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Abstract

Real-world epidemic transmission is frequently subject to environmental noise with

long-range dependence. This paper investigates a stochastic SIS model driven by frac-

tional Brownian motion with Hurst parameter H ∈ (1/2, 1). First, the local existence

and uniqueness of the solution are established using the contraction mapping prin-

ciple. To address moment estimation challenges for fractional Malliavin derivatives,

the boundedness of the state ratio process is proved via variable transformations and

inequality scaling. Finally, by constructing a Lyapunov function and applying proof

by contradiction, the existence and uniqueness of a global positive solution is rigor-

ously demonstrated, with trajectories almost surely remaining within the biologically

feasible interval (0, N).
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1. Úó

ÏLÚ\(½5ó¿�.£deterministic compartmental models¤mÐD/¾ï�ïÄ§éu

�«¼�üCÅn9�½�·;¾��üÑäk­�¿Â"3ù�ï�µee§É¾<+Ï~�

â)nG��y©�eZa§X´aö!a/öÚ£Øö"²;�Kermack-McKendrick �. [1]

´daïÄ�Ä�§~^u�[äk/a/=�¼0A��;.Öc;¾µ�N�Ð?u´aG

�§3A½�ã�a/§²Lá6¾Ï�¼�[È�¼"ù�«+üzL§Ï~��x�SIR �

.",
§,
;¾X[ÿa/¿Øä�[È�¼A5"´a�N�a/�§²L�ã�á��

m§/¾ö¬­#=z�´aG�"düzL§Ï~�£ã�SIS�. [2]§'uSIS 9Ùí2�.

�5�§®k�þ(½5ïÄ(J§�ë� [3–7]"e^S(t) L«t ��´aö�êþ§I(t) L«
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a/ö�êþ§K£ãT;¾DÂL§��©�§�µ
dS(t)
dt

= µN − βS(t)I(t) + γI(t)− µS(t),

dI(t)
dt

= βS(t)I(t)− (µ+ γ)I(t),

(1)

Ù¥Ð©�÷vS0 + I0 = N§N L«o<�êþ"ëêµ �L<þk�Ç§γ L«a/ö�xE

Ç§β �;¾DÂXê"|^^�S(t) + I(t) = N§�ò�©�§|(1) U��

dI(t) = [β(N − I(t))I(t)− (µ+ γ)I(t)]dt. (2)

y¢­.¥§duëê4´É�«Ø(½5Ï��K�§(½5�.  J±O(£ã¢S

¯K"Ïd§Ú\�¸D(��Å�.�·^uD/¾¯K�ïÄ"~X§Gray �< [8] �Ä


(½5SIS �.¥DÂXêβ �6Ä"Äk§¦�3���mm�[t, t + dt) S©Û�§(2)§¿¦

^ÎÒd· L«T«mS�Ã��Cz"dd��dI(t) = I(t + dt) − I(t)"3d�mãS§DÂX

êβ �À�z�/¾�N�Ù¦�N�>��Ç§�#Oa/oê�βI(t)S(t)dt"d	§ü�/¾

�N3T�ãS�Ù¦�N�)�d3D/5�>�βdt"b�,«�Å�¸ÏfÓ�K�«+¥

�z��N§d�β C��ÅCþβ̃§÷v

β̃dt = βdt+ σdB(t),

Ù¥dB(t) = B(t+ dt)− B(t) �IOÙK$Ä�Oþ"Ïd§3«m[t, t+ dt) S§ü�/¾�N

�,�<�m�d3D/5�>êÑlþ��βdt!���σ2dt ���©Ù"d	§Zhao �< [9]

3SIS �.¥æ^
�Ó�6Ä�ª¿Ú\¼¢�«Å�§�Ñ
;¾u)9²­±È5��OO

K"8c®k�þïÄ&?
ØÓD/¾�.¥�«�¸D(�A^ [10–13]"361¾Æï�¥§

�õê�Å�.æ^IOÙK$Ä£ã�¸D(§ù¢Sþ`²XÚ�5¤É��ÅK�=�6

u�cG�
�{¤Ã'",
§y¢¥�Nõ�¸Ï�¿Ø÷vù�b�"~X§íÿCzÏ

~äk±Y5ÚG!5\È�A§�¬1��ª  LyÑ�Ï.5§ú�¥)�ü�¢��J

�~~ÏL�ã�m�ÅÚwy"ù
Ï�Ñ¬¦D/¾DÂL§¥¤É6Ä¥y²w��§�

'5"Ïd§æ^U
�x�PÁA��©êÙK$Ä5°ÄSIS �.§Ø=3nØþÿÐ
²;

�Å61¾�.�ïÄµe§
�3A^þ�kÏu�N¢SDÂ�¸¥�±Y5�ÅK�"

�©ò�Ä�«ØÓa.��Å6Ä§=|^Hurst �ê�H ∈ ( 1
2
, 1) �©êÙK$Ä�OI

OÙK$Ä"©êÙK$Ä´�«"þ�pdL§§ÙAÏ����¼êdHurst ëêH ∈ (0, 1)

û½"�H = 1
2
�§TL§òz�IOÙK$Ä"�H 6= 1

2
�§©êÙK$ÄQØ´���Ø´

ê��ÅL§§ù¿�X²;��Å©ÛnØØ2·^"AO/§�H > 1
2
�§TL§äk�§P

Á5§¦Ù�~·Ü�xäk�§�'A��y�"ù�A5¦�©êÙK$Ä¤�)ûA^�

Æ¥/�PÁ¯K0�y¢ÀJ§�´daD(8c�2�A^��Ï"

8c®keZïÄ|^©êÙK$Ä��óä§�[�§�'59�¸D(éD/¾DÂ�

K�"~X§Caraballo �< [14] ïÄ
�a±©êÙK$Ä��D(
��g£�ÅSIR �."
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d	§�é�E,��Å6Ä(�§Mao ��ïÄ
Éü�ÕáIOÙK$Ä°Ä�SIS �Å�

©�§�.§?�Ú�«
õ­D(�^eXÚÄåÆ1��E,5 [15]"

3SIS �.¥§�¸Ï��UéD/¾�DÂÇ�)±ÈK�"ù
K�Ï~¿�]�u)§


´��\ÈL§"Ïd§du�N1��ª½G!5Ï�¬K�D/¾��ÏDÂª³§|^

©êÙK$Ä�OIOÙK$Ä5�xa/Çβ ¥�D(��b�"òβ O��

β̃dt = βdt+ σdBH(t),

Ù¥BH(t) �Hurst �êH ∈ ( 1
2
, 1) �©êÙK$Ä§dBH(t) L«©z [16] ¥½Â�Wick-Itô.

�Å�©"âd§·��ÄXe�.µ

dI(t) = I(t)[β(N − I(t))− (µ+ γ)]dt+ σI(t)(N − I(t))dBH(t), (3)

Ù¥Ð©��I(0) = I0 ∈ (0, N)§�ëêβ, µ, γ, σ,N þ��~ê"�
O��B§e©Pa =

βN − µ− γ"

ëê^�βN > µ+ γ äk²(�61¾Æ¹Â"5¿�(½5SIS �§���

dI(t)

dt
= I(t)

[
β(N − I(t))− (µ+ γ)

]
.

�I(t) �C0 �§Ù�5z/ª�

dI(t)

dt
≈ (βN − µ− γ)I(t).

Ïd§βN > µ+ γ ¿�X3;¾ÿ?u$61Y²�§ü �mSdDÂÅ��5�#Oa/�

A�uk��xEE¤�£Ñ�A§L²;¾äk�\«+¿/¤±YDÂ��U5"

,��¡§�©�Hurst �êH ∈ (1/2, 1)§Qkï�þ��Ä§�kêÆþ��Ä"Òï�


ó§d�§©êÙK$Ääk�§�'5§U
�xíÿCz!�¬�>1�9ú�¥)Zý�

�¸Ï�éDÂÇ�)�±Y5K�¶
IOÙK$ÄéA�ÃPÁD(KJ±�Nù«\È�

A"Ò©Û
ó§H > 1/2 �©êÙK$Ä��´»äk�Ð�H?lder �K5§�'�Wick-Itô

È©!©êItô úª9Malliavin �ê�Oóä�3ù�µee��k�A^"

Ï~�¹e§·�g,�¦�Å�σdBH(t) �þ��"",
§�â©z [17, 18] �ïÄ§

�H 6= 1
2
�§'u©êÙK$Ä�´».�ÅÈ©�UØ÷v"þ�A5"Édéu§�©æ^


©z [16, 17, 19,20] ¥|^Wick ¦È½Â�Wick-Itô.�ÅÈ©"TÈ©äk`û�5�§U


(�ÙêÆÏ"©ª�"§=

E
[∫ t

0

σI(t)(N − I(t))dBH(t)

]
= 0.

3�e5�Ù!¥§·�òX­ïÄT�Å�©�§)I(t) ��3��5"
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2. ý��£

eþ��"�pdL§BH = {BH
t , t ≥ 0} ����¼ê÷vµ

RH(t, s) = E(BH
t B

H
s ) =

1

2
(t2H + s2H − |t− s|2H),

K¡Ù�Hurst ëê�H ∈ (0, 1) �©êÙK$Ä"�©�©b�H ∈ ( 1
2
, 1)"-BH = {BH

t , 0 ≤
t ≤ T} �½Â3��VÇ�m(Ω,FH , P ) þ�Hurst �ê�H ���©êÙK$Ä"P(FH) �

dBH )¤�6§¿b�©¥¤�9�¤kL§þ´éT6g·A�"�½T > 0§PΘH([0, T ])

�ΘH"-ΘH �d�«¼ê1[0,t](t ∈ [0, T ]) )¤��5�mE 'uXeSÈ���z�mµ

〈1[0,t], 1[0,s]〉ΘH
= RH(t, s).

�mΘH ���êµ

‖ϕ‖2ΘH
:= αH

∫ T

0

∫ T

0

ϕ(s)ϕ(r)|s− r|2H−2dsdr,

Ù¥αH = H(2H − 1)"�{η1(t), . . . , ηn(t)} ⊂ ΘH"éu/X

F = f

(∫ T

0

η1(t)dBH
t , . . . ,

∫ T

0

ηn(t)dBH
t

)
�1w�ÅCþF£Ù¥f ∈ C∞p (Rn) �äk.�ê¤§ÙMalliavin �ê½Â�µ

DsF =

n∑
i=1

∂f

∂xi

(∫ T

0

η1(t)dBH
t , . . . ,

∫ T

0

ηn(t)dBH
t

)
ηi(s).

�mD1,2 �1w�ÅCþ83Xe�êe�4���µ

‖F‖21,2 = E(F 2) + E(‖DF‖2ΘH
).

eã(Ø£ë�©z [21]¤��ÅCþF �1�·b�m¥���X(h) �È�Wick ¦È��3

5Jø
��{ü�¿©^�"5¿�X(h) ´��þ��"�pd�ÅCþ"

Ún2.1. �F ∈ D1,2 �h ∈ ΘH§KF �X(h) �Wick ¦ÈF �X(h) �3��L«�

F �X(h) = FX(h)− 〈DF, h〉ΘH
.

TÚnL²§Wick ¦È�u�ÅCþm�ÊÏ¦È~�DF 3h þ�ÝK〈DF, h〉ΘH
"�

uE(F �X(h)) = (EF )(EX(h)) = 0§���ÅCþFX(h) �〈DF, h〉ΘH
äk�Ó�êÆÏ"§=

E[FX(h)] = E[〈DF, h〉ΘH
].

Wick ¦È�VgÚÑ
XeWick È©£½¡©êItô È©¤�½Â"
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½Â2.2. �{ut, t ≥ 0}���ÅL§§�é?¿t÷vut ∈ D1,2"ec�iùÚ£forward Riemann

sums¤
n−1∑
i=0

uti � (Xti+1
−Xti)

3VÇ¿Âe�34�§K½ÂÙ�Wick È©
∫ T

0
ut � dXt"Ù¥π = {0 = t0 < t1 < · · · < tn = T}

�«m[0, T ] �?�y©§�����»|π| = max0≤i≤n−1(ti+1 − ti)→ 0 ��4�"

�f1, f2 ∈ ΘH§d�mΘH,t �½Â��µ

‖f‖2ΘH,t
= H(2H − 1)

∫ t

0

∫ t

0

|v − u|2H−2f(u)f(v)dudv.

�â©z [17] ¥L2([0, T ]) ⊂ ΘH([0, T ]) ��¹'X§´�µ

‖f‖2ΘH,t
≤ C‖f‖22.

ef 3[0, T ] þëY§K‖f‖2ΘH,t
'ut ëY��§�Ù�ê÷vµ

d

dt
‖f‖2ΘH,t

= 2H(2H − 1)f(t)

∫ t

0

|t− u|2H−2f(u)du, 0 ≤ t ≤ T.

3dÄ:þ§�Ñ�éWick-Itô È©�Itô úª"

½n2.3. �f ∈ ΘH,T ∩ L2([0, T ]) �(½5¼ê§�f(t) ∈ ΘH,t"e‖f(t)‖ΘH,t
'uCþt ∈ [0, T ]

ëY��§P

Xt = X0 +

∫ t

0

g(s)ds+

∫ t

0

f(s)dBH
s , 0 ≤ t ≤ T,

Ù¥X0 �~ê§g �÷v
∫ T

0
|g(s)|ds < ∞ �(½5¼ê"�F �O���u2 ��¼ê§Ké

u0 < t < T§k

F (t, BH
t ) = F (0, 0) +

∫ t

0

∂F

∂s
(s,BH

s )ds+

∫ t

0

∂F

∂x
(s,BH

s )dBH
s

+H

∫ t

0

∂2F

∂x2
(s,BH

s )s2H−1ds, 0 ≤ t ≤ T,

±9

F (t,Xt) = F (0, X0) +

∫ t

0

∂F

∂s
(s,Xs)ds+

∫ t

0

∂F

∂x
(s,Xs)dXs

+
1

2

∫ t

0

∂2F

∂x2
(s,Xs)

[
d

ds
‖fs‖2ΘH,s

]
ds, 0 ≤ t ≤ T.

½n2.4. �f ��ê�u1−H �H?lder ëY¼ê§g �ëY¼ê"-

Xt = X0 +

∫ t

0

f(s)dBH
s +

∫ t

0

g(s)ds,
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Ù¥X0 �~ê"b�DHs f(s) �3�'us ëY§Ù¥DHs f ½Â�

DHs f = H(2H − 1)

∫ T

0

|s− r|2H−2DH
r fdr.

�¼êF : [0, T ]× R→ R 'uCþt ëY��§�'uCþx ��ëY��"Kk

F (t,X(t)) =F (0, X(0)) +

∫ t

0

∂F

∂x
(s,X(s))f(s)dBH

s

+

∫ t

0

[
∂F

∂s
(s,X(s)) +

∂F

∂x
(s,X(s))g(s) +

∂2F

∂x2
(s,X(s))f(s)DHs X(s)

]
ds.

'uWick-Itô È©�´».È©�m�'X§±9dd���¹Malliavin �ê?����d

L«§�ë�Duncan [16] ±9Hu [22]"

3. �)��3��5

'u�Å�©�§)��3��59Lyapunov ¼ê��)���5�²;nØ§�ë

� [23–25]"ØL§du�©ïÄ�´©êÙK$Ä°Ä¿3Wick-Itô È©µeeïá��.§�

AØyEI(Ü©ê�Å©Ûóä�;�?n"�(��.�êÆÜn59)ÔÆ¿Â§Iy²

T�Å�©�§�3����Û�)§�éu?¿Ð�I0 ∈ (0, N)§T)A�?? u«m(0, N)

S"

�y²½n·�k�Ñü�Ún"

Ún3.1. é?¿Ð�I0 ∈ (0, N)§�§(3)�ÛÜ)�3"

y². Pf(I) = βI(N − I)− (µ+ γ)I§g(I) = σI(N − I)"ÏI0 ∈ (0, N)§�3;«mD = [a, b] ⊂
(0, N) ¦�I0 ∈ D"�1w�ä¼êψ ∈ C∞c (0, N) ÷vψ|D = 1§-

f̃(I) = f(I)ψ(I), g̃(I) = g(I)ψ(I).

Kf̃ , g̃ 3R þ�ÛLipschitz �k.µ�3L,M > 0 ¦é?¿x, y ∈ R§

|f̃(x)− f̃(y)| ≤ L|x− y|, |g̃(x)− g̃(y)| ≤ L|x− y|, |f̃(x)| ≤M, |g̃(x)| ≤M.

�T > 0 �½"�Ä�mH �[0, T ] þ÷v‖X‖2 := supt∈[0,T ] E[|X(t)|2] <∞ �ëY·AL§§
§´Banach �m"½Â�fT : H → Hµ

T (X)(t) = I0 +

∫ t

0

f̃(X(s))ds+

∫ t

0

g̃(X(s))dBH
s , t ∈ [0, T ].

éX,Y ∈ H§dCauchy-Schwarz9©êWick-ItôÈ©��å5�§�3CH > 0¦E[(
∫ t

0
ϕdBH)2] ≤
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CHt
2H sups≤t E[|ϕs|2]§Kk

E|T (X)(t)− T (Y )(t)|2 ≤ 2T

∫ t

0

E|f̃(X)− f̃(Y )|2ds+ 2CHT
2H sup

s≤t
E|g̃(X)− g̃(Y )|2

≤ 2L2(T 2 + CHT
2H)‖X − Y ‖2.

�T ¿©�¦λ := 2L2(T 2 + CHT
2H) < 1§KT �Ø N�"dBanach ØÄ:½n§�3�

�I ∈ H ¦I = T (I)"

½ÂÊ�τ = inf{t ∈ [0, T ] : I(t) /∈ D}. �t < τ �I(t) ∈ D§d�ψ(I(t)) = 1§�f̃(I) = f(I)§

g̃(I) = g(I)§=I(t) 3[0, τ) þ÷v��§"duI0 3D SÜ�´»ëY§τ > 0 a.s."ÏdI(t)

3[0, τ) þ=���§�ÛÜ)"

Ún3.2. b�βN > µ+γ§I(t)´�§(3)3Ê�τk �c�ÛÜ)"�3=�6uT, β, µ, γ, σ,N,H�

~êC > 0§¦�é?¿t ∈ [0, T ∧ τk)§k

E
[
|DHt I(t)|

I(t)(N − I(t))

]
≤ CT t2H−1.

y². -J(t) = ln I(t)
N−I(t)"dMalliavin óª{K§

DrJ(t) =
N

I(t)(N − I(t))
DrI(t).

ÏDHt ��5È©�f§�·K�duy²E[|DHt J(t)|] ≤ NCt2H−1"

Pf(I) = βI(N − I) − (µ + γ)I§g(I) = σI(N − I)"éJ(t) A^½n2.4 ¥�©êItô úª§

O��

dJ(t) =
[
βN − (µ+ γ)(1 + eJ(t)) + ση(J(t))DHt J(t)

]
dt+ σNdBH

t ,

Ù¥η(J) = eJ−1
eJ+1

.

�½r ≤ t§-Z(t) = DrJ(t)"éþª�Malliavin�êDr§Ï*ÑXêσN �~ê§ÙMalliavin

�ê�"§�

Z(t) = σN +

∫ t

r

[
− (µ+ γ)eJ(u)Z(u) + ση′(J(u))Z(u)DHu J(u) + ση(J(u))DHu Z(u)

]
du,

Ù¥η′(J) = 2eJ

(eJ+1)2
.

½ÂÈ©ÏfΦ(r, t) = exp
( ∫ t

r
(µ+ γ)eJ(v)dv

)
≥ 1"-Y (t) = Z(t)Φ(r, t)§K

Y (t) = σNΦ(r, t) +

∫ t

r

Φ(r, u)
[
ση′(J(u))Z(u)DHu J(u) + ση(J(u))DHu Z(u)

]
du.
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ü>Ø±Φ(r, t)§dΦ(r, u) ≤ Φ(r, t) �

|Z(t)| ≤ σN +
σ

2

∫ t

r

|DHu J(u)||Z(u)|du+ σ

∫ t

r

|DHu Z(u)|du.

d

DHu Z(u) = H(2H − 1)

∫ u

0

(u− v)2H−2DvZ(u) dv.

5¿�3Ún3.1 ��ä�Ee§ÛÜ�§éA��äXê3R þ�Ûk.�äkk.�ê"?�
Ú/§éCþ���¤��§§Ù¤£��*Ñ�'uG�Cþ����êE�d�ä�§�X

ê����"dHu [22, Lemma 5.11–5.12] ��ÙMalliavin �êäk��k��O"u´�3=

�6uT, β, µ, γ, σ,N,H �~êC0 > 0§¦�

sup
0≤r≤t≤T∧τk

E
[
|DrJ(t)|

]
≤ C0.

l
k

E
[
|DHt J(t)|

]
≤ H(2H−1)

∫ t

0

(t−r)2H−2E
[
|DrJ(t)|

]
dr ≤ C0H(2H−1)

∫ t

0

(t−r)2H−2 dr = C0H t2H−1.

2dMalliavin óª{K��

E

[
|DHt I(t)|

I(t)(N − I(t))

]
=

1

N
E
[
|DHt J(t)|

]
≤ C0H

N
t2H−1.

-CT =
C0H

N
§=�

E

[
|DHt I(t)|

I(t)(N − I(t))

]
≤ CT t2H−1.

Ún�y"

�e5·��Ñ�Û�)��3��5"

½n3.3. éu?¿Ð©�I(0) = I0 ∈ (0, N)§�Å�©�§(3) �3����Û�)I(t)"T)±

VÇ1 ©ª�±3«m(0, N) S§=

P{I(t) ∈ (0, N),∀t ≥ 0} = 1.

y². dÚn3.1§é?¿Ð©�§�§3t ∈ [0, τe)þ�3���ÛÜ)I(t)§¦� 1
k0

< I0 <

N − 1
k0
"éz��êk ≥ k0§½ÂXeÊ�µ

τk = inf{t ∈ [0, τe) : I(t) /∈ (
1

k
,N − 1

k
)}.

�©5½inf ∅ = ∞"w,§�k → ∞ �§τk ´üNO\�"Pτ∞ = limk→∞ τk§Kkτ∞ ≤ τe

A�??¤á"��¤y²§�Iyτ∞ = ∞ A�??¤á§?
��τe = ∞ �é¤kt ≥ 0§
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I(t) ∈ (0, N) A�??¤á"

yb�τ∞ =∞ Ø¤á§K�3~êT > 0 Úε ∈ (0, 1)§¦�

P{τ∞ ≤ T} > ε.

dd��§�3v
���êk1 ≥ k0§¦�é¤kk ≥ k1§þk

P{τk ≤ T} ≥ ε, ∀k ≥ k1.

PΩk = {τk ≤ T}"½Â�K¼êV : (0, N)→ R+ �

V (x) = − ln
( x
N

)
− ln

(
N − x
N

)
.

5¿�§�x→ 0+ ½x→ N− �§V (x)→ +∞"Ù���ê�µ

V ′(x) = −1

x
+

1

N − x
,

V ′′(x) =
1

x2
+

1

(N − x)2
.

�â½n2.4, k

V (I(t)) = V (I0) +

∫ t

0

LV (I(s))ds+

∫ t

0

V ′(I(s))σI(s)(N − I(s))dBH
s ,

Ù¥

LV (I(s)) = V ′(I)f(I) + V ′′(I)g(I)DHs I(s)

f(I) = βI(N − I)− (µ+ γ)I,

g(I) = σI(N − I).

3Wick-ItôÈ©µee§�ÅÈ©��Ï"�0§·��I'5¤£�LV (I(s))§Ù¥

V ′(I)f(I) = V ′(I) · [βI(N − I)− (µ+ γ)I]

=

(
1

N − I
− 1

I

)
· [βI(N − I)− (µ+ γ)I]

=
βI(N − I)

N − I
− (µ+ γ)I

N − I
− βI(N − I)

I
+

(µ+ γ)I

I

= βI − (µ+ γ)
I

N − I
− β(N − I) + (µ+ γ)

= βI − (µ+ γ)
I

N − I
− βN + βI + µ+ γ

= 2βI − βN + (µ+ γ)− (µ+ γ)
I

N − I
.
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5¿�I(t) ∈ (0, N)�I,N − I, µ, γ þ��§Kk

2βI < 2βN,

−(µ+ γ)
I

N − I
< 0.

Ïd§·���Ø�ª�Oµ

V ′(I)f(I) ≤ 2βN − βN + µ+ γ = βN + µ+ γ := K1.

�e5?n?��V ′′(I)g(I)DHs I(s)§ÙL�ª�µ

V ′′(I)g(I)DHs I(s) = σ

[
N − I
I

+
I

N − I

]
DHs I(s)

= σ
[
(N − I)2 + I2

] DHs I(s)

I(N − I)
.

(ÜÚn3.2§��

E
[∣∣V ′′(I(s))g(I(s))DHs I(s)

∣∣] ≤ σN2CT s
2H−1.

l
é0 ≤ s ≤ T§
E[LV (I(s))] ≤ K1 + σN2CTT

2H−1 =: KT .

,��¡§3Wick-Itô È©µee§�ÅÈ©��Ï"�"§Ïdé?¿t ≤ T§

E[V (I(t ∧ τk))] = V (I0) +

∫ t

0

E
[
1{s≤τk}LV (I(s))

]
ds ≤ V (I0) +KTT.

AO/§�t = T§k

E[V (I(T ∧ τk))] ≤ V (I0) +KTT.

é?¿k ≥ k1§b�Ωk = {τk ≤ T}§kP(Ωk) ≥ ε"éu?¿ω ∈ Ωk§3t = τk(ω) ��§

I(τk) 7,>->.
1
k
½N − 1

k
"d�7kµ

V (I(τk, ω)) ≥ min

{
V

(
1

k

)
, V

(
N − 1

k

)}
.

duV (x) 3>.?ªuÃ¡§�k ¿©��§V (I(τk)) ò�u?Ûý�~ê§·��±�Ñ

∞ > V (I0) +KT ≥E[IΩk
(ω)V (I(τk, ω))]

≥P(Ωk) min

{
V

(
1

k

)
, V

(
N − 1

k

)}
=εmin

{
V

(
1

k

)
, V

(
N − 1

k

)}
,
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-k →∞§�Ñgñ
∞ > V (I0) +KT =∞.

��b��Ø§=τ∞ =∞ a.s.§�y"
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