
Advances in Applied Mathematics A^êÆ?Ð, 2026, 15(5), 284-298

Published Online May 2026 in Hans. https://www.hanspub.org/journal/aam

https://doi.org/10.12677/aam.2026.155229

'u�f�éêg��/ª Audenaert
Ø�ª���í2

ooo !!!§§§¸̧̧æææ³³³

��nó�ÆêÆÆ�§ìÜ ��

ÂvFÏµ2026c4�19F¶¹^FÏµ2026c5�13F¶uÙFÏµ2026c5�20F

Á �

�©3�k� von Neumann �ê��/e§ïÄ
�a� Audenaert Ø�ª�'�éêg�

�Ø�ª"AO/§·��òdaØ�ªí2�
÷/�f��/"

'�c

von Neumann �ê§éêg��Ø�ª§\�AÛþ�

On a Logmajorization Version of
Audenaert’s Inequality for Operators

Yun Li, Yazhou Han

College of Mathematics, Taiyuan University of Technology, Taiyuan Shanxi

Received: April 19, 2026; accepted: May 13, 2026; published: May 20, 2026

Abstract

In the setting of semifinite von Neumann algebras, we study a class of log-majorization
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inequalities related to the Audenaert inequality. In particular, we extend such inequal-

ities to the case of sectorial operators.
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1. Úó

�Mn(C)L«�N n× n EÝ
¤�¤��ê.eé?¿�"�þ x ∈ CnÑk x∗Ax ≥ 0, K

¡A ∈Mn(C)���½Ý
.�A,B ∈Mn(C),¡A�Bf��(weak majorization),P�A ≺w B
½ s(A) ≺w s(B),eé?¿� k = 1, . . . , nÑk

k∑
i=1

si(A) ≤
k∑
i=1

si(B),

Ù¥ {si(A)} Ú {si(B)} ©O� A Ú B �ÛÉ�. e?�Ú3 k = n ��Ò¤á, K¡ A �

B ��(majorization), P� A ≺ B ½ s(A) ≺ s(B). aq/, ¡ A � Béêf��(weak log-

majorization),P� A ≺w log B ½ s(A) ≺w log s(B),eé?¿� k = 1, . . . , n Ñk

k∏
i=1

si(A) ≤
k∏
i=1

si(B).

e?�Ú3 k = n��Ò¤á,K¡ A� Béê��(log-majorization),P� A ≺log B½ s(A) ≺log

s(B).

é A ∈ Mn(C),PÙ¢Ü�JÜ©O� <A� =A.e <A�½,K¡ A�O)�f(accretive)

[1]. A�ê��½Â�

W (A) = {x∗Ax : ‖x‖ = 1}.

é θ ∈ [0, π/2),½Â÷/

Sθ = {z ∈ C : <z > 0, |=z| ≤ tan θ<z}.
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� A,B ∈Mn(C)÷vW (A), W (B) ⊆ Sθ,� α ∈ (0, 1).½Â A� B � α-\�AÛþ� [2]�

A]αB :=
sinαπ

π

∫ ∞
0

tα−1(A−1 + tB−1)−1dt.

�d/

A]αB =
sinαπ

π

∫ ∞
0

tα−1A(B + tA)−1dt.

� A,B �î���f�,T½Âòz�²;L�ª

A]αB =
sinαπ

π

∫ ∞
0

tα−1(A−1 + tB−1)−1dt = A1/2(A−
1
2BA−

1
2 )αA1/2.

3ïÄÝ
Ø�ª9Ù3�fnØ¥�A^�, Fan|��n�üX­��Ú.T�n�Ñ,é

?¿ü�Ý
 A,B, s(A) ≺w s(B)¤á��=�é¤kjØC�êÑk |||A||| ≤ |||B|||.3éÝ

g�\5Ø�ª�ïÄ¥, Bourin [3]JÑXe¯K:�½ü���½Ý
 A,B ��¢ê p, q,´Ä

éu?¿jØC�ê ||| · |||ok

|||Ap+q +Bp+q||| ≤ |||(Ap +Bp)(Aq +Bq)|||

¤á? �5, Hayajneh � Kittaneh [4] òþã¯Kí2�����ß�. ¦��Ä÷v��^�

A1B1 = B1A1� A2B2 = B2A2���½Ý
 A1, A2, B1, B2,¿ß�é?¿jØC�êk

|||A1B1 +A2B2||| ≤ |||(A1 +A2)(B1 +B2)|||.

¦�3©z [4]¥�y
þãØ�ªé,�ê� Hilbert-Schmidt�ê¤á. ��, Audenaert [5]?

�Úí2
þã(J,y²
é?¿jØC�ê,����Ø�ª∣∣∣∣∣
∥∥∥∥∥
m∑
i=1

AiBi

∥∥∥∥∥
∣∣∣∣∣ ≤

∣∣∣∣∣
∥∥∥∥∥
(

m∑
i=1

Ai

)(
m∑
i=1

Bi

)∥∥∥∥∥
∣∣∣∣∣ ,

o´¤á�,Ù¥ AiBi = BiAi � Ai, Bi þ���½Ý
. 'uù����?�ÚuÐ,�ë�©

z [6]. 3dÄ:þ, Hoa [2]òÙí2�����/,��
'u��
'u\�AÛþ���êØ

�ª:

∥∥∥∥∥
∣∣∣∣∣
(

m∑
i=1

(Ai]αBi)

)r∣∣∣∣∣
∥∥∥∥∥ ≤

∥∥∥∥∥∥∥
∣∣∣∣∣∣∣
( m∑

i=1

Bi

)αpr
2
(

m∑
i=1

Ai

)(1−α)pr( m∑
i=1

Bi

)αpr
2

 1
p

∣∣∣∣∣∣∣
∥∥∥∥∥∥∥

≤

∥∥∥∥∥∥∥
∣∣∣∣∣∣∣
( m∑

i=1

Ai

)(1−α)pr( m∑
i=1

Bi

)αpr 1
p

∣∣∣∣∣∣∣
∥∥∥∥∥∥∥ , (1)

Ù¥ Ai, Bi ��½Ý
, r ≥ 1!p > 0!α ∈ [0, 1].��, Hayajneh � Kittaneh [7]?�Ú��
�
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�°[�éê��/ª:

s

(
m∑
i=1

Ai]αBi

)r
≺log s

( m∑
i=1

Bi

)αpr
2
(

m∑
i=1

Ai

)(1−α)pr( m∑
i=1

Bi

)αpr
2

1/p

≺log s

( m∑
i=1

Ai

)(1−α)pr( m∑
i=1

Bi

)αpr1/p

. (2)

·�5¿�þãØ�ªþé�½Ý
¤á,
3�f�+nØÚ �©�§+�,I��Ä�

���Ý
½�f.�d,Æö�m©&¢òAÛþ��Vgí2�÷/Ý
.éu θ ∈ [0, π/2),½

Â÷/«�:

Sθ = {z ∈ C : <z > 0, |=z| ≤ tan θ<z}.

eÝ
 A�ê���W (A) ⊂ Sθ,K¡ A�÷/Ý
. 3÷/Ý
�/e, Tan � Chen [8] y²


<
(
A]αB

)
≤ sec2(θ)

(
<A]α<B

)
.

òT(Ø�(2) (Ü,��

s

(
m∑
i=1

Ai]αBi

)r
≺log sec

3r(θ)s

( m∑
i=1

Bi

)αpr
2
(

m∑
i=1

Ai

)(1−α)pr( m∑
i=1

Bi

)αpr
2

1/p

≺log sec
3r(θ)s

( m∑
i=1

Ai

)(1−α)pr( m∑
i=1

Bi

)αpr1/p

, (3)

Ù¥ Ai, Bi ∈ Sθ,� r, p > 0, α ∈ [0, 1].

·���k���Ý
�ê Mn(C)´�aAÏ�k� von Neumann�ê,g,�)��¯

K,þãØ�ª (1)-(3)é��� von Neumann�ê´ÄE,¤á?�©�Ñ
�½�£�,·�

òþãÝ
�/�Ø�ª (1)-(3)í2��k� von Neumann�ê��/.äN/,·�y²:e

0 ≤ xi, yi ∈ Llog+
(M)!α ∈ [0, 1]!p, r > 0 � pr > 1,K

(
m∑
i=1

(xi]αyi)

)r
≺log

( m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr 1
p

,

,	,� {xi}mi=1, {yi}mi=1 ⊂M÷vW (xi),W (yi) ⊂ Sθ �,·�k

(
m∑
i=1

(xi]αyi)

)r
≺log sec3r(θ)

( m∑
i=1

<xi

)(1−α)pr( m∑
i=1

<yi

)αpr 1
p

.
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2. O��£

� H ��© Hilbert �m,M ⊆ B(H) ��k§¢�5k�, τ ��k� von Neumann�

ê.P I �M �ü �, P (M) �M ¥�NÝK�¤�8Ü. ½Â3 H þ!½Â�� D(x) �

�5�f x ¡�NáuM§e§���f�êM′ ¥�z�j����§=é?¿j� u ∈ M′,

Ñk ux = xu. e x g�,PÙÌÿÝ� ex,K x NáuM ��=�é?¿ Borel 8 B ⊆ R,þ

k ex(B) ∈ P (M). ��NáuM �4È½�f x ¡� τ -�ÿ�, eé?¿ ε > 0, �3ÝK

e ∈ P(M),¦� e(H) ⊆ D(x) � τ(e⊥) ≤ ε. �N τ -�ÿ�f�¤�8ÜP� L0(M). �õk'

τ -�ÿ�f�Ä:�£�©z [9].

é x ∈ L0(M) � s > 0,½Â x �1 s �ÛÉ��

µs(x) = inf{‖xe‖ : e ∈ P(M), τ(1− e) ≤ s}, s > 0.

é?¿ 0 < p ≤ ∞ �,½Â��� Lp �m

Lp(M) = {x ∈ L0(M) : µ(x) ∈ Lp(R)},

¿½Â

L1(M) +M = {x : x = y + z, y ∈ L1(M), z ∈M} ,

Ù�ê©O�

‖x‖Lp(M) = ‖µ(x)‖Lp , ‖x‖L1(M)+M = inf
x=z+y

{
‖y‖L1(M) + ‖z‖M

}
.

P Llog+
(M) = {x ∈ L0(M) : log+ |x| ∈ L1(M) +M}, Ù¥ log+ t = max{log t, 0}, t > 0. ´�,

Llog+
(M) �¤���ê,�

L1(M) +M⊆ Llog+
(M) ⊆ L0(M).

�õk'��� Lp�m92ÂÛÉ��Ä:�£�©z [10, 11].

éu x, y ∈ Llog+
(M) 9 t > 0,e

∫ t

0

µs(x)ds ≤
∫ t

0

µs(y)ds,

K¡ x � y g��(submajorized),P� x ≺ y(½ µs(x) ≺ µs(y)).aq/,e∫ t

0

logµs(x) ds ≤
∫ t

0

logµs(y) ds,

K¡ x � y éêg��(logarithmically submajorized),P� x ≺log y (½ µs(x) ≺log µs(y)).5¿,

�M = Mn(C)�,�Ï~�Ý
,�,þã�f¿Âe�g��(éêg��)=òz�Ý
Ø¥
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�f��(éêf��). �õk'g���Ä:�£�©z [10].

é x ∈ L0(M),PÙ¢Ü�JÜ©O�

<x =
x+ x∗

2
, =x =

x− x∗

2i
.

e <x �½,K¡ x �O)�f [1]. x �ê��½Â�

W (x) = {〈xξ, ξ〉 : ξ ∈ H, ‖ξ‖ = 1}.

é θ ∈ [0, π/2),½Â÷/

Sθ = {z ∈ C : <z > 0, |=z| ≤ tan θ<z}.

e x ∈ M ÷vW (x) ⊆ Sθ,K¡ x �÷/�f.d� x �_,� <x > 0.e x = y + iz ´Ù(k�

©),K

|〈zξ, ξ〉| ≤ tan(θ)〈yξ, ξ〉

=

±z ≤ (tan θ) y.

eW (x),W (y) ⊆ Sθ,KN´�y

W (x+ y) ⊆ Sθ, W (x−1) ⊆ Sθ.

e x, y ∈ L0(M) ÷vW (x),W (y) ⊆ Sθ,� α ∈ (0, 1),½Â α-\�AÛþ��

x]αy :=
sinαπ

π

∫ ∞
0

tα−1(x−1 + ty−1)−1dt =
sinαπ

π

∫ ∞
0

tα−1x(y + tx)−1dt.

� x, y ≥ 0�,T½Â�²;L�ª��: x]αy = x1/2(x−1/2yx−1/2)αx1/2.�BuLã,� α = 1
2
�,

ò x]αyP� x]y.�õk'÷/�f9\�AÛþ��Ä:�£�©z [1].

Ún 1.1 [12].� x, y ∈ Llog(+)(M) �ü��_���f,� α ∈ [0, 1],Kkx]αy = y]1−αx.

´�y f(x, y) = x]αy ÷vàg5(sx)]α(ty) = s1−αtα(x]αy)�äkéÜ]5,ùp s, tþ�~

ê.Ïd,

n∑
i=1

xi]αyi ≤
( n∑
i=1

xi

)
]α

( n∑
i=1

yi

)
, (4)

Ù¥ 0 ≤ xi, yi ∈ L0(M).���[�(J�ë� [1, 12–14].

é x ∈ Llog+
(M),½Â Fuglede-Kadison.1�ª¼ê

Λt(x) = exp

(∫ t

0

logµs(x)ds

)
, t > 0,
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¿½Â Fuglede-Kadison 1�ª

∆(x) = lim
t→∞

Λt(x).

e x 3M ¥�_,K ∆̃(x) = exp(τ(log |x|)); ÄK½Â ∆̃(x) = inf ∆̃(x+ ε1). 5¿ ∆(x) = ∆̃(x).

e τ(I) = 1, K ∆(x) = Λ1(x). �õk' Fuglede-Kadison 1�ª.¼ê�Ä:�£�©z

[1, 10, 12, 15].�
�B�Ö, ·��Ñ
 Fuglede-Kadison1�ª.¼ê��
5�,ù
5�éu

ïÄéêg��Ø�ªk­��^.

·K 1.2.� x, y ∈ Llog+
(M) � t > 0.K:

(i) Λt(xy) ≤ Λt(x)Λt(y)"

(ii) Λt(x) = Λt(x
∗) = Λt(|x|) = Λt(x

∗x)
1
2"

(iii) Λt(|x|r) = Λt(|x|)r, Ù¥ r ∈ R+"

(iv) e 0 ≤ x ≤ y, K Λt(x) ≤ Λt(y)"

(v) e xy ´g��f,K Λt(xy) ≤ Λt(yx)"

(vi) e x, y ≥ 0, K Λt(|xy|r) ≤ Λt(x
ryr), Ù¥ r ≥ 1"

(vii) e x, y ≥ 0, K Λt(x#αy) ≤ Λt(x
1−αyα), Ù¥ 0 ≤ α ≤ 1"

3e©¥, eÃAO`², M þL«���k�von Neumann �ê"

3. Ì�(Ø

3.1. ��fþ��Ø�ª

3�ÑÌ�(J�c, ·�kÚ\eZ'�ÚnÚ·K"

Ún 2.1 [16].� x, y ∈ L0(M).e x �g�5�f(=÷v x∗x ≥ xx∗), K

µs(x
∗y) ≤ µs(xy).

·K 2.2.� 0 ≤ x, y ∈ Llog+
(M), � α ∈ [0, 1]. é?¿ p ≥ 1, k

x]αy ≺log

(
x(1−α)pyαp

) 1
p .

d	,e yα/2x1−α �g�5�f, K

x]αy ≺log

(
y
αp
2 x(1−α)py

αp
2

) 1
p

.

y²µ1��Ø�ªd·K 1.2 (iii)!(vi)Ú (vii)��íÑ.éu1��Ø�ª,du x1−αyα =(
y
α
2 x(1−α)

)∗
y
α
2 , A^Ún 2.1Ú·K 1.2 (ii)��
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Λt(x]αy) ≤ Λt(x
1−αyα) = Λt

((
y
α
2 x(1−α)

)∗
y
α
2

)
≤ Λt

(
y
α
2 x(1−α)y

α
2

)
,

2(Ü1��Ø�ª=y.

íØ 2.3.� 0 ≤ x, y ∈ Llog+
(M), � α ∈ [0, 1]. e p, r > 0 � pr ≥ 1, Kk

(x]αy)r ≺log

(
x(1−α)pryαpr

) 1
p .

d	,e yα/2x1−α�g�5�f,K

(x]αy)r ≺log

(
y
αpr
2 x(1−α)pry

αpr
2

) 1
p

.

y²µ1��Ø�ª�d·K 2.2��íÑ.éu1��Ø�ª,A^·K 1.2 (vi)Ú·K 2.2

��

Λt(x]αy) ≤ Λt
(
y
α
2 x(1−α)y

α
2

)
= Λt

((
y
α
2 x(1−α)y

α
2

)pr· 1
pr

)
= Λt

((
y
α
2 x(1−α)y

α
2

)pr) 1
pr

≤ Λt

(
y
αpr
2 x(1−α)pry

αpr
2

) 1
pr

.

½n 2.4.� 0 ≤ xi, yi ∈ Llog+
(M), i = 1, · · · ,m. Ké?¿ α ∈ [0, 1] 9÷v pr > 1 � p, r > 0,

k (
m∑
i=1

(xi]αyi)

)r
≺log

( m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr 1
p

.

d	,e

(
m∑
i=1

yi

)α/2( m∑
i=1

xi

)1−α

�g�5�f,K

(
m∑
i=1

(xi]αyi)

)r
≺log

( m∑
i=1

yi

)αpr
2
(

m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr
2

 1
p

.

y²µT(Ø�díØ 2.3�Ø�ª (4) ����.¯¢þ, (ÜíØ 2.3�Ø�ª (4), ��

Λt

(
m∑
i=1

(xi]αyi)

)
≤ Λt

((
m∑
i=1

xi

)
]α

(
m∑
i=1

yi

))

≤ Λt

( m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr 1
pr

.
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1��Ø�ª�y²aq.

� (E, ‖ · ‖E) ´½Â3 (0,∞) þ�é¡[ Banach �m. ��éA����é¡[ Banach �

m E(M) ½Â�

E(M) := {x ∈ L0(M) : µ(x) ∈ E}, ‖x‖E(M) = ‖µ(x)‖E .

P

S(M)+ = {x ∈M : τ(s(x)) <∞},

Ù¥ s(x) L«��fx �| ÝK¶2- S(M) L«d S(M)+ Ü¤��5�m.��yeãíØ

¥màL�ªo´k��, �©6b� xi, yi ∈ S(M). e#Nmà��� +∞,KØI�ù���.

'u���é¡�m��õSN, �ë� [10] 9Ùë�©z.

d½n 2.4±9é¡[ Banach �m¥[�ê�5�, ��XeíØ.

íØ 2.5. � 0 ≤ xi, yi ∈ S(M), i = 1, · · · ,m, � (E, ‖ · ‖E) ´½Â3 (0,∞) þ�é¡[

Banach �m. Ké?¿ α ∈ [0, 1] 9÷v pr > 1 � p, r > 0, k

∥∥∥∥∥
(

m∑
i=1

(xi]αyi)

)r∥∥∥∥∥
E(M)

≤

∥∥∥∥∥∥∥
( m∑

i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr 1
p

∥∥∥∥∥∥∥
E(M)

.

¿�,

∆

(
m∑
i=1

(xi]αyi)

)r
≤ ∆

( m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr 1
p

.

d	,e

(
m∑
i=1

yi

)α/2( m∑
i=1

xi

)1−α

�g�5�f,K

∥∥∥∥∥
(

m∑
i=1

(xi]αyi)

)r∥∥∥∥∥
E(M)

≤

∥∥∥∥∥∥∥
( m∑

i=1

yi

)αpr
2
(

m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr
2

 1
p

∥∥∥∥∥∥∥
E(M)

.

5 2.6.3d, ·�EØ�Ù3ØN\g�5^���¹e, Ø�ª

(
m∑
i=1

(xi]αyi)

)r
≺log

( m∑
i=1

yi

)αpr
2
(

m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr
2

 1
p

´ÄE,¤á.

3.2. ÷/�fAÛ²þ�Ø�ª

�
ïá'u÷/�f�¤I(J, ·�k�ÑA�k^�Ún. AO/, �©z [17,

DOI: 10.12677/aam.2026.155229 292 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.155229


o!§¸æ³

Proposition 3.2] ¥�Øyaq, ��XeØ�ª.

Ún 2.7.� x ∈M ÷vW (x) ⊂ Sθ, Ù¥ θ ∈ [0, π
2
). K� 0 < s < 1, k µs(<x) ≤ µs(x).

y²µ��O���

t2x∗x+
1

t2
I ≥ 2<x ≥ 0.

u´é 0 < s < 1,

µs

(
t2x∗x+

1

t2
I
)
≥ µs(2<x).

� t = 1

µs(x)
1
2

, K

µs

(
t2x∗x+

1

t2
I
)

= t2µs(x)2 +
1

t2
1 = 2µs(x) ≥ 2µs(<x),

dd=� µs(<x) ≤ µs(x).

�©z [1, Lemmas 3.2 and 3.4] ¥�Øyaq, eã(J3�k��/eÓ�¤á. �[y²

lÑ.

Ún 2.8.� x ∈M ÷vW (x) ⊂ Sθ, Ù¥ θ ∈ [0, π
2
). K:

(i) <x−1 ≤ (<x)−1.

(ii) cos2(θ)(<x)−1 ≤ <x−1, =(<x)−1 ≤ sec2(θ)<x−1.

(iii) e y ∈M �W (x) ⊂ Sθ, K
(
<x−1 + <y−1

)−1 ≤ sec2(θ)
(
(<x)−1 + (<y)−1

)−1
.

Ún 2.9.� x ∈M ÷vW (x) ⊂ Sθ, Ù¥ θ ∈ [0, π
2
). Ké?¿ t > 0, k

Λt(x) ≤ sect(θ) Λt(<x).

y²µ� x = y + iz � x �(k�©).d^�W (x) ⊂ Sθ(θ ∈ [0, π/2))�

±z ≤ tan(θ)y.

u´

±y−1/2zy−1/2 ≤ tan(θ)I,

ü>²���

±y−1/2zy−1zy−1/2 ≤ tan2(θ)I,

=

±zy−1z ≤ tan2(θ)y.

dd�íÑ

sec(θ)y ≥ x
(
sec(θ)y

)−1
x∗ =

1

sec(θ)

(
y + zy−1z

)
.
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�¤Ý
/ªÒ´ [
sec(θ)y x∗

x sec(θ)y

]
≥ 0.

é x�4©) x = u|x|, k[
I 0

0 u∗

][
sec(θ)y x∗

x sec(θ)y

][
I 0

0 u

]
=

[
sec(θ)y |x|
|x| sec(θ)u∗yu

]
≥ 0.

Ïd, d [12, Proposition 3.33 and Theorem 3.41] ��

Λt(x) ≤ Λt (sec(θ)y] sec(θ)u∗yu) ≤ Λt
(
sec(θ)y1/2(u∗yu)1/2

)
.

2A^·K 1.2=�

Λt(x) ≤ sect(θ) Λt(y)

é?¿ t > 0 Ñ¤á.

Ún 2.10.� x, y ∈M ÷vW (x),W (y) ⊂ Sθ, Ù¥ θ ∈ [0, π
2
). K

<
(
x]αy

)
≤ sec2(θ) (<x]α<y) .

y²µA^Ún 2.8 (i) Ú(iii), k

<(x]αy) =
sinαπ

π

∫ ∞
0

tα−1<[(x−1 + ty−1)−1]dt

≤ sinαπ

π

∫ ∞
0

tα−1(<x−1 + t<y−1)−1dt

≤ sinαπ

π

∫ ∞
0

tα−1 sec2(θ)[(<x)−1 + t(<y)−1]−1dt

= sec2(θ)
sinαπ

π

∫ ∞
0

tα−1[(<x)−1 + t(<y)−1]−1dt

= sec2(θ)(<x]α<y).

·K 2.11.� x, y ∈M ÷vW (x),W (y) ⊂ Sθ, � θ ∈ [0, π
2
). Ké?¿ α ∈ [0, 1] 9 p ≥ 1,k

x]αy ≺log sec3(θ)
(
(<x)(1−α)p(<y)αp

) 1
p .

d	,e (<y)
α
2 (<x)1−α ´g�5�f, K

x]αy ≺log sec3(θ)
(

(<y)
αp
2 (<x)(1−α)p(<y)

αp
2

) 1
p

.
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y²µT(Ø�dÚn 2.9,Ún 2.10Ú·K 2.2��íÑ. ¯¢þ, é?¿ t > 0, k

Λt(x]αy) ≤ sect(θ)Λt(<(x]αy))

≤ sect(θ)Λt
(
sec2(θ)(<x]α<y)

)
≤ sec3t(θ)Λt

(
(<x)(1−α)p(<y)αp

) 1
p .

Ún 2.12. � {xi}mi=1, {yi}mi=1 ⊂ M ÷v W (xi),W (yi) ⊂ Sθ, Ù¥ θ ∈ [0, π
2
). Ké?¿

α ∈ [0, 1], k

Λt

(
m∑
i=1

xi]αyi

)
≤ sec3t(θ)Λt

((
m∑
i=1

<xi

)
]α

(
m∑
i=1

<yi

))
, t > 0.

�d/,
m∑
i=1

xi]αyi ≺log sec3(θ)

((
m∑
i=1

<xi

)
]α

(
m∑
i=1

<yi

))
.

y²µ��A^Ún 2.9±9Ún 2.10,��

Λt

(
m∑
i=1

(xi]αyi)

)
≤ sect(θ)Λt

(
<

(
m∑
i=1

(xi]αyi)

))

= sect(θ)Λt

(
m∑
i=1

<(xi]αyi)

)

≤ sec3t(θ)Λt

(
m∑
i=1

(<xi]α<yi)

)

≤ sec3t(θ)Λt

((
m∑
i=1

<xi

)
]α

(
m∑
i=1

<yi

))
, t > 0.

½n 2.13.� {xi}mi=1, {yi}mi=1 ⊂ M ÷vW (xi),W (yi) ⊂ Sθ, Ù¥ θ ∈ [0, π
2
). � α ∈ [0, 1], �

p, r > 0 ÷v pr > 1. K

(
m∑
i=1

xi]αyi

)r
≺log sec3r(θ)

( m∑
i=1

<xi

)(1−α)pr( m∑
i=1

<yi

)αpr1/p

.

d	,e(
∑m

i=1 yi)
α/2

(
∑m

i=1 xi)
1−α
´g�5�f, K

(
m∑
i=1

xi]αyi

)r
≺log sec3r(θ)

( m∑
i=1

yi

)αpr
2
(

m∑
i=1

xi

)(1−α)pr( m∑
i=1

yi

)αpr
2

1/p

.
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y²µdíØ 2.3±9Ún 2.12��

Λt

(
m∑
i=1

(xi]αyi)

)r
≤ sec3tr(θ)Λt

((
m∑
i=1

<xi

)
]α

(
m∑
i=1

<yi

))r

≤ sec3tr(θ)Λt

( m∑
i=1

<xi

)(1−α)pr( m∑
i=1

<yi

)αpr 1
p

, t > 0.

Ù{í��·K 2.2�y²��aq, �Ø2Kã.

��þã½n���íØ, d½n 2.13(Üé¡[ Banach �m¥[�ê�5�, ��Xe(

J.

íØ 2.14.� 0 ≤ {xi}mi=1, {yi}mi=1 ⊂M ÷vW (xi),W (yi) ⊂ Sθ, Ù¥ θ ∈ [0, π
2
). � (E, ‖ · ‖E)

´½Â3 (0,∞) þ���é¡[Banach �m. K� α ∈ [0, 1] � p, r > 0 ÷v pr > 1 �,

∥∥∥∥∥
(

m∑
i=1

xi]αyi

)r∥∥∥∥∥
E(M)

≤ sec3r(θ)

∥∥∥∥∥∥∥
( m∑

i=1

<xi

)(1−α)pr( m∑
i=1

<yi

)αpr1/p
∥∥∥∥∥∥∥
E(M)

.

d	,e(
∑m

i=1<yi)
α/2

(
∑m

i=1<xi)
1−α
´g�5�f, K

∥∥∥∥∥
(

m∑
i=1

xi]αyi

)r∥∥∥∥∥
E(M)

≤ sec3r(θ)

∥∥∥∥∥∥∥
( m∑

i=1

<yi

)αpr
2
(

m∑
i=1

<xi

)(1−α)pr( m∑
i=1

<yi

)αpr
2

1/p
∥∥∥∥∥∥∥
E(M)

.

��,·�Ö¿��k����*`².�M = Mn(C)� τ = Tr,K�©¥� τ -�ÿ�fò

z�Ý
,2ÂÛÉ�¼ê µs(x)òz�Ý
ÛÉ� s(·).Ïd,�©½n 2.43k���½Ý
�/

e�Úó¥�Ø�ª (2)�±��,
½n 2.133÷/Ý
�/eKòz�Ø�ª (3).

�BuÖön),e¡�Ñ��äN� 2× 2~f,`²½n 2.43m = 2���/. �

x1 =

(
2 0

0 1

)
, y1 =

(
2 1

1 2

)
, x2 =

(
1 0

0 3

)
, y2 =

(
3 −1

−1 1

)
.

Kùo�Ý
þ��½Ý
.�α = 1
2
, p = 2, r = 1. d� pr = 2 > 1.��O��

x1 + x2 =

(
3 0

0 4

)
, y1 + y2 =

(
5 0

0 3

)
.

u´, (
(x1 + x2)(y1 + y2)

)1/2
=

(√
15 0

0
√

12

)
.

Ø�ª�>x1#y1 + x2#y2,�ÏLAÛþ��½Â,����äN� 2× 2Ý
.ÏLO���
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(x1#y1 + x2#y2) ≺log

(
(x1 + x2)(y1 + y2)

)1/2
.

ù�½n 2.4�(Ø�±��.Ón,��y½n 2.13.
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