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Abstract

In this paper we research the global well-posedness and long-time behavior of the

three-dimensional Kadomtsev-Petviashvili-II-Burgers (KP-II-Burgers) equation. This

equation describes the evolution of dust acoustic waves in plasma and shallow water

waves in the presence of simultaneous dissipation, dispersion, and nonlinear effect-

s. Its distinctive feature is that dissipation acts only in the x-direction, while the

y and z directions are coupled solely by nonlocal dispersive terms, resulting in an

anisotropic structure. The results of this paper extend relevant conclusions from the

two-dimensional KP-II-Burgers equation to the three-dimensional case, perform new

anisotropic estimates, and provide a theoretical foundation for subsequent studies on

the asymptotic behavior of solutions, scattering theory, and dynamical behavior under

external forcing perturbations.
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1. ïÄ�µ�¿Â

n�Kadomtsev-Petviashvili-II-Burgers (KP-II-Burgers) �§´�a­����5uÐ�§§

Ù��/ª���

ut − uxx + uxxx + ε∂−1x (uyy + uzz) = uux, t > 0,

u(x, y, z, 0) = u0(x, y, z), (x, y, z) ∈ R3.
(1)

Ù¥∂−1x L«x�K�ê"u(x, y, z, t)�¢���¼ê§u0(x, y, z) ´�½�Ð�¼ê§ε = ±1û

½ÚÑ���½½K½§�ε = 1 ��§(1) �II.KP-Burgers �§"�§(1)
ué�lfN

¥�D(Å!fYÅ�Ôny��ï�§§Ó��¹
��5é6�A(uux)§ÑÑ�A(−uxx)

���ÚÑ�A(∂−1x (uyy + uzz))"�'u²;KP�§(=¹ÚÑ�)ÚBurger �§(=¹ÑÑ)§
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KP-Burgers�§Ó�Ny
ÚÑ!ÑÑ���5�¿�Å�,äk�\´L���m1�"�§¥

��f∂−1x �����ê§3ªÇ�m¥éA¦f
1
iξ1
§Ù3ξ1 = 0?äkÛ5"�¦T�fäkû

Ð½Â§Ï~�¦��¼êu 3x ��þäk"þ�§=÷v∫
R
u(x, y, z, t)dx = 0, ∀(y, z) ∈ R2, t ≥ 0. (2)

ù�^�3ÔnþéAuXÚ��þÅð½>ÖÅð§3êÆþK´(���ê�f∂−1x 3©Ù¿

Âeû½�g,cJ"éuKP-II-Burgers �§�Ð�¯K§eÐ�u0 ��Ø÷v"þ�^�§�

ÏLÚ\#Cþv = ∂−1x uòÙ=z�÷v"þ��¼ê§d�v ÷v��§¥Ø2w¹��ê§�

Ð�v0 = ∂−1x u0 ��áu·��¼ê�m"ù�?n3KP .�§�ïÄ¥´IOE|§��©

z [1]- [3]"AO/§éuKP-II-Burgers �§3�lfNÔn¥�ï�§"þ�^�éAu6Ä�

Ý��m²þ�"§��lfN¥(Å6Ä�Ôn�µ�� [4] [5]"

3���¹e§Molinet u [1]¥y²
��KPB�§�)u ÷v

t
i
2+

3
4 ‖∂(i,j)u‖L2 ≤ C1, t

i
2+

1
4 ‖∂(i,j)∂−1x u‖L2 ≤ C2. (3)

t
i
2+

3
2 ‖∂(i,j)u‖L∞ ≤ C3, t

i
2+1‖∂(i,j)∂−1x u‖L∞ ≤ C4. (4)

Ù¥‖∂−1x u‖L∞ �P~�Ð�t−1, éu,
�k∂−1x u�5{���§
ó(X [6]¥|^KP-II-

Burgers�§%CNSP XÚ�§n
(k)
j ÷v�KPB�§Ñ¬ÍÜ��=�(n

(1)
j , · · · , n(k−1)

j ) k'�{

�§�Ù¥¹k�5�)§XJÙ�+L2 → L∞�OvkP~(J§Kd�3DuhamelÈ©�Uþ

È©¥¬Ñylnt�O�§ù��þ´Ï����¹e§�§�P~dy ���ÚÑ�A�x���

ÑÑ�A�)"cö�)t−
3
4 �P~§=¦��ö�)�t−

1
4P~(Ü�TÐ´t−1"Ïd§·�I

�3n��m¥éu, v = ∂−1x u�P~(J?1U?§¦ÙU�)'t−1 �Ð�P~"n��m¥

Ùy, z���ÚÑ�x���ÑÑÍÜ��E,§¿�du��5���3§æ^DÚ�L∞ → L1

�OÙ��5�|^Holder Ø�ª
�ü�L2 �ê�¦È¬��P~Ø
§Ïd�©|^��É

5L∞y L
∞
z L

2
x�O5�¤k��O�4�"Ù{aq�ÚÑ- ÑÑ�§�ïÄ(J�ë� [7]- [11]"

2. �5�f�+�O

n�KP-II-Burgers�§�/ª�

ut − uxx + uxxx + ∂−1x (uyy + uzz) = uux, t > 0,

u(x, y, z, 0) = u0(x, y, z), (x, y, z) ∈ R3.
(5)

é(5)üàÓ��Fp�C�§��

ût +

(
ξ21 − iξ31 + i

ξ22 + ξ23
ξ1

)
û = ûux, (6)

=

û = e
−ξ21t+i

[
ξ31−

(ξ22+ξ23)
ξ1

]
t

û0 +

∫ t

0

e
−ξ21(t−τ)+i

[
ξ31−i

(ξ22+ξ23)
ξ1

]
(t−τ)

ûux(τ)dτ. (7)
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PK(t) = F−1e
−ξ21t+i

[
ξ31−

(ξ22+ξ23)
ξ1

]
t

F , K�§�±L«�

u = K(t)u0 +

∫ t

0

K(t− τ)(uux)(τ)dτ. (8)

éu�5�f�+K(t)§·�k±e�Oµ

Ún2.1 (L2�O). é�5�f�+K§k ≥ 0§ef ∈ L2
yL

2
zL

1
x,K�3Ø�6u�m�~êC÷v∥∥∂kxK(t)f

∥∥
L2 ≤ C(1 + t)−

1
4−

k
2 ‖f‖L2

yL
2
zL

1
x

(9)

Ù¥��É5�ê‖f‖L2
yL

2
zL

1
x
�½Â�

‖f‖L2
yL

2
zL

1
x

=

(∫
R2

[∫
R
|f(x, y, z)| dx

]2
dydz

) 1
2

(10)

y². dFp�C��½Â��

|f̂ | =
∣∣∣∣∫

Rn
f(x)e−2πix·ξdx

∣∣∣∣ ≤ ∫
Rn

∣∣f(x)e−2πix·ξ
∣∣ dx ≤ ∫

Rn
|f(x)| dx = ‖f‖L1 . (11)

��âYoungØ�ª!Plancherelð�ª�(11)§k

∥∥∂kxK(t)f
∥∥2
L2 =

∥∥∥∥∥∥F−1|ξ1|ke
−ξ21t+i

[
ξ31−

(ξ22+ξ23)
ξ1

]
t

Ff

∥∥∥∥∥∥
2

L2

=

∥∥∥∥∥∥|ξ1|ke
−ξ21t+i

[
ξ31−

(ξ22+ξ23)
ξ1

]
t

f̂

∥∥∥∥∥∥
2

L2

≤ C
∫ ∞
−∞
|ξ1|2ke−2ξ

2
1t

∫
R2

|f̂(ξ1, ξ2, ξ3)|2dξ2dξ3dξ1

= C

∫ ∞
−∞
|ξ1|2ke−2ξ

2
1t

∫
R2

|Fxf(ξ1, y, z)|2 dydzdξ1

≤ C
∫ ∞
−∞
|ξ1|2ke−2ξ

2
1t

∫
R2

‖f(x, y, z)‖2L1
x
dydzdξ1

= C

∫ ∞
−∞
|ξ1|2ke−2ξ

2
1tdξ1‖f‖2L2

yL
2
zL

1
x

(12)

|^ó¼ê5�§-u = ξ21§KÈ©z�∫ ∞
−∞
|ξ1|2ke−2ξ

2
1tdξ1 = 2

∫ ∞
0

ξ2k1 e
−2ξ21tdξ1 =

∫ ∞
0

uk−
1
2 e−2utdu = Γ

(
k +

1

2

)
(2t)−(k+ 1

2). (13)

Ïd·�k ∥∥∂kxK(t)f
∥∥
L2 ≤ Ct−

1
4−

k
2 ‖f‖L2

yL
2
zL

1
x
. (14)

Ún2.2 (��É5�O). é�5�f�+K, k ≥ 0§ef ∈ L1
yL

1
zL

1
x§K�3Ø�6u�m�~

êC ÷v

‖∂kxK(t)f‖L∞
y L

∞
z L

2
x
≤ Ct− 7

4−
k
2 ‖f‖L1

yL
1
zL

1
x
. (15)
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y².∣∣∣∣∣∣F−1e
−ξ21t+i

[
ξ31−

(ξ22+ξ23)
ξ1

]
t

∣∣∣∣∣∣ = C

∣∣∣∣∣∣
∫∫∫

R3

ei(xξ1+yξ2+zξ3)e
−ξ21t+i

[
ξ31−

(ξ22+ξ23)
ξ1

]
t

dξ1dξ2dξ3

∣∣∣∣∣∣
= C

∣∣∣∣∣
∫ 0

−∞
eixξ1e−ξ

2
1t+iξ

3
1t

[∫
R
ei(yξ2−

t
ξ1
ξ22)dξ2

∫
R
ei(zξ3−

t
ξ1
ξ23)dξ3

]
dξ1

+

∫ +∞

0

eixξ1e−ξ
2
1t+iξ

3
1t

[∫
R
ei(yξ2−

t
ξ1
ξ22)dξ2

∫
R
ei(zξ3−

t
ξ1
ξ23)dξ3

]
dξ1

∣∣∣∣∣
(16)

é
∫
R e

i(yξ2− t
ξ1
ξ22)dξ2, �âpd- �r�È©·�k∫ +∞

−∞
ei(yξ2−

t
ξ1
ξ22)dξ2 = ei

ξ1y
2

4t

√∣∣∣∣πξ1t
∣∣∣∣e−sgn( t

ξ1
) iπ4 =

ei
ξ1y

2

4t

√
πξ1
t
e−

iπ
4 ξ1 > 0

ei
ξ1y

2

4t

√
−πξ1
t
e
iπ
4 ξ1 < 0

. (17)

é
∫
R e

i(zξ3− t
ξ1
ξ23)dξ3 �Ó��?n§·�ò(J�\(16), ��∣∣∣∣∣∣F−1e

−ξ21t+i
[
ξ31−

(ξ22+ξ23)
ξ1

]
t

∣∣∣∣∣∣ = πt−1

∣∣∣∣∣
∫ 0

−∞
−ξ1eixξ1e−ξ

2
1t+iξ

3
1tei

ξ1(y2+z2)
4t e

iπ
2 dξ1

+

∫ +∞

0

ξ1e
ixξ1e−ξ

2
1t+iξ

3
1tei

ξ1(y2+z2)
4t e−

iπ
2 dξ1

∣∣∣∣∣.
(18)

�âòÈYoungØ�ª,

‖K(t)f‖L∞
y L

∞
z L

2
x
≤

∥∥∥∥∥∥F−1e
−ξ21t+i

[
ξ31−

(ξ22+ξ23)
ξ1

]
t

∥∥∥∥∥∥
L∞
y L

∞
z L

2
x

‖f‖L1
yL

1
zL

1
x

= t−1 sup
y,z

(∫
R

∣∣∣∣∫
R
sgn(ξ1)ξ1e

−ξ21t+iξ
3
1t+iξ1

(
x+ y2+z2

4t

)
dξ1

∣∣∣∣2 dx
) 1

2

‖f‖L1
yL

1
zL

1
x
.

(19)

-x′ =

(
x+ y2+z2

4t

)
√
t
Úη = ξ1

√
t, ��

t−1 sup
y,z

(∫
R

∣∣∣∣∫
R
sgn(ξ1)ξ1e

−ξ21t+iξ
3
1t+iξ1

(
x+ y2+z2

4t

)
dξ1

∣∣∣∣2 dx
) 1

2

= t−1 sup
x′≥ x√

t

(∫
R
t

1
2

∣∣∣∣t−1 ∫
R
sgn(η)ηe

[
−η2+i

(
η3√
t
+ηx′

)]
dη

∣∣∣∣2 dx′
) 1

2

= t−
7
4 sup
x′≥ x√

t

(∫
R

∣∣∣∣∫
R
sgn(η)ηe

[
−η2+i

(
η3√
t
+ηx′

)]
dη

∣∣∣∣2 dx′
) 1

2

= Ct−
7
4 sup
x′≥ x√

t

∥∥∥∥Fη (sgn(η)ηe

[
−η2+i

(
η3√
t

)])
(x′)

∥∥∥∥
L2
x′

= Ct−
7
4 sup
x′≥ x√

t

∥∥∥∥sgn(η)ηe

[
−η2+i

(
η3√
t

)]∥∥∥∥
L2
η

.

(20)
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 ∥∥∥∥sgn(η)ηe

[
−η2+i

(
η3√
t

)]∥∥∥∥
L2
η

≤
∥∥∥ηe−η2∥∥∥

L2
η

=

√ √
π

4
√

2
(21)

é?¿t > 0Ñ´k.�"�ª·���

‖K(t)f‖L∞
y L

∞
z L

2
x
≤ Ct− 7

4 ‖f‖L1
yL

1
zL

1
x
. (22)

aq�§éux���k��ê(k ≥ 0)§·�k

‖∂kxK(t)f‖L∞
y L

∞
z L

2
x
≤ Ct− 7

4−
k
2 ‖f‖L1

yL
1
zL

1
x
. (23)

du3t = 0�§K(t)�±k.§�
P~���5§·�òP~(Ø¥�t?U�1 + t§¦�

Ù3t ���yk.5§t���yP~5"

3. KP-II-Burgers�§�Û)�O

3.1. �§(5)��Û)

3�¤Ún2.1Ú2.2�§·�Ué�§(5)?1�Û)�O"duíØ2.1 �P~��§·�

ò∂−1x u0���§�#Ð�,=µ

ut − uxx + uxxx + ∂−1x (uyy + uzz) = uux, t > 0,

∂−1x u(x, y, z, 0) = ∂−1x u0(x, y, z), (x, y, z) ∈ R3.
(24)

½n3.1 (KP-II-Burgers�§��Û)). b�Ð�∂−1x u
(1)
0 ∈ L2

yL
2
zL

1
x(R3) ∩ L1(R3) ¿�δu =:

‖∂−1x u0‖L2
yL

2
zL

1
x(R3)∩L1(R3)v
�§@oé?¿t > 0§�3'u�§(24) ����Û)÷v

u ∈ C0
(
R+, L

∞
y L
∞
z L

2
x(R3) ∩H1

x(R3)
)

(25)

¿�ék = 0, 1§k

∥∥∂kxu(t)
∥∥
L2(R3)

≤ C(1 + t)−
3
4−

k
2

∥∥∂−1x u0
∥∥
L2
yL

2
zL

1
x(R3)

. (26)

d	§

‖u(t)‖L∞
y L

∞
z L

2
x(R3) ≤ C(1 + t)−

7
4

∥∥∂−1x u0
∥∥
L1(R3)

. (27)

Äk§·�½Â(24)�)�m:

Λu := Λu1 + Λu2,

Λu1 = sup
0≤s≤∞,k=0,1.

{∥∥∂kxu(s)
∥∥
L2 (1 + s)

3
4+

k
2

}
,

Λu2 = sup
0≤s≤∞

{
‖u‖L∞

y L
∞
z L

2
x
(1 + s)

7
4

}
.

(28)
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·�òy²é?¿t ≥ 0 k
Λu ≤ Cδu, (29)

Ù¥C > 0�Ø�6u�m�~ê§δu ½Âu½n3.1 ¥.
y². �Ä

L(u) = K(t)u0 +

∫ t

0

K(t− τ)(uux)(τ)dτ. (30)

y²ò©�±eAÚ:

Ú½1: L2�O.

|^íØ2.1Ú2.2��?1O�§·���

‖L(u)‖L2 ≤ C ‖K(t)u0‖L2 + C

∫ t

0

‖K(t− τ)uux(τ)‖L2 dτ

≤ C
∥∥∂xK(t)∂−1x u0

∥∥
L2
yL

2
zL

1
x

+ C

∫ t

0

(1 + t− τ)−
3
4 ‖ (u)

2
(τ)‖L2

yL
2
zL

1
x
dτ

≤ C(1 + t)−
3
4

∥∥∂−1x u0
∥∥
L2
yL

2
zL

1
x

+ C

∫ t

0

(1 + t− τ)−
3
4 ‖u‖L2‖u‖L∞

y L
∞
z L

2
x
dτ

≤ C(1 + t)−
3
4 δu + CΛu1Λu2

∫ t
2

0

(1 + t− τ)−
3
4 (1 + τ)−

5
2 dτ

+ CΛu1Λu2

∫ t

t
2

(1 + t− τ)−
3
4 (1 + τ)−

5
2 dτ

≤ C(1 + t)−
3
4 δu + CΛu1Λu2

∫ t
2

0

(1 +
t

2
)−

3
4 (1 + τ)−

5
2 dτ

+ CΛu1Λu2

∫ t

t
2

(1 + t− τ)−
3
4 (1 +

t

2
)−

5
2 dτ

≤ C(1 + t)−
3
4 δu + CΛu1Λu2(1 + t)−

3
4 .

(31)


éx¦�§aq/·�k

‖∂xL(u)‖L2 ≤ C(1 + t)−
5
4

∥∥∂−1x u0
∥∥
L2
yL

2
zL

1
x

+ C

∫ t

0

(1 + t− τ)−
5
4 ‖ (u)

2
(τ)‖L2

yL
2
zL

1
x
dτ

≤ C(1 + t)−
5
4 δu + C

∫ t

0

(1 + t− τ)−
5
4 ‖u‖L2‖u‖L∞

y L
∞
z L

2
x
dτ

≤ C(1 + t)−
5
4 δu + CΛu1Λu2(1 + t)−

5
4 .

(32)

Ú½2: L∞y L
∞
z L

2
x�O.

Ó��§éL(u)�L∞y L
∞
z L

2
x�O,��

‖L(u)‖L∞
y L

∞
z L

2
x
≤ C ‖K(t)u0‖L∞

y L
∞
z L

2
x

+ C

∫ t

0

‖K(t− τ)uux(τ)‖L∞
y L

∞
z L

2
x
dτ

≤ C(1 + t)−
9
4

∥∥∂−1x u0
∥∥
L1 + C

∫ t

0

(1 + t− τ)−
7
4 ‖uux(τ)‖L1dτ

≤ C(1 + t)−
9
4 δu + C

∫ t

0

(1 + t− τ)−
7
4 ‖u‖L2‖ux‖L2dτ

≤ C(1 + t)−
9
4 δu + CΛ2

u1

∫ t

0

(1 + t− τ)−
7
4 (1 + τ)−2dτ

≤ C(1 + t)−
9
4 δu + CΛ2

u1(1 + t)−
7
4 .

(33)
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dd§·�|^‖L(u)‖L2 , ‖∂xL(u)‖L2 �‖L(u)‖L∞
y L

∞
z L

2
x
4Ü
k��O"

3.2. û)KPB�§��Û)

Q,Ð�u0éxÈ©��
#�Ð�∂
−1
x u0§@oÓ��§u éxÈ©�)�∂

−1
x u÷v��#

�KPB�§"Pv = ∂−1x u§Kv÷v#�KPB�§

vt − vxx + vxxx + ∂−1x (vyy + vzz) = v2x, t > 0,

v(x, y, z, 0) = v0(x, y, z), (x, y, z) ∈ R3.
(34)

5¿�(34)��5�f�+E,´K(t)§�(24)�«OÌ�3��5�v2x ØU��J�Ñéx� 

�"éd§·�kXe(Ø

½n3.2. b�Ð�v0 ∈ L2
yL

2
zL

1
x(R3) ∩ L1(R3) ¿�δv =: ‖v0‖L2

yL
2
zL

1
x(R3)∩L1(R3) v
�§@oé?

¿t > 0§�3'u�§(34) ����Û)÷v

v ∈ C0
(
R+, L

∞
y L
∞
z L

2
x(R3) ∩H2

x(R3)
)
, ∂xv ∈ C0

(
R+, L

∞
y L
∞
z L

2
x(R3)

)
(35)

¿�ék = 0, 1, 2§k ∥∥∂kxv(t)
∥∥
L2(R3)

≤ C(1 + t)−
1
4−

k
2 ‖v0‖L2

yL
2
zL

1
x(R3) . (36)

d	§

‖v(t)‖L∞
y L

∞
z L

2
x(R3) ≤ C(1 + t)−

3
2 ‖v0‖L1(R3) (37)

�

‖∂xv(t)‖L∞
y L

∞
z L

2
x(R3) ≤ C(1 + t)−

7
4 ‖v0‖L1(R3) (38)

Äk§·�½Â(34)�)�m:

Λv := Λv1 + Λv2,

Λv1 = sup
0≤s≤∞,k=0,1,2.

{∥∥∂kxu(s)
∥∥
L2 (1 + s)

3
4+

k
2

}
,

Λv2 = sup
0≤s≤∞

{
‖u‖L∞

y L
∞
z L

2
x
(1 + s)

3
2 + ‖∂xu‖L∞

y L
∞
z L

2
x
(1 + s)

7
4

}
.

(39)

·�òy²é?¿t ≥ 0 k

Λv ≤ Cδv, (40)

Ù¥C > 0�Ø�6u�m�~ê§δv ½Âu½n3.2 ¥.

y². �Ä

L(v) = K(t)v0 +

∫ t

0

K(t− τ)(v2x)(τ)dτ. (41)

Ú½1: L2�O.

|^íØ2.1Ú2.2��?1O�§·���
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‖L(v)‖L2 ≤ C ‖K(t)v0‖L2 + C

∫ t

0

∥∥K(t− τ)v2x(τ)
∥∥
L2 dτ

≤ C(1 + t)−
1
4 ‖v0‖L2

yL
2
zL

1
x

+ C

∫ t

0

(1 + t− τ)−
1
4 ‖v2x(τ)‖L2

yL
2
zL

1
x
dτ

≤ C(1 + t)−
1
4 δv + C

∫ t

0

(1 + t− τ)−
1
4 ‖vx‖L2‖vx‖L∞

y L
∞
z L

2
x
dτ

≤ C(1 + t)−
1
4 δv + CΛv1Λv2

∫ t

0

(1 +
t

2
)−

1
4 (1 + τ)−

5
2 dτ

≤ C(1 + t)−
1
4 δv + CΛv1Λv2(1 + t)−

1
4 .

(42)

�Ä'ux����ê§·�k

‖∂xL(v)‖L2 ≤ C(1 + t)−
3
4 ‖v0‖L2

yL
2
zL

1
x

+ C

∫ t

0

(1 + t− τ)−
3
4 ‖v2x(τ)‖L2

yL
2
zL

1
x
dτ

≤ C(1 + t)−
3
4 δv + C

∫ t

0

(1 + t− τ)−
3
4 ‖vx‖L2‖vx‖L∞

y L
∞
z L

2
x
dτ

≤ C(1 + t)−
3
4 δu + CΛv1Λv2(1 + t)−

3
4

(43)

Ú ∥∥∂2
xL(v)

∥∥
L2 ≤ C(1 + t)−

5
4 ‖v0‖L2

yL
2
zL

1
x

+ C

∫ t

0

(1 + t− τ)−
5
4 ‖v2x(τ)‖L2

yL
2
zL

1
x
dτ

≤ C(1 + t)−
5
4 δu + CΛv1Λv2(1 + t)−

5
4

(44)

Ú½2: L∞y L
∞
z L

2
x�O.

‖L(v)‖L∞
y L

∞
z L

2
x
≤ C ‖K(t)v0‖L∞

y L
∞
z L

2
x

+ C

∫ t

0

∥∥K(t− τ)v2x(τ)
∥∥
L∞
y L

∞
z L

2
x
dτ

≤ C(1 + t)−
7
4 ‖v0‖L1 + C

∫ t

0

(1 + t− τ)−
7
4 ‖v2x(τ)‖L1dτ

≤ C(1 + t)−
7
4 δv + C

∫ t

0

(1 + t− τ)−
7
4 ‖vx‖L2‖vx‖L2dτ

≤ C(1 + t)−
7
4 δv + CΛ2

v1

∫ t

0

(1 + t− τ)−
7
4 (1 + τ)−

3
2 dτ

≤ C(1 + t)−
7
4 δv + CΛ2

v1(1 + t)−
3
2 .

(45)

éx¦�§·�k

‖∂xL(v)‖L∞
y L

∞
z L

2
x
≤ C(1 + t)−

9
4 ‖v0‖L1 + C

∫ t

0

(1 + t− τ)−
7
4 ‖vxvxx(τ)‖L1dτ

≤ C(1 + t)−
9
4 δv + C

∫ t

0

(1 + t− τ)−
7
4 ‖vx‖L2‖vxx‖L2dτ

≤ C(1 + t)−
9
4 δv + CΛ2

v1

∫ t

0

(1 + t− τ)−
7
4 (1 + τ)−2dτ

≤ C(1 + t)−
9
4 δv + CΛ2

v1(1 + t)−
7
4 .

(46)
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dd§·�|^‖∂kxL(v)‖L2 (k = 0, 1, 2) �‖∂lxL(u)‖L∞
y L

∞
z L

2
x

(l = 0, 1) 4Ü
k��O"

4. (Ø�Ð"

(Üþã°©���É5P~�O§·���
üan�KP-II-B�§uÚv�L2 ���É5

�O"3?n�kKPB �§)��5{���Ð�k.�§§X

ft + Lf = N(f, f) + u+ v (47)

�§=¦�5�f�+e−Lt=kL2 → L∞�ÃP~k.�O§·��=
?1L2 → L∞y L
∞
z L

2
x�

k.�O(=��u=3y,z ü����L2 → L∞ �O§k.5�±�y)§¿�â‖u‖L∞
y L

∞
z L

2
x
≤

C(1 + t)−
7
4 �‖v‖L∞

y L
∞
z L

2
x
≤ C(1 + t)−

3
2 5�y3Duhamel È©¥§{�u+ v3�Û�¹e=¦é

�mtÈ©§ù��Ek.½�)P~"��mt→ +∞ �§�§(47)�%C�Ø�{���§

ft + Lf = N(f, f). (48)

ù�a¦{��)v
¯�P~l
3��m%C,��§�g�´ �©�§ïÄ¥�~�g

�"
ïÄù�aÚÑ-ÑÑ.�§���É5g��?1í2§Xédispersionless KP-II-Burgers

�§

ut − uxx + ∂−1x (uyy + uzz) = uux, (49)

�ïÄÚ��É5\��ê

‖u‖L2
yL

2
zL

1
x
≤ ‖〈x〉u‖L2 (50)

�ïÄ"
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