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Abstract

In this paper, we develop a time-parallel decoupled algorithm with second-order temporal accuracy
for the Stokes-Cahn-Hilliard phase-field model, based in time on the spectral-deferred correction
method and the time-parallel Parareal algorithm. In addition, we use a stabilisation method for the
Cahn-Hilliard equation and employ a pressure projection method for the coupling of pressure p and
velocity u in the Stokes equation. Compared with the decoupled scheme, the computational effi-
ciency of the algorithm is further improved. Finally, numerical experiments demonstrate its stabil-
ity and efficiency.

X E5|F: XgE. Stokes-Cahn-Hilliard 75 F2 /) B AT fRIRSVE D). N SEERE, 2025, 14(4): 765-774.
DOI: 10.12677/aam.2025.144204


https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2025.144204
https://doi.org/10.12677/aam.2025.144204
https://www.hanspub.org/

X5

Keywords

Stokes-Cahn-Hilliard Model, Time Parallel Method, Spectral Deferred Correction Method, Finite
Element Methods

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 53|

WAk, AR SARIREDEZ AN R P R s R A S A, AR TR d . ik, 7#M
R TI0I 22 FLAY S50 0 22 A 22 250 ISl 0] V8 2 R A AR B FH ARG KR e A3 7 5 2 R A A AR
2RI RRA S B T B, A SSMER WL[1]-[4]. Stokes-Cahn-Hilliard (SCH)#:%4[5] 1 Cahn-Hilliard 75 F&FIA
Al JE4E R Stokes HFEMIEG, SEMIIIE R A — R, iZARLRR T RO AT R 45 AN AR 2R TR TR A B AR
iR R o AEUR AR B T A R B R 2R SR AR 12208 G AH 3 A5 2R AT % TR DRI KRR 45 TP ) e o7
I3 BT AR 8 B 1 B 207 V23 [6] 2 W 3 TG %A R B A e 4% I P A B 7V . Eyre [7THES (0™ 70 224
P RE LR BE ARSI BB A 3. 1208 SRR A B AL 22 34 10 N 3 o AN U0 40, R ST 7 ME—
AR ANTE S A Re B AR E HUA% 0. Kim S [8]42 tH T R A X4 A H AEf Cahn-Hilliard 75 F2 AR 4141 3 R
R, XX 20 E H R EZ B RIS Y AR, WAaRTEEE ST
ARG e [FIF, G fapi SR BT S B 2 — A

T SE IR 1 (SDC) 7 v A2 — P B A R T A RS e 1 R0 oA 2 PR v B M8 77 v, " 7F 2000 4 H Dutt 256 A
[O1 8 ki #R1M, SDC J7iE T A& FIAUER 25 s ANE R BB S BT B a5 . T
BEAR T B AS, Minion [10]4& H T — 2 B 2 Wi AN R WP (R 5k 7 07 2 1R i 28 3R 4% IE 77 (SISDC),
ZTVERT RN TR AL B, WP AR B . FEIXAN R sCHEAL Y, I — B BRIV SRR AE 1 7 72
AR R, BB RREIENR K, BUEMRR R — . 25, N TE—2E
A P RE AR, SOEmES (11 TF R T — 2R T I IR v 1 = Be X SDC Tk, Bgn—kiEAR,
FEFE R e P o X S PR 8 s B 0 U T AR T — Rk

Parareal J7EME IS RIFEAT THE AR [12] 1 B ZE 90, H 2001 4FH Lions S8 AFRHH LK, 5237 %
ARFAN TN T2 R0 ZITVET WM I 8] X a0 23 5 AT IX R, SR G R 2 B FEs, 1E6
ANE )X ) AT SRR, S —FRLERT 8] J7 ) b AT o8 5 353 7 R SR 0] 5 SR R e 20 7 R (e i)
BT RMINEBERRE L Bt B I (a2 WAL, Gander &5 A[13]% BtxiZ 752 et id
Pit. HM Parareal J7ikinth, FHEEEECR 15500 TN (8] 34T 5 B S s [14]-[16] . FESLTS
R, — RVIEGERE &V RS AT U ST B SR AR 2k T I AT & R, 3 I 7 S B 92 FH A v i 25 9
RAE, PR T AT AR T AR AL ERR, BRSSO SE . A, SCHR[L7] [18]h 42t T AN [ ik
FVFORIE m RS . 45, HF Parareal J5iA 1 SDC J7 vk #R & AR IE /515, Minion 25 A\ [19]4F
PG A K. (ECHR[20] 45 iR & BEOE A 4, %A FE R A R EAIAE R A T
Je, KBS FEAT Y Parareal 5k S5 P SDC HiEAHLE &, 7T LU &P SDC HIEIERANR D FE
BT A 0T, MR T e S EE, Bl s I T iASE, IEEUE M SDC HIAE A
Parareal 42 () i B ks 2T DUF A HUE T E S AR RS 2 = Brks B, k2D 1 Parareal 5004 i ik
RITHE A, e T IATHE. B, EARSCH, AR T B R E VAR (A 34T Parareal 3%,

DOI: 10.12677/aam.2025.144204 766 I3RS


https://doi.org/10.12677/aam.2025.144204
http://creativecommons.org/licenses/by/4.0/

X5

ST SCH MR I AT S, SRR Mt AR AR FE R RIS ,  ORAIE B AR I A g

R EBERFZHW R . fE5 29, ERAHE T SCH BALA Parareal I 7] 317 /7%, SRIG4H
Kf#E SCH R4 W SDC ik, SAJGHET SDC HIEH Parareal ik T SCH B8 1) — i ]
FATRRRE S . 7258 3 7, B HUE R BIRIGAE 1 I I [ AT AR SR RO HEmR 1 . AR AT s
55 4 T

2. BB EH*
2.1. Stokes-Cahn-Hilliard 2!
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QcR?(d =2,3) ) Stokes-Cahn-Hilliard J7 F ik (1)
¢, +V-(cu)=MAw, (0,T)
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1 2
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T=01, YFE SN n=004,4=0042M =0.Lv = 130 . MR
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¢, =0.24cos(2nx)cos(2ny ) +0.4cos(nx)cos(3my),
U, =(—sin2 (mx)sin(2my),sin? (ny)sin(an)).
FESCHR[21]H, g 7 AN TH RSl i 759 BUE
Vo' (Xt ) = V(X t, )+ Cy (X, t, ) At +C, (X, t, )N,
5E X

At
Vo' (X%t ) -V (X 1)

At At

V?(X'tm)_vg(x'tm)

Y-
2 -1

Puati =

Table 1. The temporal convergence order of Algorithm 2 with the fixed grid size h :3—12 , the final moment T =0.1 and

T T T T

80160320 640
%= 1. B 2 pomtiEs s, H
T T T T

~80'160°'320' 640

different time steps At =

3 EFIEIEW*%?&/J\%Jh:%, BAMZIT 0.1, FHEBREHRESK

At Sy order Sy W) order S order N W) order
T/80 2.9932¢-05 1.9036 4.8890e—04 1.8604 3.0472e—-05 1.9030 4.4057e—04 1.8399
T/160 7.9998e—-06 1.9518 1.3464¢-04 1.9275 8.1478e—06 1.9518 1.2307e-04 1.9175
T/320 2.0678e—06 1.9760 3.5393e-05 1.9631 2.1062e-06 1.9760 3.2578e—-05 1.9581
T/640 5.2565e—07 9.0774e-06 5.3539¢-07 8.3846e—06

At ||5¢At " order & Hi(a) order "5,?l || order
T/80 7.0617e—04 1.8723 1.4863e—02 1.8732 1.8003e-04 1.8902
T/160 1.9288e—04 1.9349 4.0571e-03 1.9357 4.8567e—05 1.9436
T/320 5.0447¢—-05 1.9671 1.0605e—03 1.9676 1.2626e—05 1.9715
T/640 1.2903e-05 2.7114e-04 3.2194e-06
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1 ~
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IS . TR, JRATHE SO = —v2 B 6T = v vt
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1B T 2 RO S Rf 1 g @*kﬁh;—,%ﬁﬁfﬂmﬁﬂ*k
T T T T e s REE, T p MU, % 2 [ S L2555 TR H

" 80'160'320 640 °
TEPER] T B

3.2. BEMsIe
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Eﬁi%¢,ﬁéﬁﬁ&h=4 HhZH85 RS h RIS HOEE . K 1 Al T EE 2 1
At=0.1,0.05,0.01 =BT [EPK N IR EARMEN . B 1 BoR, 8% 2 EARMEEPKT, HiGes
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Figure 1. Evolution of discrete energy E, for Algorithm 2 are shown at At =0.1,0.05,0.01
B 1. &3k 27EAt=0.1,0.050010F, BEHEEEE E THIFER
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2 1 3 WIBHITITALE, HASHAT50E LRI, T TIE R, (LEdssh 2 &Y T 5k 2 1
AT, B, (ERSRIET, Sk 2 AERUE AT SR M A 3.

Table 2. The CPU time of the time-parallel and serial decoupling schemes with the fixed mesh h= %

%2Nﬁ#ﬁﬁ%ﬂ%ﬁﬁﬁﬁ%&@imﬁhi%N%Gwﬁﬁﬁﬁ

% . CPU (s)
ARSI At=1/40 At =1/80 At =1/160 At =1/320
B 1 8 RS 11.598 23.5438 45.2505 89.1838
AR IEAT 6.2058 10.9925 22.3059 44.272
piipr 44 1.9 2.1 2.0 2.0

Table 3. The CPU time of the time-parallel and serial decoupling schemes with the fixed mesh h= 6714

& 3. BEFHATH RMBITHRBEE REBEME h :6714 RTHY CPU iB1TRTIE]

5 i CPU (s)
HIRSE At=1/40 At=1/80 At =1/160 At=1/320
iy R RPN 62.912 121.499 229.6978 461.2383
O ERR ST R 28.3711 56.9073 114.9398 234.079
hniE b 2.2 2.1 2.0 2.0
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