATTHE H i S0
YT ATETE R AR AR R G TR L BSOS )

A CIE A AR R R [12], K — MR G RIRUE AR o] A AL SR 37 TE3G ) 2 0 1 10 DU gk 1) R )
A R LU O PR AL A 2 2 (B AT 52 2 (AR I 1 T RE R ISR T, A% e AR Wik AR AT et . S RS
TEBA T SO S B AR 0E ARG R s, SR BB T SRIE B T VE IR R

2. e MmEER

/NG BRFRROR, Wb, x, y, K oARTLENE. FEPHRITCERAEE NG FRER
e xy e AR, C, QMNIFIRIH, RE, AEANAAELES, BHHEhRE 7R

DOI: 10.12677/aam.2025.144134 2 N


https://doi.org/10.12677/aam.2025.144134
http://creativecommons.org/licenses/by/4.0/

T 45

s W3, AL AT O R A F R BAEMERUAALERE . WUV TR AR SES M, U =[u,u,]
SEICF R B EERE, Vo =[vy,-, v, | A5 5 R P R

MEF:QcF" »F" B priEs 3?& HopF=Ra#H C, HQEF" I FHE, MFRTZE K
TEIGS . RERE X, A x> (X)), W EEMTREE xo AR AT UFERE PR A I (Xo) -

X 1 WRAFIEeeRY, W F(X)=0 I % i 2 & AT

{ye(C”:||y—>“(||<g}ﬂf‘1(0):{>“<}

I % A2 F(x) = 0 FRILAE

SEX 2: Bx. 2 (X)=0 MM, WHRAPLE X ITFABIR A, 73 ANFH(0)=g(A), Hiz ¢(2) 2
AE AT ¢ (2.) = x. IR, Horank (4, (z.)) =k, W x. AT (x) =0 % A 4d0E Ch

dimy (x.) = dim(range(g, (z.))) = rank (g, (z.)) =k

3. WRAG

SFHEMxeR", I (x) MAFFESERRA I (x)=U ()2 (X)(V(X)) Horp
U (x) = (U, (X),U, (%)), Uy (x) e R™™, v () =(V, (X).V, (X)) 5V, (x) e R™Y LU, (x) BTV, (x) 4052
Jp (X) M ZEFRIAT T 2300 U AR KRBT x A B R R

B 1: BEHREs eR, L

b7 % <1
UZ(X):(UM(Y),'--,um(Y)), Vy (%) = (Vi (%), v, (X))
Gl 3p (X) HOIEALZe 2% ) A 222 [ o
SER 1 W I, (X) TG £ 7E R™ IFFHR Q R x A HUMERT LR, RRAE X, e Q BT AT LUAR
R RS K, DU R

J(X*):[wg uz(x*)J o
V2 (X*) O (m+n—k)x(m+n—k)
J 2 A

VEBR: (B M (L) RS, AE7E SR ﬂ

[vz ((x*))T uz(()x )J[ J_[O]

WRIE A R EMRIE S, BV, V=0, FIIEERE z 13 x=V,z, &
Jr (% )Viz+U, (x.)y =0

3P4

DOI: 10.12677/aam.2025.144134 3 I3RS


https://doi.org/10.12677/aam.2025.144134

T S5

FIrA

Wz=0, 5507 &, T LARERE(L)FED 7 O
EH 2: ¥ LA Lipschitz # %, {FE4FAEMxeQ,
[9: (%)= 3; (x)| < L x|

LIPS
_ 1
x| < L“J o @)
X X
WAAHE—MHFEQCQ, HERXeQ, HHMTAEMxeQ, I(xX)~IEAFHM.
TES: T X% LB X BOIE BT ANTTEQcQ, X TEIxeQ, #
R <
L”J X,X)
BAKXD. FEH
J9(%%) =3 (xX)|=[3: (%)= 3, ()| < L[x -]
RIKFAEMxeQ, f
Lo =3 (%) 3 (%) < |0 (R%) o (R %) -3 (x %)) <1
L 2 W1 TR xe Q) 3 (x, %) AR 0. O

4. YIEHEE
T AR R G F () =0, 8 3, (X) =U (X)S(X)V (X)) g 300 B e AT LEAERE i) 25 5708 4o 3 Tk =1,
LU (%) =(Uy(%).U, (x)) » FrrU (x) e R™, U, (x) e R™ 4V (%) = (V (%)Y, () » Feiry, (x) e R™
V, (x) e R™H L BIN (m—K) derrdy, 52 SO Ak RS
f(x)+U,(x)y=0
g(x,y)={

3
Vz(x)Tx:O ®

4%2?%?9fﬁf(x) 0 WU TR AR ] U AL SRR R 58 g (x,y ) = O FRIIE U A o
vxo NEG(X) =0 MR UUE, BTAERIERFE)LEEARRIERS, AR A B IERI 2
A, Wi — RIAELME RSt g, (xy)=0, Hrh
{f(x)+uz(xo)y:0
gl(x'y): T
V,(%,) x=0
FATT B x, T g(x,y) =0 HIE5 K BT RUR, 1150 (x, ) BIFERT ELAERE 3, (%) =U (x ) Z(% )V (%)
BEIU, (%) Vo(x)» MRS g, (xy)EXH
{f(x)+uz(xk)y=0

V, (%) x=0

DOI: 10.12677/aam.2025.144134 4 I3RS


https://doi.org/10.12677/aam.2025.144134

T 45

FIR s RIE R IR RS g, (x,y) » B
Xy Xy ‘]f (Xk) UZ(Xk) - f(xk)+U2(xk)yk
= - T T (4)
Vi Y \Va(x) 0 V, (%) %,
PR IT 0 X,y o TS R I (%) =U (%) E(Xe)V (Xea) s BFIU, (%) » Yy (Xy) » 2T

AR R 0y (xY) e 220 =(Xoyy) BRI T LA B 2R 3 (2,) 20 AR (4) T DA
R

Zk+l:Zk_‘](Zk)_1g(Zk) ®)

NI B A UE AR (4) B R A i sl

SEH 3: W R™ SR THEDCR™ RESLAY, 22 g, (xy)=0MWIENME, J(z.)E
@, H J(z,)7E 2 IEEAS B P 2 Lipschitz 2647, WAFEE 2 — MBI Qe D, X TAEEIMA
R zZyeQ, HAGUER@)™ LTI {z, ) WS E 2., HAE 2 JRHEA FUsiort, BI4 {z, ) iheshs z.
N, FERBC MIEBEK, AT k2K, MERSER |z, -2z|<Clz -z -

HEBH: H(5) T BAG 2

Zen-2.=2,-2.-3(2) " 9(2,) ®)
¥ 9(z, ) BATZR BN T 155
9(2,)=9(2.)+3(2.)(z -2.)+O |z, ~2.[F) )
Xg(z.)=0, #HRORAXOG)H
24 -2.=2,-2.-3(2,)(3(2)(2.-2.)+O( [z ~2[)) ®
[F1%9 3 (z.) A4 5 HL &2 Lipschitz %, T4
3(z) "3 (z.)=1+0(Jz - 2])
T (8) b i nl 15
204-2.20(|z,-2[)
R H B C MR K, 8T k=K, e
|2cs-2.|<Clz -2 =
TERFE BB T, 3 3 UEAH 1 AR 40k AR (4) 76 1 T A Ak 1 g 358 — B iie Sl ek
5. MRS

e e RGO ST DU T4 e, H 5 e (TR ARTL3] . 5 5k (AL A
{0 AR TR o %4852 MR I A R AORFAE (8 7, TS50 A— 21, 1070 S0 R
MR T, (T) T2V, (X)) H4EE R0 A SRk g o i S B(4,7)

B(ZIZ)Z[A—MH UZ(/T)J

v, (4) O
A 30 S R R S e 7 B AR A P (A) SRAIE AR ZE R4 f (1) =0, Aokt

g.q

DOI: 10.12677/aam.2025.144134 5 I3RS


https://doi.org/10.12677/aam.2025.144134

T S5

(2)=(Fa(R): Foa (2)
B4R AR g F £ A) dekaithit " R4 o, (A,y) =0, ML
(AerYiea) = (Ao Yi) =3 (A )_1 9 (4.Y)

SRAFH TR, Forh 3 (A ) MRV LU . S8 7 S AR A B R ROAR, AT DA 5 R A )
SIS e 2 R GRS, A A 0% AR SRS T R A AR A o AEAR AL B0 5 Bk
BT, VR 22 52 AR R Ak o R R th T L R AR s PR AR b R B, R SO BBRREAT SR . A
SRR —ERHME, BB RGOSR, SR A R, R A R
PSR R, BRI 5 4 R S Sk AT BT S e 3, b B30 JR S 7 S
6. HEMH
Bl 1 AR - R? (WU f
3 2 2 2
f (Xl’ Xz) _ [xlz + x1x23— X, + 2x12+ 2x22 - 2]
X; X, + X5 — X, —3% —3X; +3
BARE R BRI AL X2 + X2 =10 HFAFELRNE RS (%%, ) =0 BIN L iy , Bymipelrskit
259, (%, %,y) > FIRAGUE A (@) BT KA
Wt s (4 0,y ) = (1.8,0.6,0.0) TFAAEAR, A AR LA LTI EARS )
(>‘<1, X5, y) ~ (0.984871967607530, 0.173283604016940, 0.000000000000334)
Mot s (7 4.y, ) = (04,02,0.2) Fih, Beesisl
(>”<1 X, ”) ~ (0.807454956739565, 0.589929226972861, 0.000000000000179)
Bt (7, y ) =(0.6,15,0.0) FFdi, SEARIEE] 2
(%.%,,¥)=(0.546169023159359, 0.837674995532964, 8.6875¢ — 22)
Bt (X047, ¥, ) = (01,0.2,0) Fla, fRulesles]
()”(1, Xy, 9) = (0.364515527645951, 0.931197309975171,—-2.4652¢ —32)

ATELRIL, EREHRIGHEIANFEyY 0@ T 0. L5, BATTRMZIFLIERS (X, X, ) FIELFL
fife WAL PR, A4 ADIEART F R R A A (0 SIE LT ) W R R

1 2
f:{xfx2+3xf+x§+3x22—x2—3,xf—2xf+x1x22—2x§—x1+2}
1 3
= {X 03 X, + XX, COS X, + X,X] COS X, + X COS X, — X, COS X, — X, COS Xy, X; + XX, + XX} +X5 = X, =X,
1 4

f= {xfx2 +3%7 + X X5 + 3K — XX, =3, =X = X2X5 — X7 + X3 — 2% + XX, — X, +2}
Gy 50 2~4 R ARG AIE AL X7 + % =1 BAFLRIERG N —dEm Ry, B HAELE

ARG (X, %,Y) =00 JEH 4 DIRIEA R, BRER DM 1-3 o, SARFPFIRCERD Ak 2~4 fr
e MEIHRTULE Y, SEACR 21 [RIFE BT RA0 At 4R 1R SRR 2 7 170 5 TR 5 5 i

DOI: 10.12677/aam.2025.144134 6 I3RS


https://doi.org/10.12677/aam.2025.144134

T 45

16 ()
()
§
1.2 4 M
; NG
Y (0,2 o‘f?”
) R @)
o/ > D) p
0.8 4 ;”
§/
$
0.4
@y ,(_1,(_}3’]2 Cat
0.0 ' , ; . . T . T
0.0 04 0.8 1.2 1.6

Figure 1. Iteration direction diagram of numerical Example 1
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Table 1. Example 2 iterative solution

=1 B2 K ROKRR

(X3, (%) g
(1.8,0.5,0.1) (0.878826438051687, 0.477141584628068) 3.5570e-33
(0.2,0.4,0.1) (0.588654514186236, 0.808384724576217) 2.6402e—-22
(0.6, 1.6,0.1) (0.269023744780287, 0.963133544605519) 7.0997e-30
(0.3,0.2,0.1) (0.922612396045897, 0.385728358644330) 2.9969e-24
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Figure 2. Iteration direction diagram of numerical Example 2
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Table 2. Example 3 iterative solution

= 2. B 3 IE KRR

(x{"),x?),yo) (%, %,) y
(1.65,0.6,0.1) (0.850885993243707, 0.525350384507016) 4.7980e-18
(0.4,1.7,0.1) (0.457920680902070, 0.888993053967344) 3.8687e—18
(0.4,05,0.1) (0.560400914857473, 0.828221476796459) 2.4652e-32
(0.6,0.35,0.1) (0.923495769373285, 0.383608607762710) 0.00
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Figure 3. Iteration direction diagram of numerical Example 3
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Table 3. Example 4 iterative solution
= 3. Bl 4 1K RKRR
(x5, (%:2,) g
(1.8,05,0.1) (0.983286424282257, 0.182065394356570) -5.9714e-33
(0.2,0.6,0.1) (0.241174587977960, 0.970481745378892) —2.0251e-32
(0.55,1.75,0.1) (0.556801891416083, 0.830645323658342) —4.3141e-32
(0.5,0.3,0.1) (0.829387581140966, 0.558673643775270) 0.00
2
BI5 £ ={(x = %) (% %) (% + 4 +), (% =% ) (%43 )° (5 + )|
6 f= {x1x3 FXE = Xgy Xy + Xg, X, Xy + xs}
Bl 7 f= {x1 SN X, + XX, SiN X, — X, X, SiN X, — X5 SiN X, X} SiN X, + X X, SiN X, — X, X, $iN X, — X2 sin XZ}
2
Big f= {Xi X1X2 +X1X2 X1X2'X1X2_X1X2 +X1X2 _Xz’X1X3_X1X2X3+X1X2X3_X2X3}
B9 f= {xl F XXy = XX = X = X F Xg, XXy = X2 = Xy Xg — X + Xy + Xg, Xy Xg + Xp Xg — X2 —xl—x2+x3}
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Figure 4. Iteration direction diagram of numerical Example 4
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Table 4. Iterative solution of nonlinear systems with regular solutions

4 RSN ARG IEN AR KRR
system (X0:Yo) X y
Example 5 (0.01,0.01, 0.01) (—1.3346e-17, —6.6534e—18) —3.7541e-84
Example 6 (1.01, 1.01, 1.01, 0.01) (0.0398, 3.0949e—21, —1.3547e—21) 1.3547e-21
Example 7 (0.001, 0.001, 0.001) (9.3354e-18, 2.2538e-17) 7.4967¢-66
Example 8 (0.001, 0.001, 0.001, 0.001) (1.2268e—17, 1.2268e—17, 1.2268e—17) —8.0540e—66
Example 9 (1.01,0.01,1.01,0.2) (0.4680, —0.5466, 0.8948) —0.5595
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