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Abstract

The main goal of this paper focuses on the Sobolev-type inequalities of Rough Singular

Integral Operator in the Morrey space. By using the pointwise inequality of the Hardy-

Littlewood maximal function and the boundedness in the Morrey space, a Sobolev-

type inequality controlled by the gradient norm for Rough Singular Integral Operator

is obtained on the Morrey space.
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1. Úó

� 0 < [ < n, [�� Riesz ³ I[½Â�

I[(f)(x) = π−
n
2 2−[

Γ(n−[
2

)

Γ( [
2
)

∫
Rn

f(y)

|x− y|n−[
dy,

Riesz ³3PDE ¥���­�A^´ Gagliardo-Nirenberg-SobilevØ�ª [1]

‖f‖Lp̄(Rn) ≤ C‖∇f‖Lp(Rn),

Ù¥ 1 ≤ p < n , p̄ = np
n−p � f ∈ C∞0 (Rn) .

3PDE¥Nõ�§��5ÌÜX ∂ia
ij∂ju3Xê1w�,Ù)����ê�±^o÷ÛÉ

È©�f�^u∆u5L«,ïÄTΩ3Morrey�mþk.5,�±��ïÄ)����êáu

=� Morrey �m,l
ÏL Campanato �mnØ)û)��K5¯K.²; Lp �m�U��

A�??�(J, 
 Morrey �m�êU�N¼ê3��ºÝþ�²þ��,ù3?n�.�

/��'­�.
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Sobolev.Ø�ª��õí2/ªÚA^�ë�©z [1] [2]. �½"�àg¼êΩ : Sn−1 → Rn,

éuÛÜ�È¼êf : Rn → R, o÷ØÛÉÈ©�f½Â� [3]

TΩ(f)(x) = p.v.

∫
Rn

Ω( y
|y|)

|y|n
f(x− y)d(y). (1)

2025c, Hoang-Moen-Perez 3©z[ [1], Theorem 1.1] ¥y²
e¡:�Ø�ª

|TΩ,p(f)(x)| ≤ C‖Ω‖Ln,∞(Sn−1)Ip(|∇f |)(x), f ∈ C∞0 (Rn).

��, Chamorro-Marcoci-Marcoci |^þ¡d Riesz ³���Ø�ª, ��
���°(�

Sobolve .:�Ø�ª[ [4], Theorem 1]. �©�Ì�8�´|^ [4] ¥�Ñ�:�Ø�ª, ÏL

Hardy-Littlewood4�¼ê�k.5, ïÄo÷ÛÉÈ©�f TΩ3Morrey�mþdFÝ�ê��

� Sobolev.Ø�ª.

Sobolev.Ø�ª´ë�ØÓ¼ê�mX Lp, Lq ��m�Ø%óä,Äu½n���Ø�ª�

?�ÚïÄ Orlicz�m, Lorentz�m� Sobolev.Ø�ª9\�Ø�ª,TØ�ªÏLïá�ê�

�¼ê�,3PDE ¥¢y
l/fÈ©¿Â0�/:���0,´ë�¼ê�mnØ��§)��K

5�xù.

�d·�Äk£��
½ÂÚPÒ.

½Â 1 [4] � 1 ≤ p ≤ q <∞, àgMorrey�m Ṁp,q(Rn)½Â�

Ṁp,q(Rn) =

f ∈ Lploc : ‖f‖Ṁp,q(Rn) =: sup
x∈Rn
r>0

(
1

rn(1− pq )

∫
B(x,r)

|f(x)|pdx)

) 1
p

<∞

 , (2)

Ù¥, B(x, r) � Rn± x �¥%, r > 0 ��»�m¥.

� p = q�, k

Ṁp,p(Rn) = Lp(Rn).

½Â 2 [5] � 0 ≤ λ < n , 1 ≤ q <∞ , ²;Morrey�m Lq,λ(Rn)�ê½Â�

‖f‖Lq,λ(Rn) = sup
x∈Rn
r>0

(
1

rλ

∫
Rn
|f(x)|qdx)

) 1
q

. (3)

� λ = 0�, Lq,0(Rn)=�Ï~½Â� Lebesgue�m Lq(Rn) . ¿�kð�ª

‖|f |p‖Lq,λ(Rn) = ‖f‖p
Lqp,λ(Rn)

.
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k' Riesz ³ I[Úo÷ÛÉÈ©�f TΩ�õ�ïÄ(Jë�©z [6]- [14]

2. Ì�(J

½n � n ≥ 2, 1 < ρ < n, "�àg¼ê Ω : Sn−1 → Rn, ÷v
∫
Sn−1 Ωd(σ) = 0, �

Ω ∈ Lρ(Sn−1). TΩ d(1) ª¤½Â. é?¿�½��¢ëê [ , β , ¦� 1 < ρ̄ < [ < β < n , Ù

¥ ρ̄ = ρn
ρn+ρ−n . XJ¼ê f : Rn → R÷v ∇f ∈ Ṁ [, [nβ (Rn) , ∇f ∈ Lp,λ(Rn) , @oé÷v^�

1 < [ < p < +∞�?¿ p, ¤á

‖TΩ(f)(x)‖Lq,λ(Rn) ≤ C‖Ω‖Lρ(Sn−1)‖∇f‖
[
β

Ṁ
[, [n
β

‖∇f‖1−
[
β

Lp,λ(Rn)
, (4)

Ù¥ q = p

1− [
β

.

3. ½n�y²

²; Hardy-Littlewood4�¼êMB ½Â�

MBf(x) = sup
x∈B

1

|B|

∫
B

|f(y)|dy,

Ù¥, B � Rn�?¿m¥.

��¤½n�y², ·�I�e¡Ún.

Ún [3] (:�Ø�ª) � n ≥ 2, 1 < ρ < n, "�àg¼ê Ω : Sn−1 → Rn,
∫
Sn−1 Ωd(σ) = 0,

�÷v Ω ∈ Lρ(Sn−1). TΩ d(1) ª¤½Â. XJ�½��¢ëê [ ,¦� 1 < ρ < [ < n , Ù¥

ρ̄ = ρn
ρn+ρ−n . 2�½��¢ê β , ¦� 1 < [ < β < n . @o,éu¼ê f ∈ C∞0 (Rn) , Kk±e�:

��O

|TΩ(f)(x)| ≤ C‖Ω‖Lρ(Sn−1)(MB(|∇f |[)(x))
1
[
− 1
β ‖∇f‖

[
β

Ṁ
[, [n
β

.

½n�y² 3½nb�e, þ¡�Ún¤á, ¤±

|TΩ(f)(x)| ≤ C‖Ω‖Lρ(Sn−1)(MB(|∇f |[)(x))
1
[
− 1
β ‖∇f‖

[
β

Ṁ
[, [n
β

, (5)

Ù¥ 1 < ρ < n , 1 < [ < β < n .

�¼ê f : Rn → R÷v∇f ∈ Ṁ [, [nβ (Rn),�∇f ∈ Lp,λ(Rn) , 1 < [ < p < +∞ ,�k q = p

1− [
β

. Ïd, d(3) ª, 3(5) üà� Lq,λ�ê, k
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‖TΩ(f)(x)‖Lp,λ(Rn)

= sup
x∈Rn
r>0

(
1

rλ

∫
B(x,r)

|TΩ(f)(x)|qdx)

) 1
q

≤ C‖Ω‖Lρ(Sn−1)‖∇f‖
[
β

Ṁ
[, [n
β

sup
x∈Rn
r>0

(
1

rλ

∫
B(x,r)

(MB(|∇f |[)(x))q(
1
[
− 1
β )

) 1
q

= C‖Ω‖Lρ(Sn−1)‖∇f‖
[
β

Ṁ
[, [n
β

sup
x∈Rn
r>0

(
1

rλ

∫
B(x,r)

(
MB(|∇f |[)(x)

)q( 1
[
− 1
β )
) 1
q (

β−[
β[ )( β[

β−[)

= C‖Ω‖Lρ(Sn−1)‖∇f‖
[
β

Ṁ
[, [n
β

‖MB(|∇f |[)‖
β−[
β[

L
q(
β−[
β[

),λ
(Rn)

.

� [ > 1�, k q(β−[
β[

) = p
[
> 1 . �â Hardy-Littlewood4�¼ê MB 3²; Morrey�m

Lq(
β−[
β[

),λ(Rn)þ�k.5 [10], k

‖TΩ(f)(x)‖Lq,λ(Rn) ≤ C‖Ω‖Lρ(Sn−1)‖∇f‖
[
β

Ṁ
[, [n
β

‖|∇f |[‖
β−[
β[

L
q(
β−[
β[

),λ
(Rn)

.

du

‖|∇f |[‖
β−[
β[

L
q(
β−[
β[

),λ
(Rn)

= ‖∇f‖
β−[
β

L
q(
β−[
β

),λ
(Rn)

,

Kk

‖TΩ(f)(x)‖Lq,λ(Rn) ≤ C‖Ω‖Lρ(Sn−1)‖∇f‖
[
β

Ṁ
[, [n
β

‖∇f‖
β−[
β

L
q(
β−[
β

),λ
(Rn)

.

d p = q(1− [
β

), �

‖TΩ(f)(x)‖Lq,λ(Rn) ≤ C‖Ω‖Lρ(Sn−1)‖∇f‖
[
β

Ṁ
[, [n
β

‖∇f‖1−
[
β

Lp,λ(Rn)
.

l
½n�y.
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