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Abstract

Influenza is a typical seasonal infectious disease whose transmission dynamics are in-

fluenced by various factors, such as virus strain type, climate conditions, behavioral

patterns of susceptible individuals, vaccine coverage, and vaccine effectiveness. Con-

sidering the uncertainty inherent in influenza transmission and the characteristics

of distributionally robust optimization, this paper proposes a distributionally robust

optimal control model with moment constraints and a Chebyshev-type objective func-

tional. The model is designed to determine optimal vaccination strategies aimed at

reducing the peak number of influenza-related hospitalizations. By employing linear

duality theory, the inner and outer problems of the resulting optimization framework

are solved separately. Specifically, the inner problem is solved using linear program-

ming, while the outer problem is addressed through a particle swarm optimization

algorithm. Finally, numerical examples are provided to demonstrate the effectiveness

of the proposed approach.
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�8I5U"�Z3|^��55y��{éõëêØ(½��XÚ�©Ù°��`��¯K�
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§8cò©Ù°�`z�{A^u6aDÂ��¯K�ïÄE,��§
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Chebyshev 8I�¼§ò©Ù°��`���{A^uD/¾��`���."ÏL{¤êâ

�ï�
8§é6aD/ÇØ(½5�¼¢�«1�?1�x"3êâØ��½ëê©Ù���

�¹e§�Ñ
��©Ùe4�<ê¸��Ï"���z�¼¢�«üÑ§��¼¢�«üÑ�

½�ë�§k�~�ú�¥)XÚ�Kú"

2. üëêØ(½5D/¾�.

6a´�a3ØÓc°�mDÂrÝ�U�3wÍ�É�615;¾ [10]"du6a¾Ó�A

5§¦�´aöÏL�«6a¼¢¼���¼å�X�mí£
ü$"Ïd=¦�«L¼¢�+

N3��6aGSEk�Ua/6a"Äuù
A:§�©JÑ�a�k�¼Pò!«©�«�

��«<��D/¾ó¿�."

2.1. <+y©�G�Cþ½Â

6a�a/Ç�­wÇ3¼¢�«+N���«¼¢+Nü�+N�mLyÑwÍ��

É [11]"�
�xTA5§�©ò´aö!a/ö!4��öó¿[©�pºxa.�$ºxa

.§y©�G�ó¿�)µ

• pºx´aöS1(t)µÿ�a/���«L¼¢�+N¶

• $ºx´aöS2(t)µ²g,a/xE½ö�«¼¢�§äkÜ©�¼å�+N¶

• pºxa/öI1(t)µ®a/�äkD/Uå�+N¶

• $ºxa/öI2(t)µd$ºx´aöÉa/�äkD/Uå�+N¶

• pºx4��öH1(t)µÏa/uÐ�­w¿�É4�£��+N¶

• $ºx4��öH2(t)µd$ºxa/öÏa/uÐ�­w¿�É4�£��+N¶

• xEöR(t)µa/�xE¿¼�6�5�¼��N¶

• �«öV (t)µÏL¼¢�«¼�6�5�¼��N"
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2.2. �.Ä�b�

3�ÑD/¾�.c§�©�Xeb�µ

• A1£¼¢�«é�b�¤µ¼¢�«=�épºx´a+N¢�"´a�N�¤¼¢�«�

á=¼��¼å§¤��«ö+N"

• A2£<�5�ð½b�¤µ3ïÄ�mºÝS§Ø�Ä<�Ñ)!g,k�9[£Ï�§o

<�5��±ØC"

• A3£�¼P~b�¤µxEö��«öé6aäk�¼å§�T�¼å¬��mÅìP~§�

¼�N�ª­#¤�´aö"

2.3. �.ó¿ã�ëê`²

Figure 1. Compartmental flow diagram of the infectious disease model with waning
immunity

ã 1. �Ä�¼PòÅ��D/¾�.�ó¿6§ã

3b�A1-A3�cJe§�ó¿�m�=£'XXã 1¤«"Ù¥§�ÞL«=£��§¿3

��þI5�A�=£Ç½=£6þ"´aöS1!S2 3�a/öI1 ÚI2 �>�§©O±DÂÇβ!

gβ =£�a/öI1!I2"Ó�§du¼¢�«§öS1 ±zF�«<ê6þu(t) =£��«öV"

a/öI1!I2 ©O±g��Çα!qα =£�xEöR§½±4��Çη!sη =£�4�öH1!H2"

g(< 1) L«$ºx´aö��pºxa/ö��a/VÇ�$¶q(> 1) L«$ºxa/ö��

pºxa/ö�g��m�á¶s(< 1) L«$ºxa/ö��pºxa/ö�4�VÇ��"x

EöR ��«öV ©O±�Çσ �bσ Ô��¼å§¿=£�$ºx´aöS2"ëêb ^u�xg

,�¼�¼¢p��¼üö±Y�m��É"$ºx´aöS2 ±�Çλ =£�S1§±�xé6a

��¼å��mPò����Ô��¯¢"4�öH1 �H2 ©O±�Çθ �mθ =£�xEöR§

m > 1 L«$ºx4��ö��pºx4��ö�xE�m�á"�.¥�ëê�)ÔÆ¹Â®

ouL 1µ
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Table 1. Modle parameters

L 1. �.ëê

ÎÒ ¹Â ü 

N o<� <

β DÂÇ /U

µ Ñ)/k�Ç /U

η pºxa/ö4��Ç /U

α pºxa/ög��Ç /U

θ pºxa/ö4�xE�Ç /U

σ g,a/xE�¼��¼Pò�Ç /U

λ $ºx´aö��¼Pò�Ç /U

u(t) zF�«<ê6þ </U

b ¼¢p��¼Pò��¾g��¼Pò�'Ç Ãþj

g DÂÇ'�£$ºx´aö�épºx´aö¤ Ãþj

q g�Ç'�£$ºxa/ö�épºxa/ö¤ Ãþj

s 4�Ç'�£$ºxa/ö�épºxa/ö¤ Ãþj

m xEÇ'�£$ºx4�ö�épºx4�ö¤ Ãþj

2.4. �.ÄåÆ�§

Äuþãó¿y©±9�ó¿m�=£'X§��D/¾ÄåÆ�.µ

Ṡ1 = µN + λS2 − βS1(I1 + I2)− µS1 − u(t),

Ṡ2 = σ(R+ bV )− λS2 − gβS2(I1 + I2)− µS2,

İ1 = βS1(I1 + I2)− (µ+ η + α)I1,

İ2 = gβS2(I1 + I2)− (µ+ sη + qα)I2,

Ḣ1 = ηI1 − (θ + µ)H1,

Ḣ2 = sηI2 − (mθ + µ)H2,

Ṙ = α(I1 + qI2) + θ(H1 +mH2)− (σ + µ)R,

V̇ = −(µ+ bσ)V + u(t).

(1)

d	§db�A2��§?¿��t§�ó¿<�êþ÷vXeÅð'Xµ

N = S1(t) + S2(t) + I1(t) + I2(t) +H1(t) +H2(t) +R(t) + V (t). (2)
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3. äkChebyshev8I�¼�©Ù°��`���.

8c§<a�¬ÿÃ�{�±[È�Ø615ak�DÂ§ÏdÌ��£ó�´��6a�

DÂ5�§;���6a­w�ö@ç��]
"ÀJÏL�«¼¢����Ãã§±ü$6a

4�<ê¸��`z8Iµ

J(u) := max
t∈[0,T ]

(
H1(t) +H2(t)

)
. (3)

du¼¢��CX´a<+�¤�Lp§Ïd@�o�¼¢êþØUpu,�þ�"Tþ�

�do<���½'~�Ñµ ∫ T

0

u(t) dt ≤ Umax. (4)

�©±364U���±Ï§=3T = 360UÀ�Ü·�¼¢�«üÑu(t)§¦�3Tã�mþ�4�

<ê¸����$§ �
{zQã§P:

x(t) = (x1(t), x2(t), x3(t), x4(t), x5(t), x6(t), x7(t), x8(t)) =
(
S1, S2, I1, I2, H1, H2, R, V

)
, (5)

¿±f
(
x(t), u(t), β

)
L«�©�§| (1)�ª�mà�Ç¥þ¼ê, KT�`���.£ãXeµ

(DROCP) : min
u∈U

max
F∈F

EFJ(u, β) , max
0≤t≤T

(
H1(t) +H2(t)

)
(6)

s.t. ẋ(t) = f
(
x(t), u(t), β

)
, t ∈ [0, tf ], x(0) = x0, (7)

β ∼ F ∈ F
(
µ,Σ

)
:=
{
F
∣∣EF [β] = µ, EF

[
(β − µ)(β − µ)T

]
= Σ

}
, (8)

u(t) ∈ Uad =

{
u(t) ∈ [0, ū]

∣∣∣∣∫ T

0

u(t) dt ≤ Umax

}
. (9)

Ù¥§µ�Σ´ÏL*ÿ{¤êâ���D/Çβ�þ����"

3.1. �.�=z

Äk�ÄlÑ�/§=β ∈ {β1, β2, · · · , βm}"Ù¥βi
(
i = 1, . . . ,m

)
�DÂÇ�lÑ��:"

�½u(t) ∈ Uad9β = βi§PJ
(u)
i = J(u, βi)§9β�©ÙF = {q1, q2, · · · , qm}"5U�IK�U�

��A��d/ªµ

EF [J(u, β)] =
m∑
i=1

qiJ(u, βi) =

m∑
k=1

qi max
t∈[0,T ]

(
H1(t, u, βi) +H2(t, u, βi)

)
. (10)

±9éA�©Ù�å�±�¤Xe/ªµ

(ISP) : min
u

max
q

m∑
i=1

qiJ(u, βi) (11)
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s.t. ẋi(t) = f i
(
xi(t), u(t), βi

)
, t ∈ [0, tf ], xi(0) = x0, (12)

m∑
i=1

qi = 1, (13)

m∑
i=1

qiβi = µ, (14)

m∑
i=1

qi(βi)
2 = µ2 + Σ, (15)

qi ≥ 0, i = 1, · · · ,m, (16)

u(t) ∈ Uad. (17)

�
{BÖ�§�ϕ(t, u, βi) = H1(t, u, βi) + H2(t, u, βi)"�â©z [12]¥�Jacobson-Miele�{§

�±ÏLÚ\~�ηi�Cþyi(t)§zi(t)§wi(t)§�E#��ª�åµ

ηi − ϕ(t, u, βi)− y2i (t) = 0, t ∈ [0, T ],

ẏi(t) = zi(t), t ∈ [0, T ],

żi(t) = wi(t), t ∈ [0, T ],

(18)

±9éA�>.^�µ [
ηi − ϕ(t, u, βi)− y2i (t)

]
t=0

= 0,[
∂ϕ(t, u, βi)

∂t
+ 2yi(t)zi(t)

]
t=0

= 0,[
d2

dt2
ϕ(t, u, βi) + 2z2i (t) + 2yi(t)wi(t)

]
t=0

= 0.

(19)

Px̃ = (x, yi, zi)§��µ

˙̃xi = f̃ i(x̃, u, βi). (20)

du¯K£ISP¤´�55y¯K§��1���k.§S�f¯K�Ùéó¯K�mØ�3éó

mY"Ïd§�¯K£DROCP¤��d/=z�Xe¯Kµ

(Dual-DROCP) min
u,η

min
s
s>b+

∥∥η2∥∥
s.t. s>ai ≥ J(u, βi), i = 1, 2, · · · ,m,

˙̃xi = f̃ i(x̃, u, βi), t ∈ [0, T ], i = 1, 2, · · · ,m, x̃i(0) = x̃0,

ηi − ϕ(t, u, βi)− y2i (t) = 0, i = 1, 2, · · · ,m,

u ∈ Uad.

(21)
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Ù¥

b[1, µ, µ2 + Σ]>, s[s1, s2, s3]
>,

ai[1, βi, (βi)
2]>, i = 1, 2, · · · ,m.

(22)

4. ê��~�(J?Ø

¯K(DROCP)3(�þáu�kÄåXÚ�å�4�4�`z¯K"�,ÏLéó=z�ò

S�'uVÇ©Ù�`z¯K=z��55y¯K§�	�¯KE,�¹��5�D/¾ÄåÆ

�§±94�<ê¸�¼ê§ÏdJ±ÏL)Û�{��¦)"éudap���5�`��¯

K§Äu+�U�éuª`z�{äk�Ð��Û|¢Uå�¢y{B5"

3ê�O�¥§ò¼¢�«��¼êu(t)3�m«m[0, T ]þ?1lÑz§òlÑ����S�

��âf� ��þ§=âf+�{¥�ûüCþ"éu�½���üÑu(t)�lÑëêβi§ÏL

ê�È©¦)�.ÄåÆ�§§��4�<ê;,H1(t) +H2(t)§¿O�éA�¸�

J(u, βi) = max
t∈[0,T ]

(H1(t) +H2(t)).

3÷vVÇ©ÙÝ�å^�e§ÏL�55y¦)���/e�VÇ©Ùqi§l
��8I¼ê

m∑
i=1

qiJ(u, βi).

T���âf+�{�·AÝ¼ê§ÏLØäS��#âf �§�ª��¦6a4�<ê¸�

���¼¢�«üÑ"

4.1. �.ëê�½

4.1.1. (½5ëê

�©¥6a�.�Ì�ëê��Ì�ë�©z [13]"d	§�Ä�g,a/xE�¼���¼

�¼¢p��¼3±Y�mþ��É§�©�âë�©z [14] [15]¥'u�¼Pò�ïÄ(J§é

�'ëê?1
�½§�L 2"

4.1.2. DÂÇβ ��O�?n

�â©z [10] é{I1972–2002 c6a61�¹�µ�(J§Ä�2)êR0 �����

�0.9–2.1§Ùþ���1.3§IOØ�0.05"3�Ñ<�g,k�Ç�b�e§Ä�2)êR0 �D

/Çβ ÷v'X

R0 =
β

µ+ η + α
.
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Table 2. Deterministic parameters

L 2. (½5ëê

ëê ÎÒ ê�

pºxa/ö4��Ç η 0.0015
pºxa/ög��Ç α 0.2
$ºx4�öxE�Ç θ 0.1

�¼Pò�Ç σ 1/180
�¼Ô��Ç λ 1/60

�¼Pò?�Xê b 3/2
DÂÇ?�Xê g 0.064
g�Ç?�Xê q 1.1
4�Ç?�Xê s 0.1
xEÇ?�Xê m 1.1

âd�òR0 =z�D/Çβ§��β �������0.181–0.423§þ���0.262§���

�0.003"

3ê�O�¥§�©À�lÑ8Ü

{0.18, 0.24, 0.30, 0.36, 0.42}

��D/Çβ ��L5��"

4.2. Ð©^�

�.Ð©^��â{I2025c7�1F�<�ýÿêâ(½"du"y°(�Ð©a/5�ê

â§�©ë�®kD/¾ÄåÆïÄ�~�?n�{§b�ÐÏ�3�þa/�N§¿òo<�

�0.01%�½�Ð©a/<ê [16] [17]"Ù{�Nþ?u´aG�"o<�N = 342034432���

ó¿<+Ð©êþXe¤«µ(S1, S2, I1, I2, H1, H2, R, V ) = (0.9999N, 0, 0.0001N, 0, 0, 0, 0, 0)"

4.3. ê�(J?Ø

4.3.1. �¼PòÇσ�(¯Ý©Û

�.ëêb ^u�x�«ö�xEö3�$ºx´aö=z�Çþ��É"ã 2 �Ñ


±σ = 1/180 �ÄO�§�`��üÑ3ØÓ�¼±Y�m£xEUê¤e�Czª³"

?�Ú*	�±uy§3�½�`��üÑe§XÚé�¼PòÇ�6Ä¥yÑ²w�Øé

¡�Aµ��¼k�Ï á�§4�<ê¸�wÍþ,¶
��¼k�Ïò��§¸�Cz��"

lD/¾Ånþw§��¼k�Ï á�§+N�¼J±CX��6aG§��´a<+�

¯È\§l
OrDÂL§§¦�Q½��üÑJ±�±�k���J¶
��¼±Y�mò�

�§XÚDÂÉ�³�§�k��üÑE,U
k��^§Ïd4�¸�Cz��"
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l¢SA^�Ý5w§�½`züÑ�2`z�(JL²§3é�¼k�Ï?1�Å�O�§

ÄuTëê�O��`��üÑ�3�¼±Y�mò��LyÑ�½��Å5§�U
é4�<

ê¸�Jøþ.��§l
�¼�5�µ�Jø��äkS�5�ë�ÄO"

Figure 2. Comparison of fixed and re-optimized control under diffe
-rent immunity waning parameters

ã 2. ØÓ�¼Pòëêe�½���2`z���¯a5é'

4.3.2. �`�«üÑ�(J?Ø

�
©ÛØÓ¼¢�«üÑ3ØÓDÂrÝe����J§�©À�eZ;.DÂÇëêβ ?

1ê��[§¿©O'�Ã�«üÑ!²þ�«üÑ±9�`�«üÑe4�<ê��m�Cz

�¹"ã 3∼4�Ñ
ØÓDÂÇ^�e4�<êÄ�Cz­��'�(J"

Äk§�DÂÇ�$�£Xβ = 0.18¤§¼�DÂ5��N��§4�<ê¸�=�êz<"

3T�¹e§ØÓ¼¢�«üÑ�m��É�ék�§n^­���Nª³���C"ùL²3D

ÂUå�f��/e§¼���äk�½�g�5§¼¢�«üÑé¼�5��K��ék�"

,
§�XDÂÇ�O\§¼�5�×�*�"�β = 0.24 �§Ã�«üÑe4�<ê¸�

®��104 þ?§
²þ�«üÑU
3�½§Ýþü$¼�5�§�E,�3�p�4�<ê"

�'�e§�`�«üÑU
wÍü$4�<ê§3��¼�±ÏS�±�$�4�Y²§w«

Ñ²w`u²þ�«üÑ����J"
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Figure 3. Effects of vaccination strategies on the peak number of hospitalizations under different transmis-
sion rates
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Figure 4. Effects of vaccination strategies on the peak number of hos
-pitalizations under different transmission rates
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[2] Ruszczyński, A. and Shapiro, A. (2003) Stochastic Programming Models. In: Handbooks in

Operations Research and Management Science, Vol. 10, Elsevier, 1-64.

https://doi.org/10.1016/s0927-0507(03)10001-1

[3] Ben-Tal, A., Nemirovski, A. and El Ghaoui, L. (2009) Robust Optimization. Princeton Uni-

versity Press, 1-576.

[4] Goh, J. and Sim, M. (2010) Distributionally Robust Optimization and Its Tractable Approxi-

mations. Operations Research, 58, 902-917. https://doi.org/10.1287/opre.1090.0795

DOI: 10.12677/aam.2026.154168 411 A^êÆ?Ð

https://doi.org/10.1016/s0927-0507(03)10001-1
https://doi.org/10.1287/opre.1090.0795
https://doi.org/10.12677/aam.2026.154168


�±�

[5] Chen, X., Sim, M. and Sun, P. (2007) A Robust Optimization Perspective on Stochastic

Programming. Operations Research, 55, 1058-1071. https://doi.org/10.1287/opre.1070.0441

[6] El Ghaoui, L. and Lebret, H. (1997) Robust Solutions to Least-Squares Problems with Uncer-

tain Data. SIAM Journal on Matrix Analysis and Applications, 18, 1035-1064.

https://doi.org/10.1137/s0895479896298130

[7] Delage, E. and Ye, Y. (2010) Distributionally Robust Optimization under Moment Uncertainty

with Application to Data-Driven Problems. Operations Research, 58, 595-612.

https://doi.org/10.1287/opre.1090.0741

[8] Ye, J., Wang, L., Wu, C., Sun, J., Teo, K.L. and Wang, X. (2025) A Robust Optimal Control

Problem with Moment Constraints on Distribution: Theoretical Analysis and an Algorithm.

Computers & Operations Research, 176, Article 106966.

https://doi.org/10.1016/j.cor.2024.106966

[9] �Z,Ü�L.�aõëêØ(½��XÚ�©Ù°��`��[J].A^êÆ?Ð, 2022, 11(12):

9072-9080. https://doi.org/10.12677/AAM.2022.1112957

[10] Chowell, G., Miller, M.A. and Viboud, C. (2008) Seasonal Influenza in the United States,

France, and Australia: Transmission and Prospects for Control. Epidemiology and Infection,

136, 852-864. https://doi.org/10.1017/s0950268807009144

[11] McLean, H.Q. and Belongia, E.A. (2021) Influenza Vaccine Effectiveness: New Insights and

Challenges. Cold Spring Harbor Perspectives in Medicine, 11, a038315.

https://doi.org/10.1101/cshperspect.a038315

[12] Miele, A., Mohanty, B.P., Venkataraman, P. and Kuo, Y.M. (1982) Numerical Solution of Min-

imax Problems of Optimal Control, Part 1. Journal of Optimization Theory and Applications,

38, 97-109. https://doi.org/10.1007/bf00934325

[13] ö�². ©c#|D/¾ÄåÆ��CD/Ç`z�.�O�[J]. A^êÆ?Ð, 2026, 15(2):

237-246. https://doi.org/10.12677/aam.2026.152065

[14] Tokars, J.I., Patel, M.M., Foppa, I.M., Reed, C., Fry, A.M. and Ferdinands, J.M. (2020)

Waning of Measured Influenza Vaccine Effectiveness over Time: The Potential Contribution

of Leaky Vaccine Effect. Clinical Infectious Diseases, 71, e633-e641.

https://doi.org/10.1093/cid/ciaa340

[15] Ray, G.T., Lewis, N., Klein, N.P., Daley, M.F., Wang, S.V., Kulldorff, M., et al. (2018)

Intraseason Waning of Influenza Vaccine Effectiveness. Clinical Infectious Diseases, 68, 1623-

1630. https://doi.org/10.1093/cid/ciy770

[16] Lachiany, M. and Louzoun, Y. (2016) Effects of Distribution of Infection Rate on Epidemic

Models. Physical Review E, 94, Article 022409. https://doi.org/10.1103/physreve.94.022409

[17] Guo, D., Li, K.C., Peters, T.R., Snively, B.M., Poehling, K.A. and Zhou, X. (2015) Multi-

Scale Modeling for the Transmission of Influenza and the Evaluation of Interventions toward

It. Scientific Reports, 5, Article No. 8980. https://doi.org/10.1038/srep08980

DOI: 10.12677/aam.2026.154168 412 A^êÆ?Ð

https://doi.org/10.1287/opre.1070.0441
https://doi.org/10.1137/s0895479896298130
https://doi.org/10.1287/opre.1090.0741
 https://doi.org/10.1016/j.cor.2024.106966
https://doi.org/10.12677/AAM.2022.1112957
https://doi.org/10.1017/s0950268807009144
https://doi.org/10.1101/cshperspect.a038315
https://doi.org/10.1007/bf00934325
https://doi.org/10.12677/aam.2026.152065
https://doi.org/10.1093/cid/ciaa340
https://doi.org/10.1093/cid/ciy770
https://doi.org/10.1103/physreve.94.022409
https://doi.org/10.1038/srep08980
https://doi.org/10.12677/aam.2026.154168

	1 引言
	2 单参数不确定性传染病模型
	2.1 人群划分与状态变量定义
	2.2 模型基本假设
	2.3 模型仓室图与参数说明
	2.4 模型动力学方程

	3 具有Chebyshev目标泛函的分布鲁棒最优控制模型
	3.1 模型的转化

	4 数值算例与结果讨论
	4.1 模型参数设定
	4.1.1 确定性参数
	4.1.2 传播率  的估计与处理

	4.2 初始条件
	4.3 数值结果讨论
	4.3.1 免疫衰退率的灵敏度分析
	4.3.2 最优接种策略的结果讨论


	5 结论
	5.1 主要结论
	5.2 模型的局限性与未来研究方向


