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Abstract

The results of spectral analysis are of great significance for studying the stability of

traveling wave solutions of the double dispersion equation at the critical speed. This

paper investigates the spectral analysis of the Hessian operator for traveling wave

solutions of the double dispersion equation in the critical case. Firstly, based on

the Hamiltonian structure of the equation, we sort out the momentum and energy

conservation laws, construct a functional formed by the linear combination of these

conservation laws, and analyze the relevant properties of this functional at the critical

speed. Secondly, we conduct a systematic spectral analysis of the Hessian operator of

this functional at the critical traveling wave, clarify its kernel space, and prove that

the operator has a unique negative eigenvalue with its essential spectrum lying on the

positive semi-axis.
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1. Úó

V­ÚÑ�§��£ã�(��N¥��5ÅDÂ�­�êÆ�., ÏÓ��¹ü«¿�ÚÑ

Å�, U�°[/�x��5Å�ÄåÆ1�, 3�NåÆ!��5ÅÄnØ�+�äk­��Ô

n�A^d�.

�©ïÄV­ÚÑ�§ [1, 2]£double dispersion equation¤, Ù/ª�

∂2
t u− ∂2

xu+ ∂2
x

(
∂2
xu− ∂2

t u+ |u|p−1u
)

= 0, x ∈ R, t > 0, 1 < p <∞. (1.1)
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ÙÐ�^��:

u(0, x) = u0(x), ut(0, x) = u1(x). (1.2)

T�§Ó��¹��ÚÑ� uxxtt ��mÚÑ� uxxxx ü«Õá�p�ÚÑÅ�§d�§1Å)/

ª� φc(x− ct), Ù¥ c�Å��©ïÄd�§1Å) Hessian�f�Ì.

òV­ÚÑ�§U����XÚBuÌ©Û. - v0 =
∫ x
−∞ u1(y)dy, KTXÚ�L«�:{

ut = (1− ∂2
x)−1(v − vxx)x = vx,

vt = (1− ∂2
x)−1 (−uxx + u− |u|p−1u)x .

(1.3)

XÚ (1.3)�L«�XeM�î/ªµ

∂t~u = JE′(~u), J =

(
0 (1− ∂2

x)−1∂x

(1− ∂2
x)−1∂x 0

)
. (1.4)

©z [3]¥, Wang��Ñ, XÚ (1.3)3 H1(R)×H1(R)�m¥´ÛÜ·½�.

Ì©Û�(JéuïÄV­ÚÑ�§�.�Ýe1Å)�­½5�¹äk­�¿Â. V­ÚÑ

�§1Å)�­½5©ÛkÏu�«��5�ÚÑ²ïeÅ��Ïüz5Æ, �äÙUÄ3Ôn

XÚ¥­½�3. éu (1.1), 2015c Erbay�3©z [4]¥y²: � p > 1� p−1
p+3

< c2 < 1�, 1

Å)´;�­½�; 
� p ≥ 2� c2 < p−1
p+3
�, T)Ï�»¥yrØ­½5. ��8c, �.�/

c2 = p−1
p+3
e1Å) φc(x− ct)�­½5�¹ÏÌòz!M�îXÚ¥�é¡�f�÷��¯K
v

k(Ø.

­½5�©Û�õ´Äu©z¥ [5,6]J���{, Grillakis� [5,6]�Ñ
M�îXÚ�áÅ)

3��.�¹e�­½5(J, �vk)û���.�¹e7Å)�­½5¯K. Cc5, Wu [7]Ï

L�E Virialð�ª¿A^N�nØÚr�5y²
���.�¹e7Å)�;�Ø­½5, ¿�

n [8–10] �©z¥�(Ø�Ñ
����5 Klein-Gordon�§7Å)3¤kªÇe�­½5nØ.

p��/���5 Klein-Gordon�§��áÅ)�­½5©Û��©z [11]. �5, ù��{�2

�A^�ØÓ�§�.�¹e)�­½5©Û: Yin [12]^©z [7]¥Ó���{y²
���.�

¹e Klein-Gordon-ZakharovXÚ7Å)�;�Ø­½5; Guo� [13]^d�{y²
2Â�ê�

�5 Schrödinger�§�áÅ)�;�Ø­½5; aq/�¹, Li [14]ÚJia [15]©Oy²
���.

ªÇ�2Â Boussinesq�§Ú2Â Benjamin-Bona-Mohony�§1Å)�;�Ø­½5.

éuV­ÚÑ�§�.�¹1Å)�­½5, ��±�Äþã©zaq��{?1©Û, ��

5¿�´, ±þ©zéu�.�¹)�­½5©ÛÑk'���Ú: Ì©Û, =©ÛKA���ê!

Ø�mÚ��Ì. ��5`, e�f�3KA��, KéA�5z�§¥�êO��Ø­½��, 6

Ä¬��m�ê��, ���5Ø­½5; 
"A���¤�Ø�m, 
uXÚ�²£ØC5, éA

1Å÷ x��²£�é¡��, ØK�­½5�½. Ïd�
�Y�.�¹�­½5©Û, �©à

��§ (1.1)�1Å) Hessian�f�Ì?1©Û. Äk, Äu�§�M�î(�, ÎnÄþ�Uþ

ÅðÆ, �EdÅðÆ�5|Ü��¼, ©ÛT�¼3�.�Ýe��'5�. Ùg, éT�¼3�

.1Å?� Hessian�f?1XÚÌ©Û, ²(ÙØ�m, y²�f�3��KA��, ���Ì 

DOI: 10.12677/aam.2026.155213 123 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.155213


o7

u��¶. �©�Ù{Ü©V¹Xe: 1 2!�ý��£, XÚÎn¿�[�ã�YnØ©Û�y

²L§¤I�Ø%Vg!­�½Â9'�nØóä. Ì��): �'¼ê�m�SÈ��ê5�L

ã, Äþ!UþÅð½Æ�äN/ª, ±9Ä�)��a)Û5�; d	, �ò�[0�C©�¼�

�E�{, 9Ù��!��C©�Ø%5�. 1 3!Äu©z [16–20]é1 2!¤�E��¼ Sc 3

1Å�.:
−→
Φc ?� Hessian�f S′′c

(−→
Φc

)
?1Ì©Û, �)Ø�m�x!KA���ê�½�'

�SN. ���!Ké¤���(Ø?1o(.

2. ý��£

2.1. �'SÈ½Â

�
�y�©O���O�5�5, �©Ú�æ^XeSÈ��ê½Â.

éu f, g ∈ L2(R) = L2(R,R), ½Â

〈f, g〉 =

∫
R
f(x)g(x) dx,

¿ò L2(R)À���¢ Hilbert�m. aq/, éu¼ê ~f,~g ∈ (L2(R))
2

= (L2(R,R))
2
, ½Â

〈~f,~g〉 =

∫
R

~f(x)T · ~g(x) dx.

éu¼ê f(x), Ù Lq �ê ‖f‖Lq =
(∫

R |f(x)|q dx
) 1

q , Ù H1 �ê� ‖f‖H1 = (‖f‖2L2 + ‖∂xf‖2L2)
1
2 .

éu�þ¼ê ~f = (f, g)T , Ù H1 ×H1�ê ‖~f‖H1×H1 = (‖f‖2H1 + ‖g‖2H1)
1
2 .

2.2. ÅðÆ9Ä�)5�

��!òXÚ�ã¤ïÄ��5ÚÑXÚ�ÅðÆ(�!1Å)�äN/ª, ±9éAý��

§Ä�)�Ø%)Û5�, ¿�Ñ�x�.Å��'�Ún.

-�þ¼ê ~u = (u, v)T �XÚ�G�Cþ, Ð�P� ~u0 = (u0, v0)
T

, Ó�-
−→
Φc = (φc,−cφc)T ,

Ù¥ φc ��§1Å). P cp =
√

p−1
p+3

c = ±cp. ²Lí��È©�y��XÚ (1.3)�) (u, v)T ÷

vü^Ø%ÅðÆ, ©O�ÄþÅðÆ�UþÅðÆ:

M

(
u

v

)
=

∫
R
uv + uxvx dx = M

(
u0
v0

)
, (2.1)

E

(
u

v

)
=

1

2

∫
R

(
u2 + u2x + v2 + v2x

)
dx− 1

p+ 1

∫
R
|u|p+1 dx = E

(
u0
v0

)
. (2.2)

ùüaÅðÆ´©Û1Å�ÏÄåÆ1��;�­½5�Ä:, ÄþÅðÆNy
XÚ3�müz

L§¥Äþ�¼�ØC5, UþÅðÆK�N
XÚoUþ£�¹ÄU�³U¤�Åð5. d	, T

XÚ (1.3)äkXe1Å):

(u, v)T = (φc(x− ct),−cφc(x− ct))T ,
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Ù¥ φc´eãý��§�Ä�)£=Uþ����²�)¤:

− (1− c2)∂xxφc + (1− c2)φc − φpc = 0, |c| < 1. (2.3)

Tý��§´ÏLò φc(x − ct)�\��§����. �â©z [21]�(Ø, TÄ�)��!ó

¼ê, �äk�êP~5: �°(/`, �3~ê C1C2 > 0¦� |φc| ≤ C1e
−C2|x|, Ó��3~ê

C3C4 > 0¦� |∂xφc| ≤ C3e
−C4|x|. ÏL �C��� φc = (1 − c2)

1
p−1Q, Ù¥ Q÷vXeIOý

�¯K:

−∆Q+Q−Qp = 0. (2.4)

�e5�Ñ'u�.Å��Ún, TÚnlÄþ�¼�ê��Ý, y²
 c = ±cp ´«©1Å
ÄåÆ1���.�, Ïd�òÙ¡��.ªÇ½�.Å�.

Ún2.1. � |c| = cp, K±e�ª¤á

∂λM
(−→

Φλ

)∣∣∣
λ=c

= 0.

y². Äkéu?¿ λ ∈ (−1, 1), k

M
(−→

Φλ

)
= −λ(‖φλ‖2L2 + ‖∂xφλ‖2L2). (2.5)

�z{þãL�ª, |^Ä�)÷v�ý��§ (2.3), éÙü>Ó�¦± φc, x∂xφc, ¿3�¢¶þ

È©, (Ü©ÜÈ©úª��±eü�'�ð�ª:(
1− c2

)
‖φc‖2L2 +

(
1− c2

)
‖∂xφc‖2L2 − ‖φc‖p+1

Lp+1 = 0,

(1− c2)
2

‖φc‖2L2 −
(1− c2)

2
‖∂xφc‖2L2 −

1

p+ 1
‖φc‖p+1

Lp+1 = 0.

����

‖∂xφλ‖2L2 =
p− 1

p+ 3
‖φλ‖2L2 , (2.6)

‖φλ‖p+1
Lp+1 =

2(1− λ2)(p+ 1)

p+ 3
‖φλ‖2L2 . (2.7)

òª (2.6)�\ (2.5), z{���

M
(−→

Φλ

)
= −λ2p+ 2

p+ 3
‖φλ‖2L2 . (2.8)

(Üc©�Ñ� �C�'X

φλ(x) =
(
1− λ2

) 1
p−1 Q. (2.9)

òÙ�\ (2.8)��

M
(−→

Φλ

)
=

2p+ 2

p+ 3
(−λ

(
1− λ2

) 2
p−1 ) ‖Q‖2L2 .
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�e5é λ¦�, ·�k

∂λM
(−→

Φλ

)
=

2p+ 2

p+ 3
(1− λ2)

2
p−1−1(−1 +

p+ 3

p− 1
λ2)‖Q‖2L2 .

��, ò λ2 = p−1
p+3
�\þã�êL�ª, ��(Ø.

2.3. �¼��EÚ�'5�

�!Äuc©�Ñ�UþÅð�ÄþÅð, �E'��¼ Sc, ¿XÚí�Ù��!��C©�

äN/ª�Ø%�ê5�.

y3·�½Â Sc�UþÅð�ÄþÅð��5|Ü, äN/ªXe:

Sc(~u) = E(~u) + cM(~u). (2.10)

¦���

M ′(~u) =

(
v − vxx
u− uxx

)
, (2.11)

E′(~u) =

(
−uxx + u− |u|p−1u

v − vxx

)
, (2.12)

S′c(~u) =

(
−uxx + u− |u|p−1u+ c(v − vxx)

v − vxx + c(u− uxx)

)
.

ùp=�[�ÑÄþÅð�¦�L§, UþÅð��êÓn. éu?¿� ~f = (f, g)T ∈ R2,

〈
M ′(~u), ~f

〉
=

d

dr
M(~u+ r ~f)

∣∣∣∣
r=0

=
d

dr

∫
R
(u+ rf)(v + rg) + (ux + rfx) (vx + rgx) dx|r=0

=
d

dr

∫
R
uv + rug + rvf + r2fg + uxvx + ruxgx + rfxvx + r2fxgx dx

∣∣
r=0

=

∫
R
ug + vf + 2rfg + uxgx + fxvx + 2rfxgx dx|r=0

=

∫
R
ug + vf + uxgx + fxvxdx

=

∫
ug + vf − uxxg − vxxf dx

=

〈(
v − vxx
u− uxx

)
,

(
f

g

)〉
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Ïd,

M ′(~u) =

(
v − vxx
u− uxx

)
.

ò
−→
Φc = (φc,−cφc)T ���\ S′c(~u)�� S′c

(−→
Φc

)
=
−→
0 , =

−→
Φc´�¼ Sc��.:. d	, éu¢�

�þ ~f = (f, g)T , é��C©2g?1C©O���

S′′c

(−→
Φc

)
~f =

(
−fxx + f − pφp−1c f + c(g − gxx)

g − gxx + c(f − fxx)

)
. (2.13)

3. Ì©Û(J9Ùy²

�!ÏL�X�Ún, (½ Hessian�f S′′c

(−→
Φc

)
�Ø�m(�!KA����35���5,

���xÙÌA�.

Äk3e¡Ún¥�Ñ S′′c

(−→
Φc

)
�Ø�m.

Ún3.1. S′′c

(−→
Φc

)
�Ø÷v

Ker
(
S′′c

(−→
Φc

))
=
{
α∂x
−→
Φc : α ∈ R

}
.

y². ky�¹'X ′′ ⊃′′. é?¿ ~f ∈
{
α∂x
−→
Φc : α ∈ R

}
§ò ~f = α∂x

−→
Φc �\ Hessian�fL

�ª, ¿(ÜÄ�)÷v�ý��§ (2.3)��O���

S′′c

(−→
Φc

)
~f = S′′c

(−→
Φc

)(
α∂x
−→
Φc

)
= α

(
∂x ((c2 − 1)∂xxφc + (1− c2)φc − φpc)
−cφ′c + c(∂xφc)′′ + cφ′c − c(∂xφc)′′

)
=
−→
0 .

u´ ~f áu S′′c

(−→
Φc

)
�Ø�m, l


Ker
(
S′′c

(−→
Φc

))
⊃
{
α∂x
−→
Φc : α ∈ R

}
.

�e5y² ′′ ⊂′′. é?¿ ~f ∈ Ker
(
S′′c

(−→
Φc

))
, d (2.13)¥ S′′c

(−→
Φc

)
�L�ª�íÑ


−∂xxf + f − pφp−1c f + cg − c∂xxg = 0,

g − ∂xxg + cf − c∂xxf = 0.

(3.1)

d (3.1)¥�1���ª, �±�� g = −cf +α1e
x +α2e

−x. 5¿� ~f = (f, g)T ∈ H1(R)×H1(R)

äk�Û²��È5, ��êO��Xê7L�", = α1 = α2 = 0.

�âWeinstein [22]�(Ø, ��
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{
f = α∂xφc,

g = −αc∂xφc,
∀α ∈ R.

ùL² ~f ∈
{
α∂x
−→
Φc : α ∈ R

}
, l


Ker
(
S′′c

(−→
Φc

))
⊂
{
α∂x
−→
Φc : α ∈ R

}
.

nÜþãü��¹'X, =�

Ker
(
S′′c

(−→
Φc

))
=
{
α∂x
−→
Φc : α ∈ R

}
.

�e5©Û Hessian�f�K��, y²Ù���3��KA��, ��Y��5(Ø�Á=.

e¡�Ún�Ñ S′′c

(−→
Φc

)
���K��, ¿ddíÑ S′′c

(−→
Φc

)
��k��KA��.

Ún3.2. �
~ψc =

1

2c

(
∂cφc
−c∂cφc

)
,
−→
Ψc =

(
φc − ∂xxφc

0

)
,

K

S′′c

(−→
Φc

)
~ψc =

−→
Ψc. (3.2)

d	, 〈
S′′c

(−→
Φc

)
~ψc, ~ψc

〉
< 0.

y². ò ~ψc �\ (2.13)¥, ¿|^ý��§ (2.3)z{, ��O���

S′′c

(−→
Φc

)
~ψc =

1

2c

(
∂c((c

2 − 1)∂xxφc + (1− c2)φc − φpc) + 2cφc − 2c∂xxφc
−c∂cφc + c∂xxcφc + c∂cφc − c∂xxcφc

)
,

dd��

S′′c

(−→
Φc

)
~ψc =

(
φc − ∂xxφc

0

)
=
−→
Ψc. (3.3)

y3y²
〈
S′′c

(−→
Φc

)
~ψc, ~ψc

〉
< 0§d (3.3)��

〈
S′′c

(−→
Φc

)
~ψc, ~ψc

〉
=
〈−→

Ψc, ~ψc

〉
=

∫
R

(φc − ∂xxφc, 0) · 1

2c

(
∂cφc
−c∂cφc

)
dx

=
1

2c

∫
R

(φc∂cφc + ∂xφc∂c∂xφc) dx

=
1

4c
∂c

(
‖φc‖2L2 + ‖∂xφc‖2L2

)
.

(Ü (2.6)Ú (2.9), ��

∂c ‖φc‖2L2 = − 4c

p− 1
(1− c2)

2
p−1−1 ‖Q‖2L2 ,
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±9

∂c ‖∂xφc‖2L2 = − 4c

p+ 3
(1− c2)

2
p−1−1 ‖Q‖2L2 .

�\�Ü¿z{��〈
S′′c

(−→
Φc

)
~ψc, ~ψc

〉
= −

(
1

p− 1
+

1

p+ 3

)
(1− c2)

2
p−1−1 ‖Q‖2L2 < 0.

ÄuþãK����35, ?�Úy² Hessian�f S′′c

(−→
Φc

)
k�=k��KA��.

Ún3.3. S′′c

(−→
Φc

)
k�=k��KA��.

y². éu¢��þ ~f = (f, g)T , ��O���〈
S′′c

(−→
Φc

)
~f, ~f
〉

=〈(−∂xx + 1− pφp−1c )f, f〉

+ 〈g, (1− ∂xx)g〉+ 2c〈f, (1− ∂xx)g〉. (3.4)

- T = −∂xx + 1− pQp−1, d φc = (1− c2)
1

p−1Q�

〈(−∂xx + 1− pφp−1c )f, f〉 = (1− c2)〈Tf, f〉+ c2〈f, (1− ∂xx)f〉. (3.5)

5¿�Xeð�ª

〈g, (1− ∂xx)g〉+ 2c〈f, (1− ∂xx)g〉+ c2〈f, (1− ∂xx)f〉 = ‖g + cf‖2H1 .

ò (3.5)�\ (3.4)�z{��〈
S′′c

(−→
Φc

)
~f, ~f
〉

= (1− c2)〈Tf, f〉+ ‖g + cf‖2H1 . (3.6)

�â©z [22]�(Ø, �f T k�=k��KA��, ù¿�X S′′c

(−→
Φc

)
k�=k��KA��.

ÄuþãÚn, �ª�ÑS′′c

(−→
Φc

)
�Ì©Û½n.

½n3.4. S′′c

(−→
Φc

)
�lÑÌ� µ0, 0, ��Ì� [δ,+∞).

y². d (2.13)¥ S′′c

(−→
Φc

)
�Ðm, �ò S′′c

(−→
Φc

)
U��

S′′c

(−→
Φc

)
= L+ V,

Ù¥ L =

(
1− ∂xx c(1− ∂xx)

c(1− ∂xx) 1− ∂xx

)
, V =

(
−pφp−1c 0

0 0

)
. u´ V ´g��f L�;6Ä.

Äk�Ñ L���Ì. 5¿é?¿ ~f = (f, g)T ∈ H1(R)× H1(R),
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〈L~f, ~f〉 =

〈 1− ∂xx c(1− ∂xx)

c(1− ∂xx) 1− ∂xx

(f
g

)
,

(
f

g

)〉

=

∫
R

(−∂xxf + f + cg − c∂xxg, cf − c∂xxf + g − ∂xxg) ·
(
f

g

)
dx

= ‖∂xf‖2L2 + ‖∂xg‖2L2 + ‖f‖2L2 + ‖g‖2L2 + 2c〈f, g〉+ 2c〈∂xf, ∂xg〉

= ‖~f‖2H1×H1 + 2c〈f, g〉+ 2c〈∂xf, ∂xg〉.

éu��ü�, A^ YoungØ�ª, k

|2c〈f, g〉+ 2c〈∂xf, ∂xg〉| ≤ |c|‖~f‖2H1×H1 .

Ïd§

〈L~f, ~f〉 ≥ (1− |c|)‖~f‖2H1×H1 .

du |c| < 1, ��

〈L~f, ~f〉 & ‖~f‖2H1×H1 ,

ù¿�X�3 δ > 0¦� L���Ì� [δ,+∞). �âWeyl½n, S′′c

(−→
Φc

)
� Läk�Ó���Ì.


Ún 3.1¥®�� S′′c

(−→
Φc

)
�Ø, �Ún 3.3L² S′′c

(−→
Φc

)
k�=k��KA��. PTKA�

�� µ0, ÙéA�KA��þ� ~η0. Ïd S′′c

(−→
Φc

)
�lÑÌ� µ0, 0, ��Ì� [δ,+∞).

4. (Ø

�©ïÄ
�.�¹�V­ÚÑ�§1Å) Hessian�f�Ì©Û, �E
|Ü�¼ Sc, ©Û


�f�Ø�m(�, y²Ù�3��KA�����Ì u��¶, ��.�Ýe1Å)�Ø­

½5ïÄJø
'�nØ| . �­��´, �©¤�Ì©Û(J�Úó¥J9��.^�e­½

5©Û�'©z�Ì(Ø/ª��, ùL²�?�ÚmÐ�.Å�e1Å)�­½5ïÄ, �)r

�5�O!N�nØ� Virial�ª��E��Yó�. äN5`, dÚó¥J���.^�e­½

5©Û��'©z, é Hessian�f?1Ì©Û��, dÌ©Û�(J�±y²d�f3÷v�½

��^�e�r�5, 
�Y�N�nØKL²r�5¥���^�´¤á�, ��I�ÏL�E

Virial�ª¿éÙ�ê?1�OÏL�y{5y²�.�¹e�;�Ø­½5. �,, ù
�´�

V�Ú½©Û, äN(ØI��Y?1î��y². XJU��d�§�.�¹e�­½5(Ø, @

oò�õV­ÚÑ�§1Å)�­½5nØNX, Ó���Ù§òzÚÑ�.)�­½5©ÛJø
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