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Abstract

In this paper, we use Pell equation, quadratic residue, recursive sequence and other
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methods to study the 5x(x+1)(x+2)(x+3) = 19y(y+1)(y+2)(y+3) Diophantine equation.

It is proved that the equation has 16 groups of integer solutions, and there is no positive

integer solution.
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1. Úó�(Ø

éu/Xpx(x+ 1)(x+ 2)(x+ 3) = qy(y + 1)(y + 2)(y + 3) £Ù¥(p, q) = 1§p, q ∈ N∗¤�Ø

½�§§Ù��ê)�ïÄ�ÏÉ�êØ+��'5 [1–4]§y®k�
­�(Ø"1971cCohny

²
�p = 1, q = 2 �§Ø½�§=k��ê)(x, y) = (5, 4) [1]¶1991cÛ²y²
p = 1, q = 7

�§=k��ê)(x, y) = (4, 2) [2]¶2024cÜ²�y²
�p = 5, q = 42 �§=k��ê

)(x, y) = (6, 3) [3]¶2025coºy²
�p = 5, q = 11 �§Ã��ê) [4]"��p = 5, q = 19 �§

�§=z����4íS�Xê�éucö��§��O���y�JÝwÍJ,§�T�§�

ê)�¯KE�)û"�©òy²p = 5, q = 19 �§=�§

5x(x+ 1)(x+ 2)(x+ 3) = 19y(y + 1)(y + 2)(y + 3) (1)

Ã��ê)"

2. ý��£

z{(1)�µ

25[x(x+ 3)][(x+ 1)(x+ 2)] = 95[y(y + 3)][(y + 1)(y + 2)]

25(x2 + 3x+ 1− 1)(x2 + 3x+ 1 + 1) = 95(y2 + 3y + 1− 1)(y2 + 3y + 1 + 1)

25(x2 + 3x+ 1)2 − 25 = 95(y2 + 3y + 1)2 − 95,

dd��Xe/ªµ [
5(x2 + 3x+ 1)

]2 − 95(y2 + 3y + 1)2 = −70. (2)
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´��§X2 − 95Y 2 = −70 ��Ü�ê)d±eü�(Üa�Ñµ

Xn + Yn

√
95 = ±

(
5 +
√
95
)(

un + vn
√
95
)
= ±

(
5 +
√
95
)(

39 + 4
√
95
)n

, n ∈ N∗,

Xn + Y n

√
95 = ±

(
−5 +

√
95
)(

un + vn
√
95
)
= ±

(
−5 +

√
95
)(

39 + 4
√
95
)n

, n ∈ N∗,

Ù¥5 +
√
95 ´�§X2 − 95Y 2 = −70 �����ê)§39 + 4

√
95 ´Pell�§X2 − 95Y 2 = 1 �

Ä�)"´�yn = y−n§��§(2)�)I�÷v±eü�ªf

(2y + 3)2 = 4yn + 5, (2y + 3)2 = 4yn + 5.

�yn ≥ −1!yn ≥ −1§¿��§X2 − 95Y 2 = −70 �ü�(ÜaÑ���Ò§u´�§(2)�)I

�÷v

(2y + 3)2 = ±4yn + 5. (3)

ØJíÑ±e'Xª¤áµ

yn+1 = 78yn − yn−1, y0 = 1, y1 = 59, (4)

un+1 = 78un − un−1, u0 = 1, u1 = 39, (5)

vn+1 = 78vn − vn−1, v0 = 0, v1 = 4, (6)

u2n = u2
n + 95v2n = 2u2

n − 1, v2n = 2unvn, (7)

yn = un + 5vn, (8)

yn+2km ≡ −yn (mod um), (9)

un+2km ≡ −un (mod um), (10)

vn+2km ≡ −vn (mod um). (11)

±e�SNòy²(3)ª=3n = 0 �¤á§?
¦��§(2)��Ü�ê)§�����

§(1)��Ü�ê)"

3. ©a?Ø

3.1. �(2y + 3)2 = 4yn + 5 �

Ún3.1. �2 | m§m > 0§K (
±20v2m + 5

u2m

)
= −

(
um ± 4vm

111

)
.

y². �2 | m§m > 0 �§d(5)ª�2 - um§d(7)ª�u2m = 2u2
m − 1 ≡ 1 (mod 8)§um ≡ 1
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(mod 4)§u´k (
−1
um

)
= 1,

(
2

u2m

)
= 1,

(
5

u2m

)
= 1,

Ïd (
±20v2m + 5

u2m

)
=

(
±20v2m + 10u2

m

u2m

)
=

(
±40umvm + 10u2

m

u2m

)
=

(
2

u2m

)(
5

u2m

)(
um

u2m

)(
um ± 4vm

u2m

)
=

(
um

u2m

)(
um ± 4vm

u2m

)
=

(
u2
m + 95v2m
um ± 4vm

)
=

(
95v2m ± u2

m

um ± 4vm

)
=

(
111

um ± 4vm

)
=

(
um ± 4vm

111

)
.

Ún3.2. e4yn + 5 ´²�ê§Kn ≡ 0 (mod 23 × 3× 5)"

y². éS�{4yn + 5} �ØÓ��?1²��{ÿÁ"éuz��êp§O�{4yn + 5} �p �±

Ï§e,�{aéA���²���{§KüØTn �Ó{a"

±�101 �~§O�{4yn + 5} �101 �cA�XL 1 ¤«"lL¥��§�n ≡ 1, 2 (mod 5)

�§4yn + 5 ≡ 39, 27 (mod 101)§
39 Ú27 þ´�101 �²���{£Jacobi ÎÒ�−1¤§�ü
Øùüa"

Table 1. 4yn + 5 (mod 101) and Jacobi symbol

L 1. 4yn + 5 (mod 101) �Jacobi ÎÒ

n 4yn + 5 (mod 101)
(
4yn+5
101

)
0 9 +1

1 39 −1
2 27 −1
3 71 +1

4 81 +1

L 2®o
��ê�üØ&E±9üØ��{�n �Ó{a"

ÅÚÜ¿þãüØ^�£|^¥I�{½n¤§�ª��

n ≡ 0 (mod 120).

Ún3.3. �n ≡ 0 (mod 23 × 3× 5)§K4yn + 5 ´²�ê��=�n = 0"
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Table 2. Overview of the modular exclusion process

L 2. �üØL§�A

�êp S�±Ï �üØ�n (mod ±Ï) �{�n (mod ±Ï)

101 5 n ≡ 1, 2 0, 3, 4

3041 8 n ≡ 2, 3, 5 0, 1, 4, 6, 7

111 6 n ≡ 1, 5 0, 2, 3, 4

2027 12 n ≡ 2, 7, 9, 10, 11 0, 1, 3, 4, 5, 6, 8

151 15 n ≡ 2, 5, 6, 7, 10, 11, 14 0, 1, 3, 4, 8, 9, 12, 13

719 20 n ≡ 9, 15, 16, 18, 19 0, 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 17

2789 45
2, 3, 5, 6, 10, 11, 13, 14, 15, 17, 18,
21,24,27,29,30,31,35,39,43,44

0, 1, 4, 7, 8, 9, 12, 16, 19, 20, 22, 23, 25,
26,28,32,33,34,36,37,38,40,41,42

y². �n 6= 0§-n = (4k ± 1)× 2× 3× 5× 2t£Ù¥t ≥ 1¤"y�m �2t!5× 2t!3× 2t ��§

dÚn1Ú(8)!(19)�íÑ

4yn + 5 ≡ 4un + 20vn + 5 ≡ ±20v2m + 5 (mod u2m).

� (
4yn + 5

u2m

)
=

(
±20v2m + 5

u2m

)
= −

(
um ± 4vm

111

)
.

é{um ± 4vm} �mod111§²O����ü��{S�±Ïþ�36§2é{2t} �mod36§�

���{±Ï�6"

�¹1 éuS�{um − 4vm}§m �ÀJXeµ

m =



2t, t ≡ 0, 4, 5 (mod 6),

3× 2t, t ≡ 3 (mod 6),

5× 2t, t ≡ 2 (mod 6),

3× 5× 2t, t ≡ 1 (mod 6).

éuL 3¥�¤km§þk
(
um−4vm

111

)
= −1§?


(
4yn+5
u2m

)
= −1§¤±4yn + 5 ��²�ê"

Table 3. The case of um − 4vm (mod 111)

L 3. um − 4vm (mod 111) ��/

t (mod 6) 0 1 2 3 4 5

m (mod 36) 28 30 20 24 8 32

um − 4vm (mod 111) 19 104 94 103 31 13
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�¹2 éuS�{um + 4vm}§m �ÀJXeµ

m =


2t, t ≡ 0, 1, 4, 5 (mod 6),

3× 2t, t ≡ 2 (mod 6),

5× 2t, t ≡ 3pmod6,

Table 4. The case of um + 4vm (mod 111)

L 4. um + 4vm (mod 111) ��/

t (mod 6) 0 1 2 3 4 5

m (mod 36) 28 2 4 8 16 32

um − 4vm (mod 111) 19 71 31 19 94 52

ÓnéuL 4¥¤k�m§þk
(
um+4vm

111

)
= −1§?


(
4yn+5
u2m

)
= −1§¤±4yn + 5 ��²�

ê"

Ïd�n = 0 �§4y0 + 5 = 32 �²�ê"

Ún3.4. �n ≡ −1 (mod 22 × 32 × 5)§K4yn + 5 ´²�ê��=�n = −1"

y². �n 6= −1§-n = −1 + 2× (4k ± 1)× 32 × 5× 2t£Ù¥t ≥ 1¤§d(19)ª��§

4yn + 5 = 4y−1+2×(4k±1)×32×5×2t + 5 ≡ −4y−1 + 5 ≡ −111 (mod um),

Ù¥y−1 = 29§m �2t, 3× 2t, 5× 2t, 3× 5× 2t ¥�?¿��"

Ï�2 | m§d�um ≡ 1 (mod 4)§qd(5)´íÑum ≡ 1 (mod 3)§K(
4yn + 5

um

)
=

(
−111
um

)
=

(
−1
um

)(
3

um

)(
37

um

)
=

(
37

um

)
.

éum �mod37§�{S�±Ï�38§éS�{2t} �mod38§�{S�±Ï�18"-m = 2t§K

éA�um (mod 37) þ�²���{§l

(

4yn+5
um

)
= −1§�4yn + 5 Ø�U�²�ê"Ï

dn = −1§d�4y−1 + 5 = 192 �²�ê"

3.2. �(2y + 3)2 = 4yn + 5 �

Ún3.5. 4yn + 5 ´²�ê��=�n = 0"

y². Ï�(2y+3)2 = 4yn +5 = −4yn +5 ≥ 0§)�yn ≤ 1"d(4)�y0 = 1§�{yn} ´4OS�§
qÏ�−4y0 + 5 = 12§¤±��=�n = 0 �§4yn + 5 ´²�ê"
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4. ½ny²

½n4.1. Ø½�§5x(x+ 1)(x+ 2)(x+ 3) = 19y(y + 1)(y + 2)(y + 3) ��Ü�ê)�

(x, y) = (0, 0), (−1, 0), (−2, 0), (−3, 0), (0,−3), (−1,−3), (−2,−3), (−3,−3),

(0,−1), (−3,−1), (−2,−1), (−1,−1), (0,−2), (−1,−2), (−2,−2), (−3,−2),

Ù¥Ã��ê)"

y². dÚn3�(2y + 3)2 = 4y0 + 5 = 32§)�y = 0 ½y = −3§�éA��ê)�

(−3,−3), (−2,−3), (−1,−3), (0,−3), (−3, 0), (−2, 0), (−1, 0), (0, 0).

dÚn5�(2y + 3)2 = −4y0 + 5 = 12§)�y = −1 ½y = −2§�éA��ê)�

(−3,−2), (−2,−2), (−1,−2), (0,−2), (−3,−1), (−2,−1), (−1,−1), (0,−1).

nþ¤ã§TØ½�§k16|�ê)§vk��ê)"

5. (Ø

�©±Ø½�§5x(x+ 1)(x+ 2)(x+ 3) = 19y(y + 1)(y + 2)(y + 3) �ïÄé�§nÜ$^ê

Ø¥�Pell�§nØ!48S�©Û9�g²��{�½�{§�¤
éT�§�ê)���&

Ä"ïÄÄkÏL�êC/ò��§=z�[5(x2 + 3x+ 1)]
2 − 95(y2 + 3y + 1)2 = −70 �/ª§²

(Ù)�Pell�§X2 − 95Y 2 = −70 ü�(Üa�éA'X§¿í��Ñ48S�{yn} �4í'
Xyn+1 = 78yn − yn−1 £Ð©�y0 = 1, y1 = 59¤9�'Ó{5�¶��ÏLõÓ�$�£X�13!

�101!�11�¤�Úny²§ÅÚüØ�)�/§�ªy¢T�§��316|�ê)§�Ø�3

��ê)"

�©�Ø%�z3uWÖ
A½ëê|ÜeÓaØ½�§�ïÄ�x"éu/Xpx(x+1)(x+

2)(x + 3) = qy(y + 1)(y + 2)(y + 3)£Ù¥gcd(p, q) = 1§p, q ∈ N∗¤�Ø½�§§dcÆ.®

3(p, q) = (1, 7)!(5, 42)!(5, 11) �ëêe��¦)¤J§�(p, q) = (5, 19) ��/�Ï���)

û"�©ÏLî>�í���y§²(
Tëê|Üe�§�)�êþ�äN/ª§?�Ú�õ


daØ½�§�)Ì§��YÓa�§�ïÄJø
'��Ä:(Ø"
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