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Abstract

For a graph G, if the subgraph induced by each color class consists of a disjoint union

of cliques, the coloring is called a subcoloring, and the minimum number of colors

required is called the subchromatic number. The square of a graph G has vertex set

V(G), with two vertices adjacent if and only if their distance in G is at most 2. In this

paper, we prove that for every planar graph G of girth at least 7, the subchromatic

number of its square is at most 41. The proof exploits the fact that adding edges

does not decrease the semi-weak chromatic number. We augment the original graph

to a triangulation and construct a reducible configuration argument. Combined with

the girth condition, we estimate the number of semi-weakly reachable vertices along

isometric paths, thereby establishing the desired upper bound.
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1. 0�

�½��ãG, e¼êf : V (G) → {0, 1, · · · , k − 1} ÷vf(v) = i �º:¤p��fã´eZ

ì�Ø�¿, K¡f �G ���k-f/Ú. ãG �fÚêχsub(G) ´G �3k-f/Ú����êk,

ù�VgÄg3©z [1] ¥�J9.

C
c5, Æö�m©'5�ã�f/Ú¯K. éu��ãG Ú��êd, ãG �d g�

ãGd ½Â�: º:8V (Gd) := V (G); eãG ¥�3�Ý�õ�d �u-v ´, K3Gd ¥\\>uv,

=E(Gd) := {uv : distG(u, v) ≤ d}, Ù¥u, v ∈ V (Gd), distG(u, v) L«3ãG ¥º:u Úv ���

ål. AO�, G2 �¡�²�ã.
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Nešetřil�<3©z [2] ¥ÇkXÚïÄ
�ã�fÚê¯K, ¿|^f/Úê�Ñ
Xeþ.:

χsub(Gd) ≤ wcol2d(G).

éuNõg,ãa(X²¡ã, üØ,��ã��fª�ãa�)äkk.ÿÐ5 [3], þã(J�Ñ:

éuù
ãa¥�?¿ãG, �d �½�, Gd �fÚê�3~êþ..

éu²¡ã��ã, (Üvan den Heuvel �<3©z [4] ¥éf/Úê�þ., �±��:

χsub(G2) ≤ 135, χsub(G3) ≤ 364.

éuãG, �L ´V (G) ����5S, éuk ∈ N Úy ∈ V (G). e3G ¥�3�^�Ý

�õ�k �´»P = z0z1 · · · zs, Ù¥z0 = x, zs = y, s ≤ k, x �T´þ3�5SL e���º

:, ¿�éu?¿�dk
2
e ≤ i ≤ s, Ñky ≤L zi, K¡x 3�5SL e´ly Ñu�fk−���.

PSemiReachk[G,L, y] �3�5SL ely Ñu�fk−���º:�8Ü, ãG ��fk-/ÚêP

�swcolk(G), Ù½Â�:

swcolk(G) := min
L

max
y∈V (G)

|SemiReachk[G,L, y]|.

CortWs �<3©z [5] ¥Ú\
�fk-/Úê, (Ü²¡ã�´»©)Eâ, �Ñ
Xe�(

J(ë�©z [5] ¥�½n3.1).

½n1. éu?¿�²¡ãG, kswcol4(G) ≤ 43. �g �G ���, Kk

swcol4(G) ≤

39, g ≥ 10,

15, g ≥ 17.

¦��y²
Xe­�½n(ë�©z [5] ¥�½n2.3).

½n2. éu?¿�ãG Ú�½���êd ∈ N, kχsub(Gd) ≤ swcol2d(G). d	, XJd �Ûê,

Kkχsub(Gd) ≤ swcol2d−1(G).

8Ü½n1Ú½n2, ��
Xe(J(ë�©z [5] ¥�½n1.4).

½n3. éu?¿�²¡ãG, �Ù���g, Kk

χsub(G2) ≤


43, g ≥ 3,

39, g ≥ 10,

15, g ≥ 17.

�©|^CortWs �<3©z [5] ¥JÑ��{, ïÄ
���7 �²¡ã²�ã�fÚê, ¿�

�
Xe(J.

½n4. éu��g ≥ 7 �²¡ãG, kχsub(G2) ≤ 41.
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2. ���7 �²¡ã²�ã�fÚê

Äk0��å´». 3ãG ¥, e´»P �ü�à:�mØ�3�á�´», K¡P ��^�

å´». �P ��^�å´», u, v �´»þ�ü�º:, KPlu �v �f´»�uPv. �P ÚP ′

�ü^Ø����å´», e�3u ∈ V (P ), v ∈ V (P ′) ¦�uv ∈ E(G), K¡ùü^�å´»´�

��.

3©z [4] ¥kXe'u�å´»�½n.

½n5. �G ���ã, P �G ¥��^�å´», r ���ê, u, v ∈ V (P ) �w ∈ V (G).

edistG(u,w) ≤ r ¿�distG(u,w) ≤ r, KkdistG(u, v) ≤ 2r. AO�, 3P ¥�w �ål�õ�r

�º:ê8Ø�L2r + 1.

e¡�Ñ�å´»©)�½Â. �P = {P0, P1, · · · , Ps} (Ù¥s ���ê), e÷vº:

8V (P0), V (P1), · · · , V (Ps) �¤V (G) ���y©, ¿�éuz�i ∈ {0, 1, · · · , s}, Pi Ñ´G −
∪j=i−1

j=0 V (Pj) ¥��^�å´», K¡P �ãG ����å´»©). PPi = G−∪i−1
j=0V (Pj), AO

�kP0 = G.

3©z [5] ¥0�
�«AÏ�å´»©), ·�¡Ù��z.

éun�¿©²¡ãG, �§k���å´»©)P = {P0, P1, · · · , Ps}, eÙ÷vXe^�, ·

�K¡Ù�ãG ����z:

1. P0 dü�:�¤, P1 d��:�¤;

2. éu?¿�i ∈ {0, 1, · · · , s}, �Pi �à:�w,w
′ (§��U­Ü), �éu?¿�k ∈

{2, 3, · · · , s}, Pk TÐ�ü^´»Ph ÚPj ��(Ù¥h < j < k), ¿�3vk, v
′
k ∈ V (Ph),

zk, z
′
k ∈ V (Pj) ¦�vkzkwkvk Úv

′
kz
′
kw
′
kv
′
k þ�ãG ¥�k.¡;

3. ePk k��ü«�U�ÀJ, KÀJ¦�vkPhv
′
kw
′
kPkwkvk SÜº:ê���@�^´;

4. éuPk+1 ¥�z�ëÏ©|K, G[V (P0) ∪ · · · ∪ V (Pk)] ¥�¹K �¡�>.´���, Ù/

ª�: D = vPhv
′z′Pjzv.

3dé�z?1{��`²: �z��þ´ã���´»©), þã�£ãØ=´�z�½Â,


��¹
�z��E�{(=þã�1, 2, 3 ^); éu14 ^, Ù`²�´�z���5�, =ÏL

þã�E/¤��z�½÷v14 ^£ã�5�.

3©z [4] ¥, van den Heuvel �<y²
z��äkn�¿©�²¡ãÑk���z, =Xe

½n.

½n6. z�n�¿©�²¡ãÑk���z.

d½n2 �, �
y²½n4, ·��I�y²Xe½n.

½n7. éu��g ≥ 7 �²¡ãG, kswcol4(G) ≤ 41.

éu½n7 �y². �ãG ´����g ≥ 7 �²¡ã, ·�Ø��Ù´ëÏã. Ï�O\G ¥

�>Ø¬¦swcol4(G) C�, ¤±·��±V\>¦�G ���n�¿©ã.

d½n6 �, ãG �3���zP = {P0, P1, · · · , Ps}. �â�z�½Â, PG �	Ün�¡
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�w0w1w2w0, À�?¿�^>��P0, Kò�e�Ø�P0 à:�º:P�P1. éuk ≥ 2, ePk

�Ph, Pj ��, Ù¥h < j < k, K¡Ph ÚPj ©O´Pk �²nÚ+�, ¿¡Ph ÚPj Ñ´Pk �þ?.

5¿�, d�Ph �´Pj ���þ?.

�e5½ÂãG ����5SL:

1. éuu ∈ V (Pi), v ∈ V (Pj), Ù¥i 6= j, ei < j Kku ≤L v;

2. éuP0, du|P0| = 2, K�±?¿�üS, Ø��V (P0) = {w0, w
′
0}, -w0 ≤L w

′
0. éuP1, d

u|P1| = 1, òÙº:ü3w′0 ��¡. éuk ≥ 2, �Ph ´Pk �²n, Ù¥h < k. d²n�½

Â, kvk, v
′
k ∈ V (Ph), Ø��ÙüSvk ≤L v

′
k. �Pk = x0x1 · · ·xs, Ù¥x0 = wk, xs = w′k. d²

n�½Â, �wkvk, w
′
kv
′
k ∈ E(G), éu0 ≤ i < j ≤ s, �xi ≤L xj .

�½º:v ∈ G, �b�x ∈ Pk, Ù¥Pk ∈ P. �y²½n7, ·��I�y²

|SemiReach4[G,L, v]| ≤ 41.

ePk = P0, Kk|V (P0)| = 2, �k|SemiReach4[G,L, v]| ≤ 2. eePk = P1, KP1 = v, �õkP0 ¥

�ü�º:ü3v �c¡, �k|SemiReach4[G,L, v]| ≤ 3.

e¡b�k ≥ 2. éua ∈ {0, 1, · · · , s}, -Wa = V (Pa) ∩ SemiReach4[G,L, v].

�â�z�½Â, �3Ph, Pj ∈ P, ¦�Ph ÚPj ©O�Pk �²nÚ+�, Ù¥h < j < k. d

uPh ´Pj ���þ?, K-Ù,��þ?�Pi. �Ph �ü�þ?©O�Pf ÚPg. Ù¥Pi k�U

ÚPf ½Pg ­Ü.

äó1. ·�kSemiReach4[G,L, v] ⊂Wk ∪Wh ∪Wj ∪Wi ∪Wf ∪Wg.

éuäó1 �y². �u ∈ SemiReach4[G,L, v], �Q ��ylv Ñu�f4-��u �´». d

�f4-���½Â�, Q ¥�õkü�º:3L Seü3v �c¡.

eQ ¥�k��º:x ÷vx ≤L v, Kx = u �uv ∈ E(G). q3L Seü3Pk c¡��Pk �

���å´»�kPh ÚPj , �ku ∈Wk ∪Wh ∪Wj .

eQ ¥kü�º:x, y 3�5SL eü3v �c¡, Ø��x ≤L y ≤L v, Kx = u �

kuy ∈ E(G). eyv ∈ E(G), d�ky ∈ Wk ∪Wh ∪Wj , Ku ∈ Wk ∪Wh ∪Wj ∪Wi ∪Wf ∪Wg.

eyv 6∈ E(G), �Q = xyz · · · , �z 6= v. d�f4-���½Â�, v ≤L z. �z ∈ Pr, Ù¥k < r. d

uPk ®²kü�ØÓ�þ?, ¤±Pr �,��þ?´Pr +�(ÄKPk ¬kn�ØÓ�þ?), l


y ∈Wk ∪Wh ∪Wj . quy ∈ E(G), l
u ∈Wk ∪Wh ∪Wj ∪Wi ∪Wf ∪Wg.

nþ, ku ∈Wk ∪Wh ∪Wj ∪Wi ∪Wf ∪Wg. �

däó1 �, |SemiReach4[G,L, v]| ≤ |Wk|+ |Wh|+ |Wj |+ |Wi|+ |Wf |+ |Wg|.

ePh´Pj �+�,KPi´Pj �²n,d�z�½Â�, Pi�´Ph���þ?,�Pi ∈ {Pf , Pg},
d�k|SemiReach4[G,L, v]| ≤ |Wk|+ |Wh|+ |Wj |+ |Wf |+ |Wg|. ePh ´Pj �²n, KPi ´Pj �

+�, d�Pi 6∈ {Pf , Pg}, l
|SemiReach4[G,L, v]| ≤ |Wk|+ |Wh|+ |Wj |+ |Wi|+ |Wf |+ |Wg|.

�·�b�Ph ´Pj ���+�, d�k|{Wk,Wh,Wj ,Wi,Wf ,Wg}| = 6.
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äó2. ·�k|Wk| ≤ 5.

éuäó2 �y². �Pk = w0w1 · · ·wn, kv = wl, 0 ≤ l ≤ s. d�f4-���½ÂÚ�5SL

�, v �±��g�, ±9�U��wl−1, wl−2, wl−3, wl−4 (XJ�3�{). �k|Wk| ≤ 5. �

äó3. ·�k|Wj | ≤ 9.

éuäó3 �y². e�õk�^´Q L²�3:u ∈ Wj . d�f4-���½Â, Q þ�õ�

ü�:áuWj , �d�|Wj | ≤ 2.

e��kü^´L²�3:u ∈Wj , �Q1 ÚQ2 ´lv Ñuª:x, y ©OáuPj �ü^@y´

», �À�¦�distPj
(x, y) ����é. d½n5 �distPj

(x, y) ≤ |Q1|+ |Q2| ≤ 4 + 4 = 8. ¤±Wj

¥�õk9 �º:. �z ´x ����:, du��g ≥ 7, 
§��m�õ�±/¤��9 ���,

¤±z ∈Wj , l
k|Wj | ≤ 9.

nþ, k|Wj | ≤ 9. �

d©z�½Â, ·���Ph ÚPj 3ãG ¥ uPk �üý. ±Pk �ÄO, Ø��Pf  uPh �

ý, Pg  uPj �ý.

äó4. éua ∈ {i, f} ·�k|Wa| ≤ 9.

éuäó4 �y². e�õ�^´Q L²�3:u ∈ Wa, d�z�½Â, Q 7,¬BLPb ∈
{Ph, Pj} âU��Pa. d�5SL �½Â�, V (Pa) ≤L V (Pb) ≤L V (Pk), �d�|Wa| ≤ 1.

e��kü^´L²�3:u ∈Wj , �Q1 ÚQ2 ´lv Ñuª:x, y ©OáuPj �ü^@y´

», �À�¦�distPj
(x, y) ����é. dþã?Ø�, Q1 ÚQ2 �BLPb ∈ {Pf , Pi}, �Q1 ÚQ2

�Pb ��:©O�x
′ Úy′, ¿�kxx′ ∈ E(G), yy′ ∈ E(G), PQ′1 = vQ1x

′, Q′2 = vQ2y
′. d½n5

�distPa
(x, y) ≤ 2 + distPb

≤ 2 + |Q′1|+ |Q′2| ≤ 2 + 3 + 3 = 8, �Wa ¥�õk9 �º:. �z ´x �

���:, du��g ≥ 7, 
§��m�õ�±/¤��9 ���, ¤±z ∈Wa, l
k|Wa| ≤ 9.

nþ, k|Wa| ≤ 9. �

äó5. ·�k|Wh ∪Wg| ≤ 9.

éuäó5 �y². d©z�½Â, e�3�^´Q lv Ñu�f4-��Pg þ���:, KQ

�UBLPh �à:wh Úw
′
h.

eWg = ∅, QØ�3lv Ñu�f4-��Pg �´, KWh ∪Wg = Wh. d��äó3 �?Øaq,

k|Wh ∪Wg| = |Wh| ≤ 9.

e�õ�^´Q L²�3:u ∈ Wg, �Q �Ph ��:�wh, PQ′ = vQwh. �Q′′ ´L²�

3:w ∈ Wh �,�^´, �À�¦�distPh
(wh, w) ����^. duWg ¥�:Ñ�²L:wh â

U�f4-��, Kù
:�wh �ål�1, d½n5 �|Wh| ≤ 3. �|Wg| ≥ 2, Ï���g ≥ 7, �

éuWg ¥�?¿ü�:, ÙU/¤������4, �)gñ, �|Wg| ≤ 1 (�õ�¹u). d½n5

�distPh
(wh, w) ≤ |Q′| + |Q′′| ≤ 3 + 4 = 7. ¤±d�Wh ¥�õk8 �º:. �z ´wh ����
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:, du��g ≥ 7, 
§��m�õ�±/¤��8 ���, ¤±z ∈ Wh, l
k|Wh| ≤ 8. �d�

k|Wh ∪Wg| ≤ 8 + 1 = 9.

e��kü^´L²�3:u ∈ Wg, �Q1 ÚQ2 ´lv Ñuª:x, y ©OáuPg �ü^@y

´», �À�¦�distPg
(x, y) ����é. dþã?Ø�, |Wg| ≤ 2 (�õ�¹x, y). �Q1 ÚQ2

�Pb ��:©O�wh Úw
′
h, ¿�kxwh ∈ E(G), yw′h ∈ E(G), PQ′1 = vQ1w

′
h, Q

′
2 = vQ2w

′
h. d½

n5 �distPh
(x, y) ≤ distPh

≤ |Q′1|+ |Q′2| ≤ 3 + 3 = 6, �Wa ¥�õk7 �º:. �z ´x ����

:, du��g ≥ 7, 
§��m�õ�±/¤��8 ���, ¤±z ∈ Wh, l
k|Wh| ≤ 7. �d�

k|Wh ∪Wg| ≤ 7 + 2 = 9.

nþ, k|Wh ∪Wg| ≤ 9. �

dþãäó�

|SemiReach4[G,L, v]| ≤ |Wk|+ |Wj |+ |Wi|+ |Wf |+ |Wh ∪Wg|

≤ 5 + 9 + 9 + 9 + 9

= 41,

�½n7 �y.

d½n2 Ú½n7 �, ½n4 �y.

éu��g ≥ 7 Úg ≥ 10 ��(Ø, Ù���þ.�mkX�Y, ù¢Sþ´ØJn)�: éu

��g ≥ 10 �ã, Ùg,´g ≥ 7 �ã, ���Ø,, =g ≥ 7 ��(J�¹
g ≥ 10 ��(J, ù

�´�¤ù��Y��Ï.
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