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Abstract

Secure dominating set is an important topic in graph theory, which is widely applied
in the network security, resource allocation and other areas. Let S be a dominating set
of a graph G. If for any vertex u € V(G)— S, there exists a neighbor v of v in S such that
(S — {v})U{u} is also a dominating set of GG, then S is said to be a secure dominating
set of G. The cardinality of a minimum secure dominating set of G is defined as the
secure domination number of G, denoted by 7,(G). This paper investigates the upper
bound problem of the secure domination number in {P;, K; 3}-free graphs. It is proved
that if G is a {P5, K 3}-free graph with independence number at least 3, then the upper
bound of secure domination number is the independence number of G; a figure is given
to show that the bound in the conclusion is best possible. This result extends relevant
research on the secure domination number and enriches its bounds under forbidden

subgraph conditions.
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1. 5|5

AL BT R L 6T SO R RS 5 RTE, #5TC R U, 1S Ik (1) 24GH
R EHS C V(G). BG — SHIG[S]| R ARG B TUSEV (G) — SHSFHFE. 4Ns(v) =
{u€S|uwe B(G)}; #S = V(G)I, Ng(v)W 5 AN(v). Hve S, ueV(G)—S, HNg(u) =
{v}, W Fufode TS — MNINEBFLAE 4B 5, Aepn(v, S)Fmvde T SHIFT A SR A A5 5 B 4.
#V(G) — S s 2D RS — S ARSE, WARS G —A L. EGHFTA R4, H
Hwe /N SRR GO B/ SRR SE, JLBEBOR NG SRR, 8By (G). WSRGH—A HiE, &
SHFV(G) — SHARRE — s, JLAESFIFFLEAR v, H153(S — {v}) U {u}RGHIELLE, MARSZEGH)
— AN A, TEGHIFTE %4 ISR, BRI 2 A SCRC SRR N G /N 4 A SCe 4, LA

=
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BRRANGH 2B, 18EY(G). B2 EAENANTAA 4B U U A, CRLSES NEIGH) %
ATEEY AN TR —Su e V(G) — S, ufESHIIFLELS Mofliffepn(v, S) C Nlul.

WIRV (G 7. B THEE WA TRAEG T AR, MFRCHGHISLEE. G KA
ST AR BB RIS AEFR NG B RN S, HEEBRON GRS AL, iEfFa(G).

0 5 R GO TR S AR T LG R 2 A AN RS TAEX MY, 154 S0 #AH — i s e X b, A —A
Uiig SAEY R ARG B (BRI IXRE — R B GI — A 202K, IMEG(X,Y). e
R B A R(X, Y) M i, R XA TS S Y o AT S AR E; X = m,
Y| = n, W ZHEHCER,, . B0, K38 —A 54 =8 K, KX =1, |Y] = 3. X TR
Foed ZHREK s M, B — ANt SOE R = A EAMARH SR, Frz AR, TR B AR5 H
T K B PEREHERNTUS S, PR — % & A5 TS NS, %F = {H,,...,H}, &
HHy, ..., HA—NEFPH, B TAERG 1< <t, GRAEFEMETH S HTE, MRGHA
GFME. &F = {Ps, K13}, HGHNAEFIE, MARGRHAEPITETEL 18 Em AT 1 & 5
G, AT X TS 2 (A T, WARGA—Am 522 E, e EK,,.

P 22 4 SR 78 A LR EMNE, MIRR T BN 48 2 A SR B IR R A, e
P 45 X 2% 5 T8 A2 T S T e 43R IE W ThRE I BE 0. WF 0N B0 e 4 S le Bk, mT DA S & X 4% v

BRI PO, ST AE RGOS T ik SN S, L T I, S 15 5 £ A
G 2 4 M 5 W AR BIF T 90 45 5 4 00 g T o B0 0 L. S 1 P R e
E I A T B A S5 W A OUE T BNLIN S, 3 P T (5 100 15 I 4 R 5. 22 2 A 1 5
NHER) T B A IR IR, A B Sk BT, Rk B A0t T e,

32 4 3 T 1 S VBT 9, 2 A o 7 R A 4 5 R 4% M e 22 4 S T AT KA PR
Cockayne A [2]56 224 3 FE A0 T JEHHT T —S6qlit, 5 FEIGRnI L= MR E, HRAREAA, T
Hs(G) > A b F e K AR, WA, (G) > 22572 R g T 8%, F, 5
A Pl I 1 22 4 SRR HORS T EL: 56 4 P81 K, 1 22 4 SE AU N, 3 T 564 K, p < g,
g, p=1

2, p=2 N N
X TR ZHE Ky, pypry D1 < D2 < oo < p,,n >3, HEHTH
3, p=3

4, p>4

s (Kpq) =

B AR, 7, = {2’ =L S 2= S L (P) = u(C), K
3, HAbiFLR

SN R SR M T B 5T ). IO B FH G T O s B B A B, Burger &%
N BRI EIGRENEEE, G # CsHO(G) > 2, Wy (G) < %; ArakiflYumoto [4JiEH] 1 41 %
BIGHE— B BRRS T B, A GAFAE— N2 23R, HAUNEZ A2, ARSI G
WA NIB=MIE, WMEAAE ML ERE, HORNEZN[R], hh, HARMT 24 SR B R/ #R
KTz

FEFIRFEA A LG, EENEAE R Z 2 LM R E SR T IRA 22 XS M
SLH SCECHE, ML SRS B AR Z B IR JE R BR U7 . Cockayne®5 N BIIEM] 10 % KGR A&
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[T OB B INE, My (G) < afG); 20154FEMerouanefIChellali [6] B 7% 1 % 4 S BC 85 HE
K28 M #, Mo s e, Mr Bt R, M2 e XM E & I X R R, B4
W7 s — R S AR B B TR A G, R e E 2% T H
H5MArE z #igl, By (G) < v(G) + afG) — 1, XA EFAE 5w B EE L2 %0 T REK
2R EIGHY(G) < a(G)HAL; W TAE=MILKEG, MHAY(G) < 3a(G); B4k, XF
THX— B, H2e X iBR T 5% T XA, By (T) > i(T), [FB AT 2 B0
Degawa 5Saito [7[#3HHEGHANECHE, MHv,(G) < a(G). ChenfE AN [8] # — SR HEGCHA
2K B, My (G) < o(G) + 1.

2 FIRBEFE R A K, AR EEE R T
EEL HEGRATPHTLNE, Ha(G) > 3, Mh.(G) < a(G).

2. EIE1RYERR

MERR: — AR B LSRN % SCMAL AR IR AR, RIRE — RIS B 1 2 & SR AR th oy
B LR A SRR IR, UL AY R B GOy — MEB KA Ps JC VAL 35 G A7 AL i KT
SESMEAF SR G2 A AR, W RARGE R, Rk, B GIT B KSR AR G 2 43
Motk BWAEASHEIGH — N E KA. AT RIS e GHISCRCAR, (EARYE AR R B, SARGHI %43
Fofe. IR G — STHAFAE Mu, AR TufE ST RMERE AL Mo, B 2epn(v, )T EA A H5uLl
AL

i TSRS HIEFGRTENE, Frel 3w h i
Bl #Hw e V(G)— S, W1 < |Ng(w)| < 2.
B2, |Ng(u)| = 2.

UERA: R|Ns(u)| = 1. & Ng(u) = {v}, wi € epn(v,S) — {uMEBwu ¢ E(G). &S, =
(S — {v}) U{u,wi}. B Ru,wy € epn(v,S), ATLAS NBIAZEE HIS | > |S|, SEASHNEIGHI &AM
ST E . IS SR I, AT Ne(u)] = 2. -

I IE W2, BWENs(u) = {v1,v2}, o5 € epn(vy, S), i € {1,2MfRuz,, ures ¢ E(G). EHvixs,
vy & E(G). XHAG[{z1,v1,u,v9, 2} # Ps, FTllzi2e € E(G). HAa(G) > 3, FrLAIS| > 3.
L3 € S — {v, v}, Tz € epn(v;, S), Filhzvs & E(G), i € {1,2}. IR ILWI2, wuvs ¢ E(G). H
TGREME, FrAGH AL 0 iE vy Say, xo BB, BRIRPNITE EHvs 5oy, KB KE A
AN, BN R B PP N 5 R vs, 10, T aovs ¢ B(G), 8P| > 3; X NGRAE PHIA,
J|P| = 35%|P| = 4.

CLR A2 BIEEST | P| = 35| P| = AR 005t 12 2 B HEATIE .
fE51. |P| = 3.

WP = zyx3vs. H Tay € epn(vy, S)HSRE — MM, Frlles € V(G) — S. H Tux,,
vst1 ¢ E(G)Haows, xsvs € E(G), WGz ¢ {u,z} (WE1). BHTG{vr, 21,22, 23,03} # Ps
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U\&vlzg,vlvg,xlvg,@vg ¢ E(G), ﬂ?ﬂE‘le3 S E(G)EZ%JAI:; € E(G) %Ullﬁ S E(G), JH\U
G[{Jjg,ﬂ?g,vg,’ul}] = K1,3, %}E JH:U1$3 §é E(G), r1T3 € E(G) ﬂ%ﬂumg, §é E(G), 715)'_\]”
G[{.Tg, U, T2, US}] = K1,3' él%tm‘;f%G[{uv V1,21,T3, 1)3}] = P57 %}E '[H:‘r%syﬂ*lz:ﬁjzj

Figure 1. The diagram of Case 1
1. WK

152, |P| =4

WP = xoxzravy. WARTomy, 1303 ¢ E(G). B Nvzry, € E(G)HEGSEMALLE, Fiblle, €
V(G) — S; XH Az vs, uvs ¢ E(G), Fibhay ¢ {u, 21}

WW3. z124 ¢ E(G).

JERR: i x 2y € E(G). WP, = zyxyvsi & e, Sos H HCPK EE/NRI S, 5 PR & EUE 7
J&. O

Figure 2. The diagram of the proof of Claim 4
2. WHTaEH PRI

ILHI4. 25 € V(G) - (SU{u, 21}).

UERR: HLUEMas ¢ S, ftikas € S. B Nrozs € E(G)Hay € epn(vy, S), AT llas = v,
BIP = zovemqvs (WK 2(a)). HG[{ve, u,z2, 24}] # K13k Kuzs, zowy ¢ FE(G), Al f3uzy € E(G).
Kl A, vs € Ng(xa), BT ULMRAE R I, 7T Bvas ¢ E(G); X HTG{z1,v1,u, 24,03} # PsLA
Kxyvg, uvs,vivs ¢ E(G), W f3zizq € E(G), 5RE3FE. Hitte; € V(G) — S. H Nux, ¢

=
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E(G)Haars € B(G), Fibles # u. Fay = 21, Warzs € E(G), SEWBFE. 42 L, €
V(G) = (SU{u,z1}) (WE 2(b)). -

iﬁﬂ"ﬁ!{). V2X4,V1T4,UT4y g E(G)

HEBA: R R vewy € E(G). WP, = zovorqvy N w Hos I EE, IRAR 1L Wrdsh % es = v HIUERH
A1EFE, Hitkvoz, ¢ E(G).

Biikvizs € E(G). WPy = z1v1240s SR S FEE. v Mo, IR L K2y Rl (K6 B
P, R PSS IR ATEIE By  vnMRBUEN, TAF 5, Flkoiz, ¢ B(G).

Rikur, € E(G). WIRTEv vz, 2103, 2124, 710, w03, vi24 ¢ E(G), WEG[{21,01,u, 74,03} =
Tiviuzgvs = Py, T JE. Hitbur, ¢ E(G). O

58 1% s B )AL BH. %uzbg S E(G), ')_'\U*E?EG[{"B?,,%Q,%@U}] # K1,3U&fczx4,wﬂz ¢
E(G), "fRuzy € E(G), 5Wi5r)E. Hiturs ¢ E(G); B4 E6G[{u,ve, 10, 23,24} # PsLA
Reuxy, vox4, 0wy ¢ E(Q), Al fFvexs € BE(G). 45 LA G{u,ve, 3,24, v3}] = Ps, T JE. HIE
PR1RYAL. O

AGHNHG, Gy, Gs =N AT K, m > 4, MEKRKE, LhV(G) nV(Gs) = {v},
V(Go) NV (G3) = {v}, V(G1) NV (Gy) =0 (WL 3). MGH 4 a(G) = 3H~.(G) = 3RS Ps I
JoJICEL.L 5] Bl 315 s B 1 A 1) 2 R

Figure 3. A {Ps, K1 3}-free graph G with a(G) = 3 and
7s(G) =3

3. Wilka(G) = 3H~s(G) = 3AE P EMEG

3. &5t

A SR ANE P T BB 52 22 2SR H, IEM 20l G) > 3, 74(G) < o G), I it —fIA

HPMEMNEG, W a(G) = 7.(G) = 3, HILBHI TG LAZRN. WERZHRE, AT T
AT EZACN A SCRCAU S AR, 1P e S T Jo R 4 4 S IR A OB T A 2R

Ja SEWE TERTIT P 26 B R TT: Ho—, ORIFTURAEAAE, BUOME I — A 118, 3Rt 2 Ak
2R AG P B 2 4 sC o B A H ) A ANE P eI, vl A 58 42 4 4300, 5
T WAERT SIS, IRIZR S SIS TH 5 HR.
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