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Abstract

The results of spectral analysis are of great significance for studying the stability of
traveling wave solutions of the double dispersion equation at the critical speed. This
paper investigates the spectral analysis of the Hessian operator for traveling wave
solutions of the double dispersion equation in the critical case. Firstly, based on
the Hamiltonian structure of the equation, we sort out the momentum and energy
conservation laws, construct a functional formed by the linear combination of these
conservation laws, and analyze the relevant properties of this functional at the critical
speed. Secondly, we conduct a systematic spectral analysis of the Hessian operator of
this functional at the critical traveling wave, clarify its kernel space, and prove that
the operator has a unique negative eigenvalue with its essential spectrum lying on the

positive semi-axis.
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1. 5|8

XOUER €0 35 R R DA 3 e ] A v = 2 P A 5 110 T KA AR ) ] BB 5 P R 5 4 £
WL, B SRS 4 3t 220 i AR e V9 () 3 0 54T, AR i 705 ARG i s B 1R S5 U R A E 2 )4
B5MHHE.

A FAEEAHTTFE [1,2] (double dispersion equation) , HJEA A

Ofu—2u+ 02 (02u—Ofu+ |[uf"'u) =0, z€R, t>0,1<p< 0. (1.1)
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HAMEFM:
w(0,2) = ug(x), u(0,2) =ui(x). (1.2)

%77 R [R5 B 28 O gy 5 25 T CLEI e POPR RS IR R B EEROAL A, L7 RRAT DR AR T
KA ¢e(x — ct), Hrr ¢ RPEA S T 77 F2AT I Hessian B 115
Fe XU ORISR RGUE T HT. 4 vo = [7 wi(y)dy, WIZRG W RRA:

Uy = (1 — 87%)*1(11 — sz)z = Uy, (1.3>
vp=(1-02)"" (—uge +u— [ulP~ u), .
R (1.3) MR A RIS HBUE
T8 (i 0 (1-092)7"0,
=JE = . 1.4
8tu J (U)a J < (1 . 83)_1895 0 ) ( )

SCHER [3], Wang S48 H, RS (1.3) 78 HY(R) x HY(R) 2 [A] 2 Jay 0 3& i 1.

R 3 BT IR 225 SRR T T U0 Oy R I S B T AT A P R e M O B AT B R R S WU B
T RAT W AR (K R M 23 A B TR 7 AR 2 Mk 5 (8 BOT- 1 U8 KBV A AR, I HL e 5 AE A 3
RGHREAFAE. X T (1.1), 2015 4F Erbay SFE3CHK [4]FIEW]: Hp > 1 H 25 < @ < 10, 4T

PRRRPIERGER; T p > 2 H @ < b i, ZRPERBE DA T E . 8 b, 5T

+

@ = P2 TATBIR de(x — ct) MFRE MEEBLRINER AL, WA B IUAR Gt r SO0 R 0 A 1 45 I e v

p+3
HEEw.

Foe e AT K2 RT3k [5,6)32 21107772, Grillakis 25 [5,6)25 Hi T W4 %5000 R G AL fff
FEARIG B DL RS e MESS IR, (BB M e — 4 FU15 D0 T SE I A AR e 1) R T4k, W (7)1
I RIE Virial 1855 30 R U S AR )RR B T — 4RI S DR R B AR T, R
H[8-10] kb 45 R4S T —4E IR 2k Klein-Gordon J5 FERE S RAE BT A A N (Fa e MEFE.
4TS T AR S Klein-Gordon J7 2 AL MR AR € PR 20 B vl DL SRk [11). J5 2K, X — i)
T2 N FH B [A 5 FE I AL L R AR AR B M Yin [12)F STk [7) 9 AR R 5 iE B T — 4 Il L5
L~ Klein-Gordon-Zakharov 54t 3F i I HUE A e P Guo & [13|HIL 7 uEM 177 LR HEE
LMt Schrodinger 77 FRAINSLIE MR BB AT E M, RAMIHLL, Li [14]MJia [15]7 HIEM 1 —4Eilm 5
AEEIY ) L Boussinesq 7 #2481 X Benjamin-Bona-Mohony 77 #2147 ¥ fife I8 A Fe e 1.

Stk T SO0 EE E Bl FE I S VAT U AR R s 1, AR AT DA R 3R ORI T VR AT AT, (45
FERIE, BA SRR T Ilm A DU (R e e M Al B OB ) — 28 1840, BRI J0Ar SRR AEAE 3
A AFIA . — MR UL, 4 B A7RAE FURFIEAE, T REZEPE A T A2 R AR EOE K A FRoE B,
B2 BE N AR EURCR, PR AR E M T FRAEE A A% 2 6], VR T RGP AR 1, X
AT 2 J7 PR RN FRBLRS, A smafe e . BN 15 SRl S 4 DL I A E PR 0 A, ARSCER
FETFE (1.1) AT P AR Hessian H 7RI AT /08, & 2%6, BT RIS E WL, Mz S5EE
SPIEAE, MIE SRR LA B2 0K, AT SRR G S B R IR OCHE . R, XHZIZ R A IR
FATIALI Hessian BT /G007 A, BR8], UE RS 1A AEME— SORRIE(E, H A BTIE AL
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2. Fn&EIR
2.1. HERFAEX

N RAESESCHH R S TR, A cg— R T WA S EoE X
¥ f,g € L*(R) = L*(R,R), % X

b - d b
(f.9) Afum@>x
JEKE L2(R) W A—ANSE Hilbert 2%[0). 26l 5+ F 8% £, 5 € (L2(R))® = (L2(R,R))%, & X

<ﬁm=4ﬂmfamm.

Nl

X T B f(2), 36 L9 H flloo = (Ji |f @) d)?, 3 H 6509 [ f s = (1715 + 192 £172)
MF RIS = (£,9)7, e H' 5 H S8 fllacr = (1 15+ llglF)2

2.2. FIERRESHEMER

NP G T 5 I 2 e (B R B S S M A VR ELA T 28, XS AR 77
FRIEAS AR IO O MRNTIE I, 40 200 L 0 S 5 8.

LT @ = (u,0)7 HRGIREEE, YHEEH o = (uo,v0)”s FINS B, = (ée, —cde)",
Hof g, W RATHME. 10 ¢, = [Pde = te,. LIt HES BN RE AT ARG (1.3) HIAE (u, o) 35

p+3
SR SFAZ LSRR, 73 ) sl R R S R s E A

M<u> = /uv + uyv, de = M<u0>, (2.1)
v R Vo

1 1
E<u> :/( Pt ul vt +0l) dx—/|u|p+1dx:E<uo>. (2.2)
v 2 Jr ' p+1Jr Vg

X PR S E A AT AT KB AT N S UE AR R M R SRR, B sPEAAIL T RSTE R R AL
AR R A, GRS N T KRG SRt E (BESREHE) EEE. A, %
A4 (1.3) BA W FATH AR

(U’7 v)T = (¢c($ - Ct)7 _c¢c(x - Ct))T )
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Horr ¢, 2 NIRRT R B (R Re & e/ R F LD
— (1= HO0pptre + (1 — )pe —#* =0, || < 1. (2.3)

AR T RSB ez — cf) [ONJR RS A BIR0. ARHE STk [21) 104518, SRS MNIE. 18
R, H R AR SR RYE: R, TR C1Cy > 0 7 (o] < Cre=Clol RN 7775 3 %L
C3Cy > 01813 [0,0.| < Cse=Cslel B FHBITTIF ¢, = (1 — 2)71Q, Hrh Q Wi FARMEM
(6] i)
—AQ+Q—-Q"=0. (2.4)

B FSRA He T I SO 0 51 28, %51 BN B2 i SR A, IEW T ¢ = e, RXAITH
B IAT NG SR, PR e R A s S A0 2 sl o

513E2.1. & |c| = ¢,, W AT F Xnk 2

aAM ((I)—;) ‘)\:c - 0
JERR. AN THEZE N e (—1,1), A
M (B3) = =216l + 19:012): (2.5)

HILE ik & ik X, AR A M R AL (2.3), M A AL RMEA ¢, 20,0,, HELEE
ey, BANHBHYAXTHAT AN A4S X

(1 - 02) H¢P||i,2 + (1 - 62) H8T¢0|‘i2 - ||¢v||§,_:-%1-1 = 0

1— 2 1— 2
B D houlze ~ 5D 10uul — ol =
H AL Sm .
p_
0.0 72 = 53 oAl (2.6)
2(1 = A2 (p+1
foatgt, = =00 e 2.1
F X (2.6) RN (2.5), /LB TiE
2 + 2
M (85) = =A== ol (2.8)
AL A EWERTIRE R
oa(z) = (1=N)"" Q. (2.9)

FHARN (2.8) TF

—\  2p+2 2\ 527 2
M (@) = A=) Rl
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BT R N KF, KMNA

—\ _ 2p+2 221 p+3
M (B1) =~ (1= )P (L D) Q)

R, N = RA L FHEK KX, F24536

2.3. ZERAEFNE X MR

AT B RE R S E 53 B E, MIE Rz R S, HFRGEHESH—H. ZHRam
HARIE AR S RO ARE T
BUERATE X S, NieEFHES S EFENLEL S, BAEanrs:

S.(@) = E() + cM(@). (2.10)

RGTH
M' (i) = (2::;::) (2.11)
E'(d@) = <_u” jﬁ;m“'“”), (2.12)

Sé(ﬁ) = ( Ugy + U — ‘u|p 1u+c — Uz )

v—vm—l—cu—um

AL PEAN LS B i AR SR P AL, AR SR A0 SRR L. TR f = (f,9)7 € R,

> d =
(a'(), fy = —M(a+rf)
r=0
drr (u—l—Tf)(v—‘r?"g) + (ux +T’fw> (UCE +Tg$) d‘r|r:0

= / wv + rug + 1f + 12 f g+ UpVy + UG + T frVs + T frGa d:L'| o
T Jr =
— [ug+of £ 200+ g + fova+ 20fuge dal,
R

I/ug+vf+umgx+fzvzdx
R

:/ug+vfumgvmfdx
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At
M'(@) = (Z - Z)
4%@=wmw@faﬁmxg@amw(*):ﬁﬁﬁi%ﬁ@&mmﬁammhw%iﬁ

8 f = (f,9)7, M35 AT A5 r] 13

17 - r_ 7fa:z + f *p¢lc)_1f + C(g - gmz)

3. I EER K EUERR

AL %mmﬁiﬁﬁﬁwmnﬁ%g(()m& S L. RS AEAE A TR S — 1
e 0 7 L T
H

é%&?ﬁ%ﬂ¢%mg(@)m&ém
3|383.1. S”( )é’n‘zm&

Ker (Sg (@)) = {a@waz o€ R} .

—

IERR. iR A% F 7 OV e fe {a&;(ﬁ fa € R}, ¥ f = aaquZ RN Hessian 81 %
X, FESAEBHELGWR T4 (2.3) BT HTF

s2(87) 7 52 () (o0.)

_ a<ax (& = 1)0pupe + (1 =) p — ¢€)) = 6)
a —c, + c(Dpe)” + et — c(Dude)” )

fmféfy(()%ﬁlm,uﬁ
Ker (Sg (@)) D {aaquZ ‘a € R} .
&T%ﬁ%H@Aﬁﬁﬁfemqg(QD EQKD¢S«0)%%kKT$m

—Opaf + [ — 2 f 4 cg — €Opag = 0,
(3.1)

— Opag +cf — O f = 0.

—

B (3.1) PEEAFEX, TUUFE g=—cf +a1e” +age ™. E%FE f=(f9)T € H(R) x H(R)
BA &R F 7 TN, MABEOERARMLIAAE, P oy =as =0.

ARIE Weinstein [22]694538, T 4o
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FEF KT Hessian B B 57077 7], 1IE B H 2/ AEE — AN URIEE, 8 J5 S0 — P 45 10 (i 2.

TS FEL S (q?c) (AN 7 16, 3 A S (qi) T MR AR

5133.2. % ey b 8.0
e cPc = o c = UzazPe
i) T=(70)

)
Se (@) . = .. (3.2)
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. A TRIEEE [ = (f,9)7, BEALTH
(81(8) F.F) =((=0e + 1= po2 1)1 1)
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AT =0y +1-pQr ', 0 ¢, =(1—)77Q #
(=0ua + 1 =D [, ) = (1= ENTS ) + A, (1= 0ua) ) (3.5)
AR TREFX
(9, (1 = Dua)g) +2¢(f, (1 = ua)g) + A(f, (1= Dua) f) = g + ef I 7 -
F (3.5) RN (3.4) B 132
(87(8) F.F) = (1= ENTL ) + g+ cf s (3.6)
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