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Abstract

We systematically investigate the influence of the clustering coefficient on epidemic

spreading based on a pairwise SIS approximation model on simplicial complexes. We

prove that in the absence of clustering, the trivial equilibrium is a saddle point, the

system admits a unique globally asymptotically stable nontrivial equilibrium, and

the existence of the invariant line is rigorously established, thereby clarifying the

approximation used in the original model. The results show that in the presence of a

clustering, the system exhibits an Isola bifurcation and significant multistability. As

the clustering coefficient increases, the Isola bifurcation range expands, the region of

multistability enlarges, and a higher clustering coefficient also amplifies the system’s

sensitivity to initial infection conditions. Further analysis indicates that the higher-

order structural parameter (the average number of 2-simplices per node) suppresses

multistability: for a fixed clustering coefficient, a smaller average number of 2-simplices

leads to a larger Isola bifurcation range; the higher the clustering coefficient, the more

pronounced the suppressive effect of the average number of 2-simplices. In summary,

our findings reveal that the clustering coefficient is a key factor inducing multistability

and Isola bifurcation in the system, and clarify the role of the average number of

2-simplices in clustering modulation, providing a theoretical basis for non-extreme

intervention strategies targeting gathering activities.
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1. Úó

E,�ä®¤�£ã�¬!)ÔÚEâXÚ¥�p�^�­�µe§cÙ3D/¾DÂ!&

E*ÑÚ��K��ÄåÆL§¥u�
'��^"DÚ��ä�. [1–4]Ì��x!:m�üü

�p�^§J±�Ny¢¥ÊH�3�+N�p�^"Cc5§p��ä [5, 6]£X�ã!üXE

/¤�JÑ�ïÄ+N�p�^e�DÂÄåÆJø
�°(�êÆ(�"Wang�< [7]�ï
Ä

uüXE/��¬DÂ�.§í�Ñ
&E�u�d3�.^�§¿��Akâ�[?1
'�"

LandryÚRestrepo [8]JÑ¿©Û
�ãþ�SIS�.�ÄåÆ§�\ïÄ
É�5é�ãD/�.

�K�"

3p�DÂÄåÆïÄ¥§Äu�N�²þ|Cq [9, 10]  ¬�Ñ!:m�ÛÜ�'5§J

±O(ýÿXÚ3�.:NC�1�"é%C�. [11]Ø=U
�x!:g��A5§�UÓP!

:�m��p�^§l
�k�/�NÝ�'5Úàa(� [12]éDÂL§�K�§kÏu?�Ú

J,p��ä�.�°Ý§ù¦�T�{�2�A^"FrascaÚSharkey [13]©Ol�NÚéü�

�¡þïá
lÑ�mÝµ4�.§ÏLê��y§uyé%C�.3°ÝþwÍ`uÄu�N

��."Malizia�< [14] JÑ�üXE/SISé%C�.�´T���­�?Ð§Ù�ï
�¹>

�n�/a/Å��üXE/SISé%C�.§¿34ÜCqe��
�©Û�{zXÚ",
§

yké%C�.ÿ�XÚ&?àaXêép�DÂÄåÆ1��N�Å�"

·�ÄuüXE/SISé%C�.§ïÄàaéD/¾DÂ�K�§ÏLéφ = 0£Ãàa¤

Úφ > 0£�3àa¤ü«�¹�é'©Û§�«
àaXêXÛ¦XÚ�)õ­�§¿²(


2-üX/²þêþ3àaN�¥�³��^§���üÑJønØ�â"�©(�Xeµ12!

0��.�ïá¶13!©ÛXÚ�²ï:9Ù­½5¶14!ê��[¶��315!o(ïÄ(

Ø"

2. �.�ïá

·�¤ïÄ�üXE/SISé%C�. [14]§l!:é�¡£ãXÚ�üzG�§�O(/�

xÑ¹p��p�E,D/L§"�.äN�

˙〈S〉 =µ〈I〉 − βk〈SI〉 − β∆k∆〈ISI4〉,
˙〈I〉 =− µ〈I〉+ βk〈SI〉+ β∆k∆〈ISI4〉,

˙〈SS〉 =2µ〈SI〉 − 2β(k − 1)〈SSI〉 − 2β∆
k∆

k
(k − 2)〈IIS4S〉,

˙〈SI〉 =µ〈II〉 − µ〈SI〉+ β(k − 1)〈SSI〉 − β(k − 1)〈ISI〉 − β〈SI〉

+ β∆
k∆

k
(k − 2)〈IIS4S〉 − 2β∆

k∆

k
〈ISI4〉 − β∆

k∆

k
(k − 2)〈IIS4I〉,

˙〈II〉 =− 2µ〈II〉+ 2β(k − 1)〈ISI〉+ 2β〈SI〉+ 4β∆
k∆

k
〈ISI4〉

+ 2β∆
k∆

k
(k − 2)〈IIS4I〉.

(1)
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Ù¥§k�!:²þÝ�k > 2§φ ∈ [0, 1]��ÛàaXê§β�!:éa/L§�a/Ç§β4�2-

üX/�a/L§�a/Ç§k4�z�!:ë��2-üX/�²þêþ§µ�¡EÇ§¤këêþ

��ê"é��.?1µ4 [2, 14]§òn�|£〈SSI〉, 〈ISI〉¤Úo�|£〈IIS4S〉, 〈IIS4I〉¤^
��|£〈S〉, 〈I〉¤Ú��|£〈SS〉, 〈SI〉, 〈II〉¤L«§

〈SSI〉 ≈ (1− φ)
〈SS〉〈SI〉
〈S〉

+ φ
〈SS〉〈SI〉2

〈S〉2〈I〉
,

〈ISI〉 ≈ (1− φ)
〈SI〉2

〈S〉
+ φ
〈SI〉2〈II〉
〈S〉〈I〉2

,

〈IIS4S〉 = (1− φ)2 〈SI〉2〈II〉〈SS〉
〈S〉2〈I〉2

+ 2(1− φ)φ
〈SI〉3〈II〉〈SS〉
〈S〉3〈I〉3

+ φ2 〈SI〉4〈II〉〈SS〉
〈S〉4〈I〉4

,

〈IIS4I〉 = (1− φ)2 〈SI〉3〈II〉
〈S〉2〈I〉2

+ 2(1− φ)φ
〈SI〉3〈II〉2

〈S〉2〈I〉4
+ φ2 〈SI〉3〈II〉3

〈S〉2〈I〉6
,

�ïÄDÂÐÏ�ÄåÆ1�§¿;�XÚ3a/�Ýªu"�ÑyÛÉ5§½Â
ü�¯�C

þµ

x =
〈SI〉
〈I〉

, y =
〈II〉
〈I〉

,

Ù61¾Æ¿Â��º�µxL«²þz�a/ö¤�>�´aöêþ¶yL«²þz�a/ö¤

�>�Ù¦a/öêþ"ùü�Cþ3a/ÐÏ£〈I〉 → 0¤E�±k�§Uk��xa/!:±

��ÛÜ�'(�"Ïd�âXÚ(1)�±��Xeü��¯�CþÄåÆ�.µ
ẋ =[(k − 1)(1− φ)− 1]βx+ µy + [(k − 1)φ− k]βx2

+ [−β(k − 1)φ+ β∆
k∆

k
(k − 2)(1− φ)

2 − 2β∆
k∆

k
]x2y − β∆k∆x

3y,

ẏ =2βx− µy − βkxy + [2β(k − 1)φ+ 4β∆
k∆

k
]x2y − β∆k∆x

2y2.

(2)

�e5§·�5©ÛXÚ(2)�ÄåÆ"

3. ²ï:©Û

w,�φ ∈ [0, 1]§XÚ(2)©ª�3��²�²ï:E0(x0, y0) = (0, 0)§·�kXe½n"

½n3.1. éu?¿φ ∈ [0, 1]§XÚ(2)�²�²ï:(0, 0)´��Q:"

yyy²²². éu?¿φ ∈ [0, 1]§XÚ(2)3²�²ï:(0, 0)?�ä�'Ý
�
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J(0,0) =

(
β[(k − 1)(1− φ)− 1] µ

2β −µ

)
,

ÙA��§�

λ2 + (µ− α)λ− µ(α+ 2β) = 0,

Ù¥α = β[(k − 1)(1 − φ) − 1]"Ï�µ > 0, β > 0, k > 2, φ ∈ [0, 1]§¤±α + 2β > 0§�A���

���K�ü¢�§Ïd(0, 0)´��Q:"

d½n3.1 ��§XÚ(2)�²�²ï:(0, 0)©ªØ­½§�e5©ÛXÚ(2)´Ä�3÷

vx∗ > 0, y∗ > 0��²�²ï:§Ù�35��û½@ÏDÂUÄLÞ�±Ya/­�"

½n3.2. éu?¿φ ∈ [0, 1]§XÚ(2)���3���²�²ï:"

yyy²²². XÚ(2)��²�²ï:E∗(x∗, y∗)I÷v:
[(k − 1)(1− φ)− 1]βx+ µy + [(k − 1)φ− k]βx2

+ [−β(k − 1)φ+ β∆
k∆

k
(k − 2)(1− φ)

2 − 2β∆
k∆

k
]x2y − β∆k∆x

3y = 0,

2βx− µy − βkxy + [2β(k − 1)φ+ 4β∆
k∆

k
]x2y − β∆k∆x

2y2 = 0.

(3)

e�§|(3)�3�)(x, y)§d�§|(3)�1���§§k

y = y(x) =
−A+

√
A2 + 8β∆k∆βx3

2β∆k∆x2
,

Ù¥§A = µ+ βkx− (2β(k − 1)φ+ 4β∆k∆

k
)x2.

eyx > 0��35§òy(x)�L�ª�£�§|(3)�1���§§�n�

H(x) = ax+ µy(x) +A1x
2 +A2x

2y(x)− β∆k∆x
3y(x),

Ù¥§A1 = ((k − 1)φ− k)β§A2 = −β(k − 1)φ+ β∆k∆

k
(k − 2)(1− φ)2 − 2β∆k∆

k
.

�x→ 0+�§

H(x) ∼ β[(k − 1)(1− φ) + 1]x > 0,

�x→ +∞�§
H(x) ∼ −(2β(k − 1)φ+

4β∆k∆

k
)x < 0.

d0�½n��§�3x∗ ∈ (0,+∞) ¦H(x∗) = 0§nþ§éu?¿φ ∈ [0, 1]§XÚ(2)���

3���²�²ï:"
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éu�²�²ï:E∗(x∗, y∗)§Ùä�'Ý
�

J =

(
a11 a12

a21 a22

)
,

Ù¥a11, a12, a21, a22þ��¹x
∗, y∗Úõ�ëê�E,L�ª"Ã{)Û¦Ñ­½5^�§·�æ

^ê��{5ïÄÙ­½5"

3.1. φ = 0�§XÚ(2)�²ï:©Û

�!ïÄàaXêφ = 0�§XÚ(2)�ÄåÆ1�"d�§XÚ(2){z�
ẋ = (k − 2)βx+ µy − kβx2 + β∆

k∆

k
(k − 4)x2y − β∆k∆x

3y , P (x, y),

ẏ = 2βx− µy − βkxy + 4β∆
k∆

k
x2y − β∆k∆x

2y2 , Q(x, y).

(4)

½n3.3. XÚ(4)3�ØC8D = {(x, y) : x ≥ 0, y ≥ 0}SØ�3±Ï;�"

yyy²²². 3>.x = 0, y > 0þ§kẋ = µy > 0¶>.y = 0, x > 0þ§kẏ = 2βx > 0¶�

:(0, 0)�XÚ�Ø­½²ï:§XÚ(4)Ð�lDÑu�)©ªÊ33DS"Ïd§D = {(x, y) :

x ≥ 0, y ≥ 0}´XÚ(4)��ØC8"

3�ØC8DS§�Dulac¼ê

B(x, y) =
1

x2y
,

O��þ|ÑÝ

∂(BP )

∂x
+
∂(BQ)

∂y
= −(

β(k − 2)

x2y
+ 2µ

1

x3
+ 2β∆k∆ +

2β

xy2
),

Ï�k > 2§¤±
∂(BP )

∂x
+
∂(BQ)

∂y
< 0.

�âBendixson-Dulac�O{§XÚ(4)3DSØ�3±Ï;�"

½n3.4. XÚ(4)�3ØC��L = {(x, y) | x + y = 1, x ≥ 0, y ≥ 0}§�¤klD1 =

D \ {(0, 0)}SÑu�)�ªÑáÚ���L"

yyy²²². -s = x+ y§O�Ù÷XÚ(4);���ê:

ṡ = ẋ+ ẏ = (1− s)(kβx+ β∆k∆x
2y).

es = 1,Kṡ = 0§���L´ØC8"
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�s > 1�§ṡ < 0¶�s < 1�§ṡ > 0"Ïds(t)üN/ªu1§¿�©ª0umin{s(0), 1}
�max{s(0), 1}�m§�k."l
x(t), y(t)�k.§)�Û�3"

½ÂoäÊìÅ¼êV = (s− 1)2§K

V̇ = −2(s− 1)2(kβx+ β∆k∆x
2y).

-E = {(x, y) ∈ D|V̇ = 0}§dV̇ = 0��=�s = 1½x = 0§=E = L ∪ {(0, y)|y ≥ 0}"��L�
�´ØC8§3��x = 0þ§ey > 0§;�á=lmx = 0¶�:Ø­½§�Ø�3D1Ñu�)

±�:�ω-4�:"Ïdé?¿(x0, y0) ∈ D1§Ùω-4�8ØU�¹x = 0þ���:�:"

���âXÚ(4))�k.5Ú LaSalle ØC5�n§z^;��ω-4�8´�";�ØC

8§��¹uE"dþãØC8�©Û§T4�87�¹uL"l
dV�üN5§�t → ∞�§
V (t)→ 0"�

lim
t→+∞

(x(t) + y(t)) = 1.

=¤klD1Ñu�)�ªÑáÚ���Lþ"

d½n3.1´�§XÚ(4)©ª�3Ø­½�²�²ï:(0, 0)"Ïd§XÚUÄ/¤±Ya/­

�§'��ûu�²�²ï:��35�­½5§e¡©Û�²�²ï:��359­½5"

½n3.5. XÚ(4)�3����²ï:E∗(x∗, y∗)§�E∗3D1þ´�ÛìC­½�"

yyy²²². d½n3.4§XÚ(4)�;��ªÑÂñ�ØC��L§Ïd�òXÚ��3��Lþ©

Û§d�÷vx = 1− y�y ∈ (0, 1)"l²ï:�35L§�n��ëêµ'uy�¼ê�µ

µ(y) = β
(1− y)(2− ky)

y
+ β∆k∆(1− y)2(

4

k
− y), y ∈ (0, 1).

5¿�§�y → 0+�§µ(y)→ +∞¶�y → 1−�§µ(y)→ 0−"éµ(y)¦��

µ′(y) = f(y)− g(y),

Ù¥f(y) = β(k− 2
y2 )(î�4O), g(y) = β∆k∆(1−y)( 8

k
+1−3y)"3à:?µ′(0+) < 0§µ′(1−) > 0§

dëY5�µ′(y) = 03(0, 1)S��k��)"

�k ≤ 4�§g(y)3(0, 1)þî�4~§�µ′(y)î�4O§l
k��":"

�k > 4�§g(y)k~�O§�3��4��:y0 = 2
3

+ 4
3k
∈ (0, 1)§�µ′(y0) > 0"3(0, y0)þ§

g(x)4~§f(x)4O§¤±µ′(y)î�4O§�µ′(0+) < 0§µ′(y0) > 0§��3��yc ∈ (0, y0)¦

�µ′(yc) = 0"3(y0, 1)þ§g(x)4O§f(x)4O§�µ′′(y) = f ′(y) − g′(y)4~"du′′(y0) >

09u′(1−) > 0§(Üµ′′(y)üN5��§u′(y)3(y0, 1)þð�§ÏdÃ":"�µ′(y) = 03(0, 1)S

Ük��)yc§�µ
′(y)3(0, yc)þî�4~§3(yc, 1)þî�4O§4��µ(yc) < 0"

nþ§é?¿�½�µ > 0§�§µ = µ(y)3(0, yc)Sk��)y
∗§éAXÚ(4)�3����

²ï:E∗(1− y∗, y∗) ∈ L"
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Figure 1. Phase portrait of x and y, where k = 5, β = 0.01, β4 = 0.001, k4 = 2, µ = 0.4

ã 1. x Úy ��ã§Ù¥k = 5, β = 0.01, β∆ = 0.001, k∆ = 2, µ = 0.4

3��Lþ§XÚ(4)�ÄåÆ�{z�'uy��§§dXÚ(4)��µ

ẏ = −y(µ− µ(y)), y ∈ (0, 1). (5)

dµ(y)5��µ�0 < y < y∗�§µ(y) > µ§�ẏ > 0¶�y∗ < y < 1�§µ(y) < µ§�ẏ < 0"Ï

dy∗´�§(5)3(0, 1)S��ÛìC­½²ï:§=l?Ûy0 ∈ (0, 1)Ñu�)Ñky(t)→ y∗"

éu�XÚ(4)3D1S�?¿;�§d½n3.4�§Ùω-4�8�¹uL"du3Lþ§Ø�²

ï:E∗	¤k:Ñ÷�§(5)ª�uE∗§�LþÃÙ¦ØCf8"Ïdω-4�87�{E∗}§=

lim
t→+∞

(x(t), y(t)) = (1− y∗, y∗).

l
E∗3D1S�ÛìC­½"
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Figure 2. Time series of x under different clustering coefficients, where k = 5, β = 0.01, β4 = 0.001,
k4 = 2, µ = 0.4

ã 2. ØÓàae�x��mS�§Ù¥k = 5, β = 0.01, β4 = 0.001, k4 = 2, µ = 0.4

nþ§φ = 0£Ãàa¤�§XÚ�¤k�)Ñ�áÚ�ØC��Lþ����²ï:§T²

ï:E∗�ÛìC­½§�:�Ø­½²ï:§Ø3ÙáÚ���S"

4. ê��[

�
�Ð/&Äàa(�é�.�K�§�!lê��[�¡éXÚ�ÄåÆ1�?1ï

Ä"

À�ëê�k = 5, β = 0.01, β4 = 0.001, k4 = 2, µ = 0.4§�φ = 0�§Xã 1(a) ¤

«§²ï:E0(0, 0)´Q:§�²�²ï:E∗(0.957, 0.043)�ÛìC­½�á3bÚ�þ§ù^

bÚ�=ØC��L"�φ = 0.3�§Xã 1(b)¤«§ØC��L��§�E�3Q:E0(0, 0)Ú

��­½��²�²ï:E∗(0.954, 0.045)"�φO��0.8�§Xã 1(c)¤«§XÚ(2)¥Ø�3Q

:E0(0, 0)	§��3n��²�²ï:E∗1(0.944, 0.049), E∗2(2.903, 2.100), E∗3(2.997, 3.227)§Ù
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Figure 3. (a) Bifurcation diagram of system (2) for φ = 0.55. LP denotes limit point; solid lines represent
stable branches, dashed lines unstable branches; the green line corresponds to the nontrivial equilibrium E∗,
and the red line corresponds to the trivial equilibrium E0. (b) Two-parameter bifurcation diagram in φ and µ
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Figure 4. Bifurcation diagrams of Isola bifurcation occurring in system (2) under different clustering coefficients
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Figure 5. Effect of the higher-order parameter k4 on Isola bifurcation for different clustering coefficients
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