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Abstract

Secure dominating set is an important topic in graph theory, which is widely applied

in the network security, resource allocation and other areas. Let S be a dominating set

of a graph G. If for any vertex u ∈ V (G)−S, there exists a neighbor v of u in S such that

(S − {v}) ∪ {u} is also a dominating set of G, then S is said to be a secure dominating

set of G. The cardinality of a minimum secure dominating set of G is defined as the

secure domination number of G, denoted by γs(G). This paper investigates the upper

bound problem of the secure domination number in {P5,K1,3}-free graphs. It is proved

that if G is a {P5,K1,3}-free graph with independence number at least 3, then the upper

bound of secure domination number is the independence number of G; a figure is given

to show that the bound in the conclusion is best possible. This result extends relevant

research on the secure domination number and enriches its bounds under forbidden

subgraph conditions.
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1. Úó

�©�ïÄ{üã. éu©¥�½Â�ÎÒ�â�, eÃAO`², �ëì©z [1]. -G�

{üã�S ⊆ V (G). �G − SÚG[S]©OL«G�dº:8V (G) − SÚS�Ñ�fã. -NS(v) =

{u ∈ S | uv ∈ E(G)}; �S = V (G)�, NG(v)�{��N(v). ev ∈ S, u ∈ V (G) − S, �NS(u) =

{v}, K¡u´v'uS���	Ühk�:; -epn(v, S)L«v'uS�¤k	Ühk�:�8Ü.

eV (G) − S¥�z�:Ñ��ÚS¥�:��, K¡S´G���|�8. 3G�¤k|�8¥, Ä

ê���|�8¡�G���|�8, ÙÄê¡�G�|�ê, P�γ(G). �S´G���|�8, e

éuV (G)− S¥?¿�:u, Ù3S¥þ�3�:v, ¦�(S − {v}) ∪ {u}´G�|�8, K¡S´G�

��S�|�8. 3G�¤kS�|�8¥, Äê���S�|�8¡�G���S�|�8, ÙÄ
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ê¡�G�S�|�ê, P�γs(G). dS�|�8Ú	Ühk�:�½Â��, |�8S�ãG�S

�|�8��=�éu?¿�:u ∈ V (G)− S, u3S¥þ�3�:v¦�epn(v, S) ⊆ N [u].

�I´V (G)���f8. eI¥?¿ü�º:3G¥þØ��, K¡I�G�Õá8. 3G �¤k

Õá8¥, Äê���Õá8¡�G���Õá8, ÙÄê¡�G�Õáê, P�α(G).

XJãG�º:8�±�y©�ü���f8XÚY , ¦�z^>Ñk��à:3X¥, ,��

à:3Y¥, K¡G�óã(½�Üã); ù���«©a¡�G����©a, P�G(X,Y ). ���

Üã´äk�©a(X,Y )�{ü�Üã, Ù¥X�z�º:Ñ�Y¥�z�º:�ë; �|X| = m,

|Y | = n, Kòd�ÜãP�Km,n. ~X, K1,3������Üã, Ù¥|X| = 1, |Y | = 3. éuÓ�

u���ÜãK1,3�ã, =��¥%:ë�n�pØ���:�ã, ¡��9. Ã9ã=�Ø¹Ó

�uK1,3�ã. PkL«¹kk�º:�´, P5=��^¹k5�º:�´. �F = {H1, . . . ,Ht}, Ù
¥H1, . . . ,Ht���ãS�, eéu?¿i, 1 ≤ i ≤ t, G¥þØ¹Ó�uHi��Ñfã, K¡G�Ø

¹F�ã. �F = {P5,K1,3}, eG�Ø¹F�ã, K¡G�Ø¹P5�Ã9ã. 3¹m�º:�{ü

ãG¥, e?¿�éº:�mÑkë>, K¡G���m���ã, P�Km.

ã�S�|�ê�ïÄäk­���Æd�, �¤
þz�äS�°�5�nØÄ:. S�°

�5´��ä3;ÉôÂ�EU�±�~õU�Uå. ïÄ<
ÏLS�|�ê, �±ïþ�ä¥

��I��oõ�'�!:. ù�.��±�Ï·�(½����o¤�, ¿�U3�yS��c

Je¦þ!��o]
. ù�ó�Ø=·^uDÚO�Å�ä, �·^uÔé�, Ï&��õ«X

Ú. S�|�ê.��ïÄò�äS�¯K=z�ãØ¥�êÆ¯K. ù«=z¦�î>�í��

y²¤��U. �'(ØØ=·^uO�Å�ä, �·^uÏ&��Ôé��XÚ. S�|�8�Ú

\íÄ
ãØ|�8�'nØ�uÐ, ��Y�{�O, AÏãa�xJø
Ä:.

S�|�8�@ÏïÄ, Ì�8¥3�â�aã(�ïáS�|�ê��Aê�.�¥.

Cockayne�< [2]éS�|�ê�e.?1
�
�O, eãG´n�Ãn�/ã, Ù��Ý�∆, K

kγs(G) ≥ n(2∆−1)
∆2+2∆−1

, éun���Ý�∆�ÃK4ã, Kkγs(G) ≥ n(2∆−3)
∆2+2∆−5

, Ó���Ñ
´, �, �

�õÜã�ãa�S�|�ê°(�: ��ãKn�S�|�ê��1, éu���ÜãKp,q, p ≤ q,

kγs(Kp,q) =



q, p = 1

2, p = 2

3, p = 3

4, p ≥ 4

, 
éu��õÜãKp1,p2,...,pn
, p1 ≤ p2 ≤ · · · ≤ pn, n ≥ 3, ��Ñ
�

AS�|�ê�, γs =

2, p1 = 1, p2 ≤ 2 ½p1 = 2

3, Ù¦�¹
, ,	�k�
ã÷vγs(Pn) = γs(Cn), ù


(J��YïÄJø
g´���. �k�
Æö�Ñ
'uS�|�ê�þ.. ~X, Burger �

< [3]�ÑeãG´n�ëÏã, G 6= C5�δ(G) ≥ 2, Kγs(G) ≤ n
2
; ArakiÚYumoto [4]y²
XJ

ãG´��n�4�	²¡ã, @oG�3��S�|�8, Ù���õ�d 3n
7
e; XJ4�	²¡ãG

vkSÜn�/, K§�3��S�|�8, Ù���õ�dn
3
e, d	, Ù?ÛS�|�8���Ñ

�un
4
.

3nØÄ:(á�, Æö�òk'S�|�ê�ïÄ­:=�
&ÄS�|�ê�Õ

áê, |�ê, Õá|�ê�ëê���'é�¡. Cockayne�< [5]y²
: eãG´Ø¹
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Ó�uC5�Ã9ã, Kγs(G) ≤ α(G); 2015cMerouaneÚChellali [6] ïÄ
S�|�ê�Ù§

ãëê|�ê, Õá|�ê, Õáê�'X, òS�|�ê�²;|�êïáåéX, ¿�

Ñ
�
��5�.: ¦�y²Ñéu?¿��n�ãG, ÙS�|�ê�õ�uÙ|�ê

�Õáê�Ú~1, =γs(G) ≤ γ(G) + α(G) − 1, ù�þ.3��ããxþ´;�; éu��

���6�ãGkγs(G) ≤ α(G)¤á; éuØ¹n�/�ãG, Kkγs(G) ≤ 3
2
α(G); d	, é

uäù�ãx, ÙS�|�ê�u�uÕá|�ê, =γs(T ) ≥ i(T ), Ó�ù�e.´;�.

Degawa�Saito [7]�ÑeG�Ø¹C5�ã, Kkγs(G) ≤ α(G). Chen�< [8] ?�Ú�ÑeG�Ø

¹2K2�ã, Kγs(G) ≤ α(G) + 1.

ÉþãïÄ(Jéu, �©��Ì�(JXe:

½n1. eãG´Ø¹P5�Ã9ã, �α(G) ≥ 3, Kγs(G) ≤ α(G).

2. ½n1�y²

y²: ���ëÏã�Õá8��©|Õá8�¿8, Ó����ëÏã�S�|�8��

�©|S�|�8�¿8. ÏdØ�b�ãG���ëÏ�Ø¹P5�Ã9ã. eG¥�3��Õá

8S¦�S�´G�S�|�8, Kw,(Ø¤á. Ïd, b�G�?¿��Õá8þØ´G�S�|

�8. �8ÜS�ãG�����Õá8. ��S´G�|�8, ��âcãb�, SØ´G�S�|

�8. Ïdb�G− S¥�3:u, ¦�éuu3S¥�?¿�:v, þ÷vepn(v, S)¥¹kØ�u��

�:.

duS´Õá8�ãG´Ã9ã, ¤±´�Xe(Ø:

Øä1. ew ∈ V (G)− S, K1 ≤ |NS(w)| ≤ 2.

Øä2. |NS(u)| = 2.

y²: b�|NS(u)| = 1. -NS(u) = {v}, w1 ∈ epn(v, S) − {u}¦�w1u /∈ E(G). �S1 =

(S − {v}) ∪ {u,w1}. Ï�u,w1 ∈ epn(v, S), ¤±S1�Õá8�|S1| > |S|, �8ÜS�ãG���Õ
á8gñ. Ïd(ÜØä1, ��|NS(u)| = 2.

�âØä2, �NS(u) = {v1, v2}, xi ∈ epn(vi, S), i ∈ {1, 2}¦�ux1, ux2 /∈ E(G). w,v1x2,

x1v2 /∈ E(G). qÏ�G[{x1, v1, u, v2, x2}] 6= P5, ¤±x1x2 ∈ E(G). Ï�α(G) ≥ 3, ¤±|S| ≥ 3.

-v3 ∈ S − {v1, v2}. duxi ∈ epn(vi, S), ¤±xiv3 /∈ E(G), i ∈ {1, 2}. �âØä2, uv3 /∈ E(G). d

uG´ëÏã, ¤±G¥�3©Oë�v3�x1, x2 �´. b�P�¤kë�v3�x1, x2�´¥�Ý�

��´, �Ø�b�P�ü�à:�v3, x2. dux2v3 /∈ E(G), �|P | ≥ 3; qÏ�G´Ø¹P5�ã, Ï

d|P | = 3½|P | = 4.

±eò©O�é|P | = 39|P | = 4ü«�¹éT½n?1y².

�¹1. |P | = 3.

�P = x2x3v3. dux2 ∈ epn(v2, S)�S´��Õá8, ¤±x3 ∈ V (G) − S. duux2,

v3x1 /∈ E(G)�x2x3, x3v3 ∈ E(G), ��x3 /∈ {u, x1} (�ã 1). duG[{v1, x1, x2, x3, v3}] 6= P5
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±9v1x2, v1v3, x1v3, x2v3 /∈ E(G), ��v1x3 ∈ E(G)½öx1x3 ∈ E(G). ev1x3 ∈ E(G), K

G[{x3, x2, v3, v1}] = K1,3, gñ. Ïdv1x3 /∈ E(G), x1x3 ∈ E(G). ��ux3 /∈ E(G), ÄK

G[{x3, u, x2, v3}] = K1,3. nþ��G[{u, v1, x1, x3, v3}] = P5, gñ. Ïd�¹1Ø¤á.

Figure 1. The diagram of Case 1

ã 1. �¹1�«ã

�¹2. |P | = 4.

�P = x2x3x4v3. w,x2x4, x3v3 /∈ E(G). Ï�v3x4 ∈ E(G)�8ÜS´Õá8, ¤±x4 ∈
V (G)− S; qÏ�x1v3, uv3 /∈ E(G), ¤±x4 /∈ {u, x1}.

Øä3. x1x4 /∈ E(G).

y²: b�x1x4 ∈ E(G). KP1 = x1x4v3´ë�x1�v3�'P�Ý��´, �P�À��g

ñ.

Figure 2. The diagram of the proof of Claim 4

ã 2. Øä4y²¥�«ã

Øä4. x3 ∈ V (G)− (S ∪ {u, x1}).

y²: Äky²x3 /∈ S. b�x3 ∈ S. Ï�x2x3 ∈ E(G)�x2 ∈ epn(v2, S), ¤±x3 = v2,

=P = x2v2x4v3 (�ã 2(a)). dG[{v2, u, x2, x4}] 6= K1,3±9ux2, x2x4 /∈ E(G), ��ux4 ∈ E(G).

Ï�v2, v3 ∈ NS(x4), ¤±�âØä1, ��v1x4 /∈ E(G); qduG[{x1, v1, u, x4, v3}] 6= P5±

9x1v3, uv3, v1v3 /∈ E(G), ��x1x4 ∈ E(G), �Øä3gñ. Ïdx3 ∈ V (G) − S. Ï�ux2 /∈
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E(G)�x2x3 ∈ E(G), ¤±x3 6= u. ex3 = x1, Kx1x4 ∈ E(G), �Øä3gñ. nþ��x3 ∈
V (G)− (S ∪ {u, x1}) (�ã 2(b)).

Øä5. v2x4, v1x4, ux4 /∈ E(G).

y²: b�v2x4 ∈ E(G). KP1 = x2v2x4v3�ë�x2�v3�´, �âØä4¥b�x3 = v2�y²

��gñ, Ïdv2x4 /∈ E(G).

b�v1x4 ∈ E(G). KP1 = x1v1x4v3�ë�v1�v3�´. |^v1Úv2�é¡5±9x1Úx2�é¡

5, éP1A^Øä4¥y²x3 6= v2�aqy², ��gñ, Ïdv1x4 /∈ E(G).

b�ux4 ∈ E(G). K�âv1v3, x1v3, x1x4, x1u, uv3, v1x4 /∈ E(G), ��G[{x1, v1, u, x4, v3}] =

x1v1ux4v3 = P5, gñ. Ïdux4 /∈ E(G).

y�¤T½n�y². eux3 ∈ E(G), K�âG[{x3, x2, x4, u}] 6= K1,3±9x2x4, ux2 /∈
E(G), ��ux4 ∈ E(G), �Øä5gñ. Ïdux3 /∈ E(G); 2(ÜG[{u, v2, x2, x3, x4}] 6= P5±

9ux4, v2x4, x2x4 /∈ E(G), ��v2x3 ∈ E(G). nþ��G[{u, v2, x3, x4, v3}] = P5, gñ. Ïd½

n1¤á.

-G�dG1, G2, G3n�þÓ�uKm, m ≥ 4, �ã�¤�ã, Ù¥V (G1) ∩ V (G3) = {v1},
V (G2) ∩ V (G3) = {v2}, V (G1) ∩ V (G2) = ∅ (�ã 3). KG���α(G) = 3�γs(G) = 3�Ø¹P5�

Ã9ã. ~ã3`²½n1¥�.´;�.

Figure 3. A {P5,K1,3}-free graph G with α(G) = 3 and
γs(G) = 3

ã 3. ÷vα(G) = 3�γs(G) = 3�Ø¹P5�Ã9ãG

3. (Ø

�©�éØ¹P5�Ã9ãïÄS�|�ê, y²�α(G) ≥ 3�, γs(G) ≤ α(G), ¿�E�~Ø

¹P5�Ã9ãG, ÷vα(G) = γs(G) = 3, dd`²¤�þ.´;�. lnØ�¡5w, �©Ö¿


B^fã�åeS�|�ê�.nØ, ?�Ú¿¢
Ã9ãS�|�¯K�ïÄSN.

�YïÄ�÷ü^g´Ðm: Ù�, �±Ã9^�ØC, �	OV�a#B^fã, &Äõ­B

^�åeØ¹P5ã�S�|�êþ.Cz; Ù�, �éØ¹P5�Ã9ã, �±�7S��|�, ëÏ

S�|��û)|�ëê, &ÄTaëê�Õáê�m�'é.
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