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Abstract

An efficient linearized second-order time-stepping Galerkin finite element method is

developed for simplified magnetohydrodynamic (MHD) flows in the low magnetic

Reynolds number regime. The method uses the second-order backward difference

formula (BDF2) for temporal discretization and an Adams-Bashforth (AB) extrapo-

lation technique for the nonlinear convective terms, which linearizes the problem and

yields only one linear system to solve at each time step, thus eliminating nonlinear it-

erations and lowering computational cost substantially. A stable mixed finite element

pair satisfying the inf-sup condition is used for the conforming spatial discretization

of velocity, pressure and electric potential. The unconditional stability of the scheme

is established, and optimal second-order error estimates for all three variables are

obtained through rigorous mathematical analysis.
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1. Úó

^6NåÆ3ó��ó§¥kX­�A^, {zMHD�§Uk�£ã$^Xìêe��>6

N$Ä. 8c�éùa�§�p�!­½ê��{Ek��\ïÄ. �©�é�C{zMHD�§,

�ï´uO���5zê��ª, 3�y°Ý�­½5�Ó�J,O��Ç, ��'6Ä¯K��

[Jø¢^�{.

^Xìê½Â�Rem = UL
ηm
§Ù¥U�A��Ý!L�A��Ý§ηm = 1

ν0σ
�^*ÑXêν0 �

ý�^�Ç§σ�6N>�Ç"�Rem � 1 �§6N$Ä�)�aA^|��u	\ð½^|§�

�ÑaA^|é�^|��"�^§O�E,Ý�Ìü$ [1]"

Ãþjz{z^6N�§äN£ãXe: éuk.�� Ω ⊂ Rd (d=2½3), �½�m T > 0Ú
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NÈå f , ¦ u : Ω× [0, T ]→ Rd, p : Ω× [0, T ]→ R±9 φ : Ω× [0, T ]→ R÷v:

N−1(ut + (u · ∇)u) = f +M−2∆u−∇p+B ×∇φ+ (u×B)×B,

∇ · u = 0,

−4φ+∇ · (u×B) = 0.

(1.1)

Ù¥BL«^|,b½Ù�®�þ�÷v∇·B = 0 ,d	, u�L6N�Ý, p�Øå, φ�>³. Ø>

³ φ	, >6�Ýj½Â� j = −∇φ+ u ×B . ù´MHD6Ä¥,��I�(½�­�>^Ônþ.

M ÚN ©O�MAùê��p�^ëê, Ù½Â�M = BL
√

σ
ρν
, N = σB2 L

ρν
Ù¥ v , B , L©O

�A��Ý,A�^|�A��Ý. ª¥Ñy�Ù¦ëê©O�:�Ý ρ , $ÄÊ5Xê ν , ±9>�

Ç σ , þb½�~ê. T�§|÷vXeÐ©>�^�: u(x, t) = 0, ∀(x, t) ∈ ∂Ω× [0, T ]; φ(x, t) =

0, ∀(x, t) ∈ ∂Ω × [0, T ]; u(x, 0) = u0(x), ∀x ∈ Ω. �©JÑ�5zBDF2 ³�7k���{, æ

^BDF2 ���mlÑ�y�m°Ý [2, 3], é��5é6�æ^wªAB2 �ª�5z?n [3], z

��mÚ=I¦)���5�§|, ;�z��mÚ?1��5S� [1, 4, 5]"�{Xeµ

�{1.1. ®� un−1
h , unh ∈ Xh, ¦ un+1

h ∈ Xh, p
n+1
h ∈ Mh, φ

n+1
h ∈ Sh ¦�é?¿ vh ∈ Xh, qh ∈

Mh, ψh ∈ Sh ©O÷v

N−1

(
3un+1

h − 4unh + un−1
h

2∆t
, vh

)
+N−1b∗(2unh − un−1

h , un+1
h , vh) +M−2(∇un+1

h ,∇vh)

− (pn+1
h ,∇ · vh) + (−∇φn+1

h + un+1
h ×Bn+1, vh ×Bn+1) = (f(tn+1), vh), ∀ vh ∈ Xh,

(∇ · un+1
h , qh) = 0, ∀ qh ∈Mh,

(−∇φn+1
h + un+1

h ×Bn+1,∇ψh) = 0, ∀ ψh ∈ Sh.

(1.2)

2. ­½5©Û

�{ 2.1�­½5©ÛXeµ

½n2.1. b� f ∈ L2(0, T ;H−1(Ω)), u0 ∈ L2(Ω), Kê��ª´Ã^�­½�. é?¿�mÚ�

∆t, ��º� h±9 K ≥ 1, T�ª÷vXeUþ�O:

‖uKh ‖2 + ‖2uKh − uK−1
h ‖2 +

K−1∑
n=1

‖un+1
h − 2unh + un−1

h ‖2

+ 2∆tNM−2

K−1∑
n=1

‖∇un+1
h ‖2 + 4∆tN

K−1∑
n=1

‖jn+1
h ‖2

≤ ‖u1
h‖2 + ‖2u1

h − u0
h‖2 + 2NM2‖|f‖|22,−1,

(2.1)

¿� ‖∇φ‖2L∞(L2) ≤ B̄2
(
‖u1

h‖2 + ‖2u1
h − u0

h‖2 + 2NM2‖|f‖|22,−1

)
, Ù¥ B̄ = ‖B‖L∞(L∞).
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y². 3 (2.1)�1���§¥� vh = un+1
h ,a = un+1

h , b = unh, c = un−1
h [6, 7]��

N−1

4∆t

[
‖un+1

h ‖2 + ‖2un+1
h − unh‖2 − ‖unh‖2 − ‖2unh − un−1

h ‖2 + ‖un+1
h − 2unh + un−1

h ‖2
]

+M−2‖∇un+1
h ‖2 + (jn+1

h , un+1
h ×Bn+1) = (f(tn+1), un+1

h ),

(2.2)

Ù¥ jn+1
h = −∇φn+1

h +un+1
h ×Bn+1. 3 (2.1)�1n��§¥À�ψh = φn+1

h ,�� (jn+1
h ,−∇φn+1

h ) =

0.

òª (2.2)�ª (jn+1
h ,−∇φn+1

h ) = 0.�\, ¿émà�$^ Cauchy-SchwarzØ�ª� Young’s

Ø�ª, �ò¤�ªü>Ó¦± 4∆tN , n = 1 to K − 1¦Ú, ��

‖uKh ‖2 + ‖2uKh − uK−1
h ‖2 +

K−1∑
n=1

‖un+1
h − 2unh + un−1

h ‖2

+ 2∆tNM−2

K−1∑
n=1

‖∇un+1
h ‖2 + 4∆tN

K−1∑
n=1

‖jn+1
h ‖2

≤ ‖u1
h‖2 + ‖2u1

h − u0
h‖2 + 2∆tNM2

K−1∑
n=1

‖f(tn+1)‖2−1,

(2.3)

l
�Oª (2.1)�y.

�e5, 3 (2.1)�1n��§¥� ψh = φn+1
h , A^ Cauchy-SchwarzØ�ª, ��

‖∇φn+1
h ‖2 ≤ 1

2
‖un+1

h ×Bn+1‖2 +
1

2
‖∇φn+1

h ‖2. (2.4)

u´, ��

‖∇φn+1
h ‖2 ≤ ‖un+1

h ×Bn+1‖2 ≤ B̄2‖un+1
h ‖2 ≤ B̄2‖uh‖2L∞(L2). (2.5)

nþ¤ã, y²�."

3. Ø�©Û

�ïá�{ 1.1 ��`ìCØ��O,·�b�¯Ký)÷vXe�K5b� [2, 6] u ∈
L∞(0, T ;H1(Ω))∩H1(0, T ;Hk+1(Ω))∩H3(0, T ;L2(Ω))∩H2(0, T ;H1(Ω)), p ∈ L2(0, T ;Hs+1(Ω)), φ ∈
H1(0, T ;Hr+1(Ω)). ò?¿�m� n?� u(tn), φ(tn)P� un, φn. ¿òk��)�ý)�m�

Ø�P� enu = u(tn) − unh, Ú enφ = φ(tn) − φnh . Ó�òØ�©)���Ø��%CØ��, =

enu = (u(tn)− IVhh u(tn))− (unh − I
Vh
h u(tn)) = ηn − Γnh, e

n
φ = (φ(tn)− IShh φ(tn))− (φnh − I

Sh
h φ(tn)) =

ξn − Φn
h. Ù¥ IVhh Ú IShh ©O�N��m Vh Ú Sh, þ����f [5]. Ó��, >6�ÝØ��

enj = −∇ξn + ηn ×Bn+1 − (−∇Φn
h + Γn ×Bn+1) = χn − J nh .
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½n3.1. � u, p, φ÷vf/ª, � un+1
h , φn+1

h d�{ (2.1)�Ñ, KkXeØ��O:

‖eKu ‖2 + ‖2eKu − eK−1
u ‖2 +

K−1∑
n=1

‖en+1
u − 2enu + en−1

u ‖2 + 2∆tM−2N‖∇eKu ‖2

+ ∆tM−2N‖∇eK−1
u ‖2 + 2∆tN

K−1∑
n=1

‖en+1
j ‖2 + 2∆tN

K−1∑
n=1

‖en+1
φ ‖2

≤ exp
(
C(M6N−3 + B̄2N)T

)[
2M−2∆tN‖∇e1

u‖2 +M−2∆tN‖∇e0
u‖2

+ ‖e1
u‖2 + ‖2e1

u − e0
u‖2 + C

(
M2N−1h2k+2‖|ut‖|22,k+1 +M−2Nh2k‖|u‖|22,k+1

+Nh2r‖|φ‖|22,r+1 + B̄2h2k+2‖|u‖|22,k+1 +M2N−1‖∇u‖2∞,0h2k‖|u‖|22,k+1

+M2N−1∆t4‖|∇utt‖|22,0 +M2Nh2s+2‖|p‖|22,s+1

+M2N−1h2k‖|u‖|22,k+1 +M2N∆t4‖|uttt‖|22,0
)]
.

(3.1)

y². òëYC©/ª3 t = tn+1?­#�Ñ. é?¿ vh ∈ Vh, ψh ∈ Sh, ÏLC/��

N−1

(
3un+1 − 4un + un−1

2∆t
, vh

)
+N−1b∗(un+1, un+1, vh) +M−2(∇un+1,∇vh)

− (pn+1,∇ · vh) + (−∇φn+1 + un+1 ×Bn+1, vh ×Bn+1)

= (f(tn+1), vh) + Intp(un+1; vh),

(−∇φn+1 + un+1 ×Bn+1,∇ψh) = 0,

(3.2)

Ù¥ Intp(un+1, vh) =

(
3un+1−4un+un−1

2∆t
− ut(tn+1), vh

)
.

3 (2.1)¥À� vh ∈ Vh, ψh ∈ Sh��Øå�, 2^ª (3.2)~�ª (2.1), ��:

N−1

(
3en+1
u − 4enu + en−1

u

2∆t
, vh

)
+N−1

[
b∗(un+1, un+1, vh)

− b∗(2unh − un−1
h , un+1

h , vh)
]

+M−2(∇en+1
u ,∇vh)− (pn+1 − qh,∇ · vh)

+ (−∇en+1
φ + en+1

u ×Bn+1, vh ×Bn+1) = Intp(un+1; vh),

(−∇en+1
φ + en+1

u ×Bn+1,∇ψh) = 0

(3.3)

é?¿� qh ∈Mh¤á. 5¿�|^Ø�©)ª, ª (3.3)�z�
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N−1

(
3Γn+1

h − 4Γnh + Γn−1
h

2∆t
, vh

)
+M−2(∇Γn+1

h ,∇vh) + (J n+1
h , vh ×Bn+1)

= N−1

(
3ηn+1 − 4ηn + ηn−1

2∆t
, vh

)
+M−2(∇ηn+1,∇vh) + (χn+1, vh ×Bn+1)

+N−1
[
b∗(un+1, un+1, vh)− b∗(2unh − un−1

h , un+1, vh)
]
− (pn+1 − qh,∇ · vh)

+ (−∇ξn + ηn ×Bn+1, vh ×Bn+1)− Intp(un+1; vh),

(3.4)

(−∇Φn+1
h + Γn+1

h ×Bn+1,∇ψh) = (−∇ξn+1 + ηn+1 ×Bn+1,∇ψh). (3.5)

33.5¥� ψh = Φn+1
h , �� ‖∇Φn+1

h ‖2 = (Γn+1
h ×Bn+1 − χn+1,∇Φn+1

h ).

3 (3.4)¥� vh = Γn+1
h ��Øå�, 2^ (3.5)~� (3.4), �n��:

N−1

4∆t

[
‖Γn+1

h ‖2 + ‖2Γn+1
h − Γnh‖2 − ‖Γnh‖2 − ‖2Γnh − Γn−1

h ‖2

+ ‖Γn+1
h − 2Γnh + Γn−1

h ‖2
]

+M−2‖∇Γn+1
h ‖2 + ‖J n+1

h ‖2 + ‖∇Φn+1
h ‖2

= N−1

(
3ηn+1 − 4ηn + ηn−1

2∆t
,Γn+1

h

)
+M−2(∇ηn+1,∇Γn+1

h ) + (χn+1,J n+1
h )

+N−1
[
b∗(un+1, un+1,Γn+1

h )− b∗(2unh − un−1
h , un+1,Γn+1

h )
]

− (pn+1 − qh,∇ · Γn+1
h ) + (Γn+1

h ×Bn+1 − χn+1,∇Φn+1
h )− Intp(un+1; Γn+1

h ).

(3.6)

éª (3.6)mà��{�Å�?1�O.

N−1

(
3ηn+1 − 4ηn + ηn−1

2∆t
,Γn+1

h

)
≤ M−2

18
‖∇Γn+1

h ‖2 +
CM2N−2

∆t

∫ tn+1

tn−1

‖ηt‖2dt

M−2(∇ηn+1,∇Γn+1
h ) ≤ M−2

18
‖∇Γn+1

h ‖2 + CM−2‖∇ηn+1‖2,

(χn+1,J n+1
h ) ≤ 1

2
‖J n+1

h ‖2 +
1

2
‖χn+1‖2.

(3.7)

éuª (3.6)¥���5�, ÏL·�\~9Ï�, k

N−1
[
b∗(un+1, un+1,Γn+1

h )− b∗(2unh − un−1
h , un+1

h ,Γn+1
h )

]
= N−1b∗(un+1, ηn+1,Γn+1

h ) +N−1b∗(un+1 − 2un + un−1, un+1
h ,Γn+1

h )

+N−1b∗(2ηn − ηn−1, un+1
h ,Γn+1

h )− 2N−1b∗(Γnh, u
n+1
h ,Γn+1

h )

+N−1b∗(Γn−1
h , un+1

h ,Γn+1
h ).

(3.8)

éþã��5�?1Xe�O:
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N−1b∗(un+1, ηn+1,Γn+1
h )

≤ M−2

18
‖∇Γn+1

h ‖2 + CM2N−2‖∇un+1‖2‖∇ηn+1‖2.

N−1b∗(un+1 − 2un + un−1, un+1
h ,Γn+1

h )

≤ M−2

18
‖∇Γn+1

h ‖2 + CM2N−2∆t3
(∫ tn+1

tn−1

‖∇utt‖2dt
)
‖∇un+1

h ‖2.

N−1b∗(2ηn − ηn−1, un+1
h ,Γn+1

h )

≤ M−2

18
‖∇Γn+1

h ‖2 + CM2N−2(‖∇ηn‖2 + ‖∇ηn−1‖2)‖∇un+1
h ‖2.

2N−1b∗(Γnh, u
n+1
h ,Γn+1

h )

≤ ε

2
‖∇Γn+1

h ‖2 +
N−2

2ε

(σ
2
‖∇Γnh‖2 +

C

2σ
‖∇un+1

h ‖4‖Γnh‖2
)

≤ M−2

18
‖∇Γn+1

h ‖2 +
M−2

4
‖∇Γnh‖2 + CM6N−4‖∇un+1

h ‖4‖Γnh‖2.

(3.9)

æ^�þã�Ó��{, ·���

N−1b∗(Γn−1
h , un+1

h ,Γn+1
h )

≤ M−2

18
‖∇Γn+1

h ‖2 +
M−2

4
‖∇Γn−1

h ‖2 + CM6N−4‖∇un+1
h ‖4‖Γn−1

h ‖2.

(pn+1 − qh,∇ · Γn+1
h )

≤ M−2

18
‖∇Γn+1

h ‖2 + CM2d‖pn+1 − qh‖2.

(Γn+1
h ×Bn+1 − χn+1,∇Φn+1

h )

≤ 1

2
‖∇Φn+1

h ‖2 + B̄2‖Γn+1
h ‖2 + ‖χn+1‖2.

Intp(un+1; Γn+1
h )

=

(
3un+1 − 4un + un−1

2∆t
− ut(tn+1),Γn+1

h

)

≤ M−2

18
‖∇Γn+1

h ‖2 + CM2∆t3
∫ tn+1

tn−1

‖uttt‖2dt.

(3.10)

òþã�O�\��§, r���(Jü>Ó¦± 4N∆t, ¿é n = 1�K − 1¦Ú, Ó�|^
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lÑ GronwallÚn [5], �n��

‖ΓKh ‖2 + ‖2ΓKh − ΓK−1
h ‖2 +

K−1∑
n=1

‖Γn+1
h − 2Γnh + Γn−1

h ‖2 + 2∆tM−2N‖∇ΓKh ‖2

+ ∆tM−2N‖∇ΓK−1
h ‖2 + 2∆tN

K−1∑
n=1

‖J n+1
h ‖2 + 2∆tN

K−1∑
n=1

‖∇Φn+1
h ‖2

≤ exp
(
C(M6N−3 + B̄2N)T

)[
2M−2∆tN‖∇Γ1

h‖2 +M−2∆tN‖∇Γ0
h‖2

+ ‖Γ1
h‖2 + ‖2Γ1

h − Γ0
h‖2 + C

(
M2N−1h2k+2‖|ut‖|22,k+1 +M−2Nh2k‖|u‖|22,k+1

+Nh2r‖|φ‖|22,r+1 + B̄2h2k+2‖|u‖|22,k+1 +M2N−1‖∇u‖2∞,0h2k‖|u‖|22,k+1

+M2N−1∆t4‖|∇utt‖|22,0 +M2Nh2s+2‖|p‖|22,s+1 +M2N−1h2k‖|u‖|22,k+1

+M2N∆t4‖|uttt‖|22,0
)]
.

(3.11)

��|^n�Ø�ª, ·���Ø��Oª (3.1), l
�¤y².

4. (Ø

�©�é$^Xìêe{z^6N�§JÑ
�5z���Ú³�7k���{§¿ÏLí

�y²
ÙÃ^�5�­½5"

ë�©z
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