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Abstract

An efficient linearized second-order time-stepping Galerkin finite element method is
developed for simplified magnetohydrodynamic (MHD) flows in the low magnetic
Reynolds number regime. The method uses the second-order backward difference
formula (BDF2) for temporal discretization and an Adams-Bashforth (AB) extrapo-
lation technique for the nonlinear convective terms, which linearizes the problem and
yields only one linear system to solve at each time step, thus eliminating nonlinear it-
erations and lowering computational cost substantially. A stable mixed finite element
pair satisfying the inf-sup condition is used for the conforming spatial discretization
of velocity, pressure and electric potential. The unconditional stability of the scheme
is established, and optimal second-order error estimates for all three variables are

obtained through rigorous mathematical analysis.
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1. 5|5

FEFAR J3 548 Tk 5 TRE A 5 BN, ] A MIHID 75 72 RE A7 2804 38 AU 78 v 0 1) S FL A
Rizg). HEE W ZRET RN @A R BUATHED A FHR AR T, A SR I 22 i (L MHD 75 7%,
P 5 Tt S A E A B EAR 2K, B ORUEHS 5 5 F80E VE (0 RN SR TH H SRR, AR OG5l i) AL A 5
MRS .

BEERVERE LN Rey, = TE, HA UNKHEEE. LARERKEE, 0, = - ARG BR S N
HAWSER, o NREHESE. HRe, < 1 I, RKIEEIERERNEE N TANMEE W, T
B NG TR B S E T, TSR BRI AR (1]

TR AL AR T R B AR R R T AT SRR Q € RY (d=28K3), 43 €S8 T > 0 Al
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R F, Ru:Qx[0,T] =R p: Qx[0,T] = R UK ¢: Qx[0,T] — RifL:
N w4+ (u-Vu) = f+ M 2Au—Vp+ B x Vo + (u x B) x B,
V.u=0, (1.1)

—ANp+ V- (uxDB)=0.

Hoh BRRH, e HNCHERRE V- B = 0, WAk, ofCRIRERE, pIE 1, ¢ NHEH. Kl
# o hb, HIRE L E N j = —Vé+ u x B. 1X/& MHD 33l 7 55—~ 75 0 e 1) B 2 s i) B i
M RN Sy 2 MU A AR S, e SO M = BL\/,;ZV, N=0oB*Z Hiv, B, L7
NRHIEE BE R E R SRR . SNt I AR S H 0 R B o, B3R E RS v, LS
oo, BB N ZO7T AR R W N IR E R u(x,t) = 0, V(z,t) € 9Q x [0,T]; ¢(z,t) =
0, Y(z,t) € 9 x [0,T]; u(z,0) = up(z), Vo € Q. AL HLMEABDF2 il &4 Bt ik, X
FABDF2 i isf 8] &5 B ORUE I ARG BE (2, 3], AT ARG AR IR A 2 :NAB2 # X2 AL b 2 (3],
AN TR PAN T SR A — AN T FR A, s St — B DD AT SRR AR AR [1,4,5). HVEWF:

iRl Sk u)up € X, Ruitt € X, pitt € My, o7t € Sy AR v, € X, qn €
My, 4y, € Sy, 2 Al &

A1 (3uz+l —dup +up !

SAL ,vh> + N7 (2up —uf L u o) + M2Vt Vo)

— (P Vo) + (Ve 4 uptt x B vy x BT = (f(tasa), vn), Y on € X, (1.2)
(v ! uZJrlaqh) = 07 th S th

(=Vér ™ +ul™ x B™ Vi) =0, Vb, € Sy

2. IREMS

S 2. IR E R T i R
EIE2.1. B& f € L2(0,T; HH(Q)), up € L*(Q), M #HAEA X2 L K427 6y, L Fat i & K
At, R#& R h AR K > 1, ## Kith Zde T REZ 15T

K-1
g 1+ N1207 = w2+ Y up ™ = 2up 4+ ap ™
n=1

K—-1 K—-1
+2AtNM 7 [ Vup 2 + AAEN > [P

n=1 n=1

< lupl® + 112w, — wpl|* + 2N £,y

(2.1)

HE(V|[T o 2y < B (lunll* + 120, — uf | + 2NDMP|[F|[[5 1), & F B = [|Bllre ().
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AL AR (2.1) BT o, = up e = up ™ b =g, e = w7 [6, 7]

N ! n n n n—
Ty L+ 126 = P — (gl — 1205 — P o gt — 20+ ]
(2.2)

+ M7 Vup P + G up ™ < BYTY = (F(tga), up ™),

He gt = Vot puptt x B AE (2.1) BISE = AN REHUERL o, = 7T TS (G, —Vert!) =
0.

¥R (2.2) 5 (Gptt, —Vert) = 0.8, FExE A5 TE H Cauchy-Schwarz A5 Young’s
A, JEH TR L Hﬁu 4AtN, n=1to K — 1 kKM, Al43

g 112+ l12uh” = uy 72 + Z [T S T
+ 2AtNM~ Z [Vurtt||? + 4AtN Z [FramlE (2.3)
n=1 n=1
K-1
< Jlup | + 120, — wpl* + 286N MY f(tnr) 121,
n=1
M ftiTE = (2.1) F1IE.
B2 Rk, 78 (2.1) BIEE =A R o), = o7, B Cauchy-Schwarz A5, 15
1 1
IVORTIZ < Sllup™ x BYHP + SIIVeR™ |1 (2.4)
TE, /53
IV 1% < flup ™ x B™HH2 < Blup ™ |1* < B?[lunl|7 (12 (2.5)
Zi LTIk, R e B O

RE T

9SSR L e DA R 2 A T BRI R R R IE R B [2,6) w e
L0, T; HY(Q))NH (0, T; H*1(Q)NH?(0, T; L*(Q))NH?(0, T; H(Q)), p € L2(0,T; H*+1(Q)), ¢ €
HY(0,T; H1(Q)). ¥AERBEZ n &M u(t,), ¢(t,) 18R ur, ¢ WA R ICiE S AR B
WEILHN e = u(t,) —up, el = ¢(t,) — ¢f . [FIIPAG 522 5 MR g 4 1% 22 5 08 0 B 2 01, B
en = (ulta) = I u(tn)) = (up — I u(tn)) = " =T}, € = (6(ta) = I ¢(tn)) — (S5 — 1" d(tn)) =

€ — oy, e I R0 I Sy AR B S ]V, A0S, ERERIES T [5). FIRER, IR R ZEN
el = =VE& + " x BTl — (=V®7 + T x B") = x" — J.
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EIE3.1. K u,p, ¢ HRBH X, Luftt ol dHEk (2.1) %, WA TRELT:

K-1
lef 11* + 12ef — el M P+ D llen™ = 2el + el 7P + 24t M >N || Vel |?
n=1
K—-1 K-1
+ ALM N[ Vel 2 + 246N Y [lef T2 + 2AtN Y fles ™2
n=1 n=1

<exp (C(M°N~%+ B*N)T) [2M2AtN||Ve;|2 + M 2AtN|| Vel |2
(3.1)
+lenll® + 1126 — eqll® + C(MANT R [Ju||[3 gy + MT2NE| ful|[3

+ NI 10113 541 + B2R 2 ull 5 gy + M2NTHVul3 o [[[ll]3 441

N AR [Vl g + MENAEp 2.,
# MNPl + DN D )

B RIEBAR N RIE t =ty LEFESH. XMER v, € Vi, ¢p € Sy, BIRLRE T 1T

Nfl <3un+1 — 4y + un—l

SAT ,'Uh> + N7 (u T vy) + M2 (Vuttt V)

_ (pn+1’ V . ,Uh) + (_v¢n+1 + un+1 X Bn+1,’Uh % Bn+1)
(3.2)
= (f(thrl)v Uh) + Intp(un+17 vh)?

(=Vomtt 4yt x B Vi) =0,

L Intp(urtt,vp) = <W _ Ut(tn+1),vh)-

1 (2.1) FRE L vy € Vi, € Sy, f%'%‘)ijﬂﬁ, A (3.2) ik 2 (2.1), CIEES

N-L (363“ —4em 4 en!

zAt 7'Uh> + N—l [b*(un—i-l’ un—i—l7 Uh)

— b (2uy —up g o) + MTA(Vel ™, Vo) — (0" = qn, V- op) (3.3)
+ (=Vest 4 entt x B" vy x B"Y) = Intp(u™ vy),

(=Veitt +ent!t x B Vi) = 0

SHEEMN g, € My, BROL. JERERIFARZE W, 20 (3.3) "IN

DOI: 10.12677/aam.2026.155217 170 I FH#e e t J


https://doi.org/10.12677/aam.2026.155217

Wit

N 3Lt —ary 4Tt
2At

_ 3,r]n+1 _ 47711 + ,r]n—l
= N1
( e

7Uh> + M2V Vo) + (J0 T v, x B

o)+ ML)+ (¢ o B (3.4

[b*( n+1 U,n+1,1)h) o b*(2uh o UZ l,un+1,vh)] o (pn+1 — qn, V- Uh)

+ (_vgn +77n X BnJrlth X Bn+1) I’I’Ltp( n+1 h)7

(=VORT T x B V) = (=VE T 4 x BT V). (3.5)
TE35HHL oy, = @7, A [V |2 = (T x B! — x"H, V™).
fE (3.4) HHL v, = Ty IR, B (3.5) W2 (3.4), HHATE:

N—l
4At

TR+ 1120 = TRl — Tl = 12T — T2

TR =20 + TP + MV + 17 + IV eR )

B N*l 3nn+1 _ 4,'7n _|_77n—1
B 2At

T 4 ML IE) 4 L) (36)
-1 [b*(u”“, un—i—l7 FZJrl) o b*(Quh o uz 1 n—i—l7 FZJrl)]

?

_ (anrl — qn, V- FZ-H) 4 (FZ-H % Bn+1 _ Xn+17vq)2+1) _ Intp(un+1;rz+l)'

Xt (3.6) A (R A% BB AT Al -

B 3nn+1 4,'7 =+ nn 1 M—2 CMQN—Z tn+1
v ) < Y
2At 18 h At f, "

n—

- n M — n
M2V VI < S VI 4 O [0 2, 3.7

(T < *II v/ e ] Pl

1
2
TR (3.6) Fb Al 2 M, S S AR B, A

-1 [b*(u"“,u”“,I‘Z“) _ b*(2uh _ U’Z 1 Z—H’FZ-H)]

—_ N—lb*(un—&-l’nn—kljr;ﬁ«kl) +N—lb*(un+1 2U +U 1 Z+1 FnJrl)

(3.8)
F N = g T < 2N T (O TR

+ N7 (Tt T,

xf EIR AR IUEAT 4 R ATt
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N—lb* (un-‘,-l7 ,r]n—i-l7 FZJrl)

M 2

S IVTRTHP + CMPN 2 [V 2 o .

Nflb*(unjtl _ zun + unfl n+1 Fn+1)

M 2 tn+t1
\|VF”+1||2+C’M2 —2At3</ ||Vutt||2dt>||VuZ+l||2.
t

n—1

N7 (20" — g™t T (3.9)

D P+ CMEN T2V |2 4+ V" ) Va2

2N (T, uptt, Tt

N— 2

5 (*IIVF”II2 + *HVU"HH T3 1)

€ n
< SV +

M 2

< g VIR + == VTR + CMON Vg T3 2.

K5 LR ITE, AT
N gt Ty

M 2
+ CMON | V|| Ty 2.

S IVTRTP +

("~ VTR

M72
< + CM?d||p"*t — gl
n+1 n+l _  n+l n+1
(Fh X B X ,V@h ) (310>
1

< SIVEEH + BT + .

\V]

Intp(u”“; 1—\2-&-1)

B (Z’)u’”rl — 4y 4yt

9AL ~ utltnta), FZH)

M 2

tnt1
— VTR + C’MQAtS/ e 2dt.
tn—1

n—

e ERAETHRN RO RE, BB E R FRLL AN AL, 55Xt n =1 2] K — 1 35K, [FIFH
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BB Gronwall 51 H [5], BB A5

K-1
DA NP+ 1205 = TR 2+ Y TR+ =205 + Tp 1P + 286 M 2N || V5|2
n=1
K-1 K—-1
+ AtMTN|VIS T2 + 280N Y (|72 + 240N Y vt
n=1 n=1

<exp (C(M°N~%+ B*N)T) {QM‘QAtNHVP}LF + M2AtN|| VY2

(3.11)
+ TRl + (1207 = DRlI* + C(MEN TR 2w |3 gy + M TNB[ull]3 541
+ NB2 (8111341 + B2R 2| [ull[3 oy + MENTH V% oh | ull 4
+ MEN AL [Vul|5, + MENE*P2|[p]|[3 oy + MEN TR ul| 5 1
+ MEN A [[[ugedl[30) | -
BEMAZAAEN, A ENRZ T (3.1), 78 BGER. O

4. &5

N DK IR A== 7 G TR R A A TR A 7 s = o 1 s | DU o Sl S S R P R DU K
TR T H KA SRR E T

£ 3k
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