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Abstract

The Galilean conformal algebra in (d+1)-dimensional spacetime is an important class

of infinite-dimensional Lie algebras. In this paper, the case of this algebra with d = 3

is defined and named the spatial Galilean conformal algebra. Using cohomological

methods, we systematically study the derivation algebra and the universal central

extension of the spatial Galilean conformal algebra.
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1. Úó

(d + 1)���¥�Ã��³|Ñ�/�ê�Ð´dBagchi ÚGopakumar 3 [1]¥Ú\�§8

�´�ïAdS/CFTß��XÚ5��éØ4� [2]"�
ÔnÆ[@�§ÏL&¢ù
�ê�±�

Ð/n)AdS/CFTéA'X [3,4]§d	§ù
�ê�Ñy3³|Ñ>ÄåÆ��µe [5,6]§ùÃ

¦w«
Ã��³|Ñ�/�ê3êÆÚÔnÆ�¡�­�5"

g³|Ñ�/�ê�)±5§Ù�'5�®�NõIS	Æö¤ïÄ§Ù¥(1+1) ����Ã

��³|Ñ�/�ê´·�¤Ù��Ã¥%�W -�êW (2,2)§Ùk�|Ä{Lm, Im | m ∈ Z}"p
�<3©z [7]¥�Ñ
Ù�f�ê��¥%*ÜµDer(W ) = CD ⊕ ad(W )§Ù¥D´��	�

f§½ÂXeµé?¿m ∈ Z§
D(Lm) = 0, D(Im) = Im. (1.1)

�¥%*Ü��o�êW̃ =W ⊕ Cα⊕ Cβ§Ù¥α, β½ÂXeµ

α(Lm, Ln) = δm+n,0
m3 −m

12
, α(Lm, In) = α(Im, In) = 0,

β(Lm, In) = δm+n,0
m3 −m

12
, β(Lm, Ln) = β(Im, In) = 0. (1.2)
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�I�§�.

(2+1)���¥�Ã��³|Ñ�/�ê´dAizawau2013c3 [8]¥·¶�²¡³|Ñ�/�

êg§k�|Ä{Lm, Hm, Im, Jm | m ∈ Z}"Ù(�ÚL«®k�õïÄ [9]- [11]"AO/§3©

z [11]¥§�ö(½
Ù�f�êÚ�¥%*Ü�(�µDer(g) = CD⊕ ad(g)§Ù¥D´��	�

f§½ÂXeµé?¿n ∈ Z§

D(Ln) = D(Hn) = 0, D(In) = In, D(Jn) = Jn. (1.3)

�¥%*Ü��o�êg̃ = g⊕ Cc⊕ Cc1 ⊕ Cc2§Ù¥c, c1 Úc2 ½ÂXeµ

c(Lm, Ln) = m3δm+n,0, c1(Hm, Hn) = mδm+n,0, c2(Lm, Hn) = m2δm+n,0, (1.4)

m,n ∈ Z§Ù{�¹���þ�""

(3+1)���¥�Ã��³|Ñ�/�ê8c�vkÆö?1�\/ïÄ"3©z [1]¥§

Bagchi �<JÑ�ß��Ñµ(3+1) �>.³|Ñ�/�ê�éóu5 �AdS ���Úî- W�Ú

å"ùÃ¦L²T�ê3Ôn+��­�5"�©ò±d = 3���/�ïÄé�§XÚ�ïÄÙ

�f�êÚ�¥%*Ü§ÏLdïÄØ=kÏu´L³|Ñ�/�ê�(�nØ§�k|uíÄ

³|Ñ�/�ê3Ôn+��A^�p���¥�ïÄ"

(d + 1)���¥�Ã��³|Ñ�/�êGäk�|Ä{J (n)
ij , L

(n),M
(n)
i

∣∣ n ∈ Z, i, j =

1, 2, . . . , d},÷vXeo)Ò'X:

[L(m), L(n)] = (m− n)L(m+n), [L(m), J
(n)
ij ] = −nJ (m+n)

ij , [L(m),M
(n)
i ] = (m− n)M (m+n)

i ,

[J
(n)
ij , J

(m)
rs ] = δirJ

(m+n)
js + δisJ

(m+n)
rj + δjrJ

(m+n)
si + δjsJ

(m+n)
ir ,

[J
(n)
ij ,M

(m)
k ] = −(M (m+n)

i δjk −M (m+n)
j δik),

[M
(m)
i ,M

(n)
j ] = 0,

Ù¥m,n ∈ Z"

�d = 3�§·�¡(3 + 1)���¥�Ã��³|Ñ�/�ê��m³|Ñ�/�ê§^GL
«§Kk

G = span
{
J
(n)
12 , J

(n)
13 , J

(n)
23 , L

(n),M
(n)
i

∣∣ n ∈ Z, i = 1, 2, 3
}
.

�
�¡�y²�B§·��Xe�PÒ{zµ

Ln = L(n), Hn = J
(n)
12 , Cn = J

(n)
13 , Dn = J

(n)
23 , In =M

(n)
1 , Jn =M

(n)
2 , Kn =M

(n)
3 .

KGkÄ{Ln, Hn, Cn, Dn, In, Jn,Kn

∣∣ n ∈ Z}, ÷vXeo)Ò'Xµ

[Lm, Ln] = (m− n)Lm+n,

[Lm, Hn] = −nHm+n, [Lm, Cn] = −nCm+n, [Lm, Dn] = −nDm+n,
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[Lm, In] = (m− n)Im+n, [Lm, Jn] = (m− n)Jm+n, [Lm,Kn] = (m− n)Km+n,

[Hm, Cn] = Dm+n, [Cm, Dn] = Hm+n, [Dm, Hn] = Cm+n,

[Hm, In] = Jm+n, [Hm, Jn] = −Im+n,

[Cm, In] = Km+n, [Cm,Kn] = −Im+n,

[Dm, Jn] = Km+n, [Dm,Kn] = −Jm+n,

[Hm, Hn] = [Cm, Cn] = [Dm, Dn] = [Hm,Kn] = [Cm, Jn] = [Dm, In] = 0,

[Im, In] = [Im, Jn] = [Im,Kn] = [Jm, Jn] = [Jm,Kn] = [Km,Kn] = 0,

é?¿�m,n ∈ Z"

3�©¥§·�©O^Z§C L«�ê8ÚEê8"

2. �f

3�!¥§·�ÏLO�G���þÓN+(½Ù�f�ê"

-L´��o�ê§V´��L-�§���5N�D ∈ Hom(L, V )�¡�Xê3V¥��f§

XJD÷vµ

D([x, y]) = x.(Dy)− y.(Dx), x, y ∈ L.

·�^Der(L, V )L«L�Xê3VS��f�m"��Xê3VS��f�¡�S�f§XJ�3

���½�ν ∈ V¦�éx ∈ L.¤áD(x) = x.ν"·�^Inn(L, V )L«L�Xê3LS�S�f�

m"L�Xê3VS�1�þÓN+´û�m

H1(L, V ) := Der(L, V )/Inn(L, V ).

�à�¡�	�f�m"

-L´��o�ê§V´��L-�§/¤Xe��Èá�Ü�µ

0→ V → Ln V → L→ 0,

KdHochschild-Serre $��ÌS� [12]��Xe�Ü�µ

0→ H1(L, (Ln V )V )→ H1(Ln V,Ln V )→ HomL(V,Ln V ), (2.1)

Ù¥(Ln V )V = {x ∈ Ln V
∣∣ [x, v] = 0,∀ v ∈ V }"-

a =
⊕
n∈Z

CLn, b =
⊕
n∈Z

CHn ⊕
⊕
n∈Z

CCn ⊕
⊕
n∈Z

CDn, c =
⊕
n∈Z

CIn ⊕
⊕
n∈Z

CJn ⊕
⊕
n∈Z

CKn.
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Kd��È½Â��§�m³|Ñ�/�êG���¤����È�/ªµ

G = (an b)n c

Pd = an b§KG = dn c"yéα ∈ C§�Äa-��1ëêxFα =
⊕
n∈Z

Cf (α)
n §deª¤½Âµ

Lm.f
(α)
n = −(n+ αm)f

(α)
m+n, ∀m,n ∈ Z.

ÚÚÚnnn2.1. ��a-�§ka ∼= F−1, b ∼= F0 ⊕F0 ⊕F0, c ∼= F1 ⊕F1 ⊕F1.

y²µë� [11]"

ÚÚÚnnn2.2. Homa(b, c) = 0.

y²µdÚn2.1�

Homa(b, c) ∼= Homa(F0 ⊕F0 ⊕F0,F1 ⊕F1 ⊕F1),

2d [11]�Ún3�m>�0"Ún�y"

ÚÚÚnnn2.3. H1(d, c) = 0.

y²µÏ�d = an b, c ´d-�§¤±��Xe�Ü�µ

0→ H1(a, cb)→ H1(d, c)→ Homa(b, c),

Ù¥H1(a, cb) = H1(a, 0) = 0§2kÚn2.2��H1(d, c) = 0"Ún�y"

ÚÚÚnnn2.4. Homd(c,G) = Cϕ§Ù¥ϕ½ÂXeµ

ϕ(In) = In, ϕ(Jn) = Jn, ϕ(Kn) = K(n), ∀n ∈ Z.

y²µé?¿�ϕ ∈ Homd(c,G)§b�

ϕ(In) =
∑
k∈Z

αkLk +
∑
k∈Z

βkHk +
∑
k∈Z

γkCk +
∑
k∈Z

δkDk +
∑
k∈Z

ηkIk +
∑
k∈Z

µkJk +
∑
k∈Z

τkKk,

Ù¥αk, βk, γk, δk, ηk, µk, τk ∈ C"dϕ[L0, In] = [L0, ϕ(In)]9adL0 3Gþ��^��

ϕ(In) = αnLn + βnHn + γnCn + δnDn + ηnIn + µnJn + τnKn.

,d

ϕ[H0, In] = [H0, ϕ(In)], ϕ[H0, Jn] = [H0, ϕ(Jn)], ϕ[C0, In] = [C0, ϕ(In)],

ϕ[C0,Kn] = [C0, ϕ(Kn)], ϕ[D0, Jn] = [D0, ϕ(Jn)], ϕ[D0,Kn] = [D0, ϕ(Kn)],
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�n���

ϕ(In) = ηnIn + δnDn, ϕ(Jn) = ηnJn − δnCn, ϕ(Kn) = ηnKn + δnHn,

2dϕ[Lm, In] = [Lm, ϕ(In)]§�ηm+n = ηn, (m − n)δm+n = −nδn, (m 6= n)"d?¿5�δm+n =

δn = 0, ηn = η0, (n ∈ Z)"�y"

···KKK2.5. -D´Gþ����5C�§÷v

D(Ln) = D(Hn) = D(Cn) = D(Dn) = 0, D(In) = In, D(Jn) = Jn, D(Kn) = Kn.

KD ´G���	�f§=D ∈ H1(G,G)"

y²µd½Â´�yD´���f"e¡y²DØ´S�fµb��3z ∈ G§¦�é?
¿x ∈ G§kD(x) = [x, z]"�

z =
∑
k∈Z

αkLk +
∑
k∈Z

βkHk +
∑
k∈Z

γkCk +
∑
k∈Z

δkDk +
∑
k∈Z

ηkIk +
∑
k∈Z

µkJk +
∑
k∈Z

τkKk,

Ù¥αk, βk, γk, δk, ηk, µk, τk ∈ C"��¡§D(Ln) = 0§=[Ln, z] = 0,∀n ∈ Z"do)Ò'X´�§
z�Xê��0"=z = 0",��¡§ez = 0§K�D(In) = In 6= 0gñ"�D ∈ H1(G,G)"

½½½nnn2.6. H1(G,G) = CD§Ù¥D X·K2.5 ¥¤½Â"

y²µd½Â§c´G���n�§�G/c ∼= d, ��á�Ü�µ

0→ c→ G → d→ 0,

â(2.1) ª��Xe�Ü�µ

0→ H1(d,Gc)→ H1(G,G)→ Homd(c,G),

Ù¥Gc = {x ∈ G | [x, y] = 0,∀y ∈ c} = c. dÚn2.3�H1(d,Gc) = H1(d, c) = 0"
Ún2.4L

²dim(Homd(c,G)) = 1"�dim(H1(G,G)) = 1"½n�y"

3. ¥%*Ü

3�!¥§·�ò�ÑG��¥%*Ü"¯¤±�§��o�êL�¥%*Ü�w¤´�
�pair(L̃, π), Ù¥π : L̃ → L ´÷Ó�§�÷vØ3L̃ �¥%S"XJéL�z��¥%*

Üpair(L̃′, ρ) §Ñ�3���Ó�ψ : L̃ → L̃′§¦�ρ ◦ ψ = π§K¡L�pair(L̃, π)´���¥%*

Ü"=eã���µ

L̃rπdrψLL̃′uρ
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XJo�êL÷v[L,L] = L§K¡L´��o�ê"'u��o�ê�¥%*ÜkXe·K"

·KKK3.1. [13] ��o�êL�3�¥%*Ü��=�L´��o�ê¶�¥%*Ü3o�ê

�Ó�¿Âe´���"

5µ(½
H2(L,C)�Óu©aL�¤k��¥%*Ü��da"

···KKK3.2. [11] -L´o�ê§V´L-�§K��Èo�êL n V �1�þÓN+kXe©

)µ

H2(Ln V,C) = H2(L,C)⊕H1(L, V ∗)⊕ BL(V ),

Ù¥V ∗´V�éó�§BL(V )´Vþ�é¡L-ØCV�5.�m§=σ ∈ Hom(V × V,C)§÷v

σ(u, v) = −σ(v, u), σ(x.u, v) + σ(u, x.v) = 0, ∀x ∈ L u, v ∈ V.

5µ'ud·K��[SN� [11]"�
�Y�B§PSn = {Hn, Cn, Dn}, n ∈ Z"

ÚÚÚnnn3.3. Ba(b) ∼= Cc2§Ù¥c2½ÂXe

c2(Xm,Yn) = mδm+n,0 Xm ∈ Sm,Yn ∈ Sn

m,n ∈ Z"

y²µé?¿�ϕ ∈ Ba(b)§Äk§·��Äϕ(Hm, Hn), ϕ(Cm, Cn), ϕ(Dm, Dn)"d

ϕ([Lm, Hn], Hk) + ϕ(Hn, [Lm, Hk]) = 0,

�

nϕ(Hm+n, Hk) + kϕ(Hn, Hm+k) = 0, (3.1)

3(3.1)ª¥�m = 0§K

(n+ k)ϕ(Hn, Hk) = 0,

��n + k 6= 0�§ϕ(Hn, Hk) = 0¶�n + k = 0£=n = −k¤�§ϕ(Hn, Hk) = ϕ(Hn, H−n) =

−ϕ(H−n, Hn)"Ïdk

ϕ(Hm, Hn) = δm+n,0fm, (3.2)

Ù¥{fm ∈ C|m ∈ Z}§�f−m = −fm"3(3.1)ª¥2�m = 1, k = −n− 1§K

nϕ(H1+n, H−1−n)− (n+ 1)ϕ(Hn, H−n) = 0,

â(3.2)ª��

nfn+1 − (n+ 1)fn = 0,

d�548'X´�)8´���§�fn = n´�)§Ïdk

ϕ(Hm, Hn) = Cmδm+n,0,
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do)È'X��§Ón�y

ϕ(Cm, Cn) = Cmδm+n,0, ϕ(Dm, Dn) = Cmδm+n,0.

,�§·��Äϕ(Hm, Cn), ϕ(Cm, Dn), ϕ(Hm, Dn)"d

ϕ([Lm, Hn], Ck) + ϕ(Hn, [Lm, Ck]) = 0,

�

nϕ(Hm+n, Ck) + kϕ(Hn, Cm+k) = 0, (3.3)

3(3.3)ª¥�m = 0§K

(n+ k)ϕ(Hn, Ck) = 0,

��n + k 6= 0�§ϕ(Hn, Ck) = 0¶�n + k = 0£=n = −k¤�§ϕ(Hn, Ck) = ϕ(Hn, C−n) "

3(3.3)ª¥2�m = −k − n§K

nϕ(H−k, Ck) + kϕ(Hn, C−n) = 0,

d�548'X´�)8´���§�ϕ(Hn, C−n) = n ´�)§Ïdk

ϕ(Hm, Cn) = Cmδm+n,0.

do)È'X��§éuϕ(Cm, Dn), ϕ(Hm, Dn)Ó�÷vþã'X"Ún�y"

···KKK3.4. H2(G,C) ∼= C3, Ù)¤�´n�Õá�þÌ�c1, c2Úc3§½ÂXeµ

c1(Lm, Ln) = m3δm+n,0, c2(Xm,Yn) = mδm+n,0 c3(Lm,Pn) = m2δm+n,0,

Xm ∈ Sm,Yn ∈ Sn,Pn ∈ Sn§m,n ∈ Z.§Ù{�¹Ñ´0"

y²µÏ�G = dn c§¤±d·K3.2k

H2(G,C) = H2(dn c,C) = H2(d,C)⊕H1(d, c∗)⊕ Bd(c)

Ù¥Bd(c) = 0(1001[11])§¤±�I(½H2(d,C)ÚH1(d, c∗)=�"

(i). H2(d,C) = Cc1 ⊕ Cc2 ⊕ Cc3

Ï�d = an b§¤±d·K3.2�

H2(d,C) = H2(an b,C) = H2(a,C)⊕H1(a, b∗)⊕ Ba(b).

'uc1(Lm, Ln) = m3δm+n,0��[y²� [13]·K1.1.1"Ba(b)dÚn3.3�Ñ"H1(a, b∗)ë

� [11]"
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�I�§�.

(ii). H1(d, c∗) = 0

ë� [11]"

e¡�ÑG�¥%*Ü"PTn = {In, Jn,Kn}, n ∈ Z"-

G̃ = G ⊕ Cc1 ⊕ Cc2 ⊕ Cc3,

½ÂoÈ'XXeµ

[Lm, Ln] = (m− n)Lm+n +m3δm+n,0c1,

[Lm,Xn] = −nXm+n +m2δm+n,0c3,

[Pm,Qn] = Rm+n +mδm+n,0c2,

[Lm,Yn] = (m− n)Ym+n,

[Xm,Xn] = mδm+n,0c2,

[Hm, In] = Jm+n,

[Hm, Jn] = −Im+n,

[Cm, In] = Km+n,

[Cm,Kn] = −Im+n,

[Dm, Jn] = Km+n,

[Dm,Kn] = −Jm+n,

[Ym,Yn] = 0.

m, n ∈ Z.Ù¥Xn ∈ Sn,Yn ∈ Tn"(Pm,Qn,Rm+n)´±en«�/��µ(Hm, Cn, Dm+n)§(Dm,

Hn, Cm+n)Ú(Cm, Dn, Hm+n)"w,(G̃, [, ]) ´��o�ê§c1, c2, c3 ´Ù¥%�"

½½½nnn3.5. -π : G̃ → G ´��ÝK§Kpair(G̃, π)´G��¥%*Ü"

y²µÏ�[G,G] = G§¤±G´����o�ê"Ïd§d·K3.1�§G�3�¥%*Ü§,
k

Kerπ ∼= H2(G,C) ∼= H2(G,C)∗ ∼= C3

Ù¥H2(G,C)∗ ´H2(G,C)�éó�m"½n�y"

4. (Ø�Ð"

3�!¥§·�ò©Û(d + 1)���¥�³|Ñ�/�êG3d = 1, d = 2Úd = 3n«�/e

��f�êÚ¥%*Ü�(��É"¿8B5/�ÑG3¤k���Ýe��f�êÚ¥%*Ü�
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(�"

Äk§�f�ê�¡§n«�/e���þÓN+þ´���§��f��^�lÄ

��3ØÓ�/eÑy��¹?1©Ûo("�d = 1�§{J (n)
ij , L

(n),M
(n)
i

∣∣ n ∈ Z, i, j =

1, 2, . . . , d},¥J (n)
ij ©þ�Ñy§=T�/e��ê"�J

(n)
ij ùaÄ��§=kL

(n)ÚM
(n)
1 , n ∈ Z§

Ù�f�^=(1.1) ª¶�d = 2�§{J (n)
ij , L

(n),M
(n)
i

∣∣ n ∈ Z, i, j = 1, 2, . . . , d},¥J (n)
ij ©þm©Ñ

y§d�Ä���L(n), J
(n)
12 ,M

(n)
1 ,M

(n)
2 , n ∈ Z§Ù�f�^=(1.3)ª¶2(Ü½n2.6§K·��

8B5/�Ñe¡'uG3¤k���Ýe��f�ê"

½n4.1. Der(G) = CD ⊕ ad(G)§Ù¥D´��	�f§½ÂXeµ

D(J
(n)
ij ) = D(L(n)) = 0, D(M

(n)
i ) =M

(n)
i .

Ù¥n ∈ Z, i, j = 1, 2, . . . , d"

Ùg§3�¥%*Ü�¡§d(1.2)ª!(1.4)ªÚ·K3.4��§n«�/e¥%���ê9�

^´k�É�"�d = 2Úd = 3�§�=J
(n)
ij ©þm©Ñy�§¥%���ê�±ØC"¢Sþ�

^�´���§ù:�lÄ���©þ�¡wÑ§=Xe�8B(J£d ≥ 2¤µ

½n4.2. H2(G,C) ∼= C3§Ù)¤�´n�Õá�þÌ�c1, c2 Úc3§½ÂXeµ

c1
(
L(m), L(n)

)
= m3δm+n,0, c2

(
J
(m)
ij , J (n)

rs

)
= mδm+n,0, c3

(
L(m), J

(n)
ij

)
= m2δm+n,0,

Ù{�¹Ñ´0§m,n ∈ Z"

½n4.1Ú½n4.2�²
���/e³|Ñ�/�ê��f�êÚ¥%*Ü���(�µe§

��Y�î�y²Jø
²(�ïÄ���Ø%g´"�yT(J§òé�õ³|Ñ�/�êG�

�f�êÚ¥%*Ü�(�nØäk­�¿Â"
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