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Abstract

Based on quaternions, this paper presents explicit constructions of real and complex

matrix representations for the spin groups Spin(n) for n= 2,3,4,5. Starting from

the Clifford algebra formalism, we compute both the matrix representations and the

spinor representations of Spin(n), with the spinor representations being directly ob-

tained from those of the classical groups. The treatment highlights the well-known

exceptional isomorphisms

Spin(2) ∼= U(1), Spin(3) ∼= SU(2), Spin(4) ∼= SU(2)× SU(2), Spin(5) ∼= Sp(2),

and characterizes the concrete connection between the matrix representations and

these isomorphisms. These results can be directly applied to geometry, physics, and

computer graphics.
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1. Úó

g^+Spin(n) ´AÏ��+SO(n) ��­CU§3�©AÛ!L«ØÚþfåÆ¥äkÄ:

5/ "Clifford �ê�n�Úo��m¥^=�²;o�êL«Jø
Ú��í2µe"

3$��/e§g^+äkXe�²;Ý
+�éX�~	Ó�µ

Spin(2) ∼= U(1), Spin(3) ∼= SU(2), Spin(4) ∼= SU(2)× SU(2), Spin(5) ∼= Sp(2),

Ù[!�ë�²;©z [1] [2]"'uClifford �ê���nØ�Clifford ��²;(J§�?�Úë

� [3–5]"�©Äuo�ê§é$�g^+Spin(n) (n = 2, 3, 4, 5) �Ñ
¢�EÝ
L«�wª�
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E"·�lClifford �êÑu§XÚ/�Ñ
ù
+�Ý
L«§¿Ó��Ñ
�A�^þL«"

��?nL§�ßÐ«
þã~	Ó��Ý
L«�m�äNéX"ù
(J���A^uAÛ!

ÔnÚO�Åã/Æ�+�"

�©�(�Xeµ1 2 !£�Clifford �ê9ÙéÜN��Ä�(�¶1 3 !½ÂClifford +

�Û��L«§¿î�y²�ê3Clifford +þ�¢�§y²¥;�
Ì�Øy¶1 4 !òSpin(n)

�E��ê�1 �f+¶��§31 5.1–5.4�!¥§ÏL��O�Ä�þ�Û���^§Å��

Ñ�^3Rn þ�wªÝ
úª§¿�Ñ�A�^þL«"

2. Clifford �ê9ÙéÜN�

-Cl0,n ´de1, . . . , en )¤�¢Clifford �ê§÷v

e2
i = −1, eiej = −ejei (i 6= j).

éu?¿f8J ⊆ {1, . . . , n}§òÙ��U,Sü��J = {j1 < · · · < jm}§¿½ÂeJ = ej1 · · · ejm§
Ù¥e∅ = 1"8x{eJ} �¤Cl0,n ��|¢Ä§�dimR Cl0,n = 2n"Ïd��x ∈ Cl0,n ���Ðm

�

x =
∑
J

xJeJ , xJ ∈ R.

T�êkn«IOéÜN�µ

1. �zéÜ α (½P�x′) d)¤�þ��^α(ei) = −ei ¤½Â§=

α(x) =
∑
J

xJ(−1)|J|eJ ,

�÷vα(xy) = α(x)α(y)"

2. �SN� x∗ òz�Ä��¥)¤��^S�=µ

(ej1 · · · ejm)∗ = ejm · · · ej1 = (−1)
m(m−1)

2 ej1 · · · ejm ,

l


x∗ =
∑
J

xJ(−1)
|J|(|J|−1)

2 eJ ,

�÷v(xy)∗ = y∗x∗"

3. Clifford �Ý x̄ ½Â�x̄ = α(x)∗ = (x∗)′§u´

x̄ =
∑
J

xJ(−1)
|J|(|J|+1)

2 eJ ,

�÷vxy = ȳ x̄"

½Â2.1. Clifford �ê½Â�N(x) = xx̄"
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Px =
∑

J⊆{1,...,n} xJeJ§Ù¥xJ ∈ R"-

εJ = (−1)
|J|(|J|+1)

2 ,

Kkx̄ =
∑

J xJεJeJ"�k

N(x) = xx̄ =

(∑
J

xJeJ

)(∑
K

xKεKeK

)
.

UClifford ¦{5K§Ðm��

N(x) =
∑

J,K⊆{1,...,n}

xJxK εK eJeK .

��/§TÚª�¹¤k�g��§ÏdéCl0,n ¥�����x§N(x) ¿Ø�½´Iþ§

�N(x) 6= N(x̄)"~X§�x = e1 + e2e3e4§K

N(x) = xx̄ = 2 + 2e1e2e3e4, N(x̄) = x̄x = 2− 2e1e2e3e4.

3. Clifford +9Ù5�

PCl∗0,n ��_��¦{+"?¿�þv ∈ Rn �À�Cl0,n ¥/X

v = v1e1 + v2e2 + · · ·+ vnen

���§Ù¥vi ∈ R§¿P−→v = (v1, · · · , vn)T ∈ Rn"�þ��~5�î¼�‖v‖2 := ‖−→v ‖2 =∑n
i=1 v

2
i"

½Â3.1. Clifford +Γn ´Xe8Üµ

Γn = {x ∈ Cl∗0,n | α(x)vx−1 ∈ Rn ∀v ∈ Rn }.

½Â3.2. x ∈ Γn 3v ∈ Rn þ�Û���^½Â�

ρx(v) = α(x)vx−1.

y3y²Γn �¤+§��ê´¢��"

Ún3.1. Γn ´Cl∗0,n �f+"d	§ex ∈ Γn§Kx̄ ∈ Γn"

y² ex, y ∈ Γn§Ké?¿v ∈ Rn k

ρxy(v) = α(xy)v(xy)−1 = α(x)α(y)vy−1x−1 = ρx(ρy(v)) ∈ Rn,

�xy ∈ Γn"qρx−1(v) = α(x)−1vx§Ï�ρx ´Rn �V�§Ù_�ρx−1§¤±ρx−1(v) �´�þ"

DOI: 10.12677/aam.2026.158365 430 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.158365


���§ù©�

l
x−1 ∈ Γn"ÏdΓn ´+"

�yx̄ ∈ Γn§5¿�x
−1 ∈ Γn �Ñα(x)−1vx ∈ Rn é¤kv ¤á"��SN�§�

(x∗v∗(α(x)−1)∗) = x∗vx̄−1 ∈ Rn,

�x∗vx̄−1 ´�þ"�α(x̄) = x∗§Ïdα(x̄)vx̄−1 = x∗vx̄−1 ∈ Rn§ùBy²
x̄ ∈ Γn"

·K3.1. é?¿x ∈ Γn§N(x) = xx̄ ´�"¢ê§�N(x) = x̄x"d	§N : Γn → R∗ ´+Ó�§
�é?¿�þv ∈ Rn§kN(v) = ‖v‖2"

y² é�þv§kv̄ = −v§�N(v) = vv̄ = −v2 = ‖v‖2"

y�x ∈ Γn"é?¿v ∈ Rn§-w = α(x)vx−1 ∈ Rn"Ïw ´�þ§Ù�S÷vw∗ = w"��

O�w∗ �

w∗ = (α(x)vx−1)∗ = (x−1)∗v∗α(x)∗ = (x∗)−1v x̄,

Ù¥^�v∗ = v ±9α(x)∗ = x̄"òw∗ �ü�L�ª��§��

(x∗)−1vx̄ = α(x)vx−1.

�¦x∗ ¿m¦x§�

v x̄x = x∗α(x) v. (1)

PC = x̄x§¿5¿�C∗ = x∗α(x)"u´(1) C�

vC = C∗v ∀v ∈ Rn. (2)

é(2) ü>�^Clifford �Ý ·̄"Ïv = −v �

C = x̄x = x̄ x̄ = x̄x = C,


C∗ = (C)∗ = C∗§·���

vC = C v = C(−v) = −Cv, C∗v = v̄ C∗ = −vC∗ = −C∗v.

�−Cv = −C∗v§=
Cv = C∗v ∀v ∈ Rn. (3)

'�(2) �(3) �ÑvC = Cv é¤k�þv ¤á"ÏdC �z�)¤����§l
����ê�

��µC á3Cl0,n �¥%p"

5¿�x �x̄ äk�Ó�Z2 �g§þ�óg½þ�Ûg§�Ù¦ÈC = x̄x ´ó��"é

uCl0,n§���ó¥%�´¢Iþ(�n �óê�§¥%�R¶�n �Ûê�§¥%�R ⊕ Rω§Ù
¥ω = e1 · · · en§�ω ´Ûg�§�¥%�óÜ©�R)"ÏdC ∈ R∗"

duC ´�"¢ê§§��������¶AO/§
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N(x) = xx̄ = xCx−1 = C.

u´N(x) ´�"¢ê§�N(x) = C = x̄x"

éx, y ∈ Γn§

N(xy) = xyxy = xyȳx̄ = xN(y)x̄ = N(y)xx̄ = N(x)N(y),

Ï�N(y) ∈ R ��������"�N : Γn → R∗ ´+Ó�"
·K3.2. ½ÂN�ρ : Γn → O(n) �

ρx(v) = α(x)vx−1.

Kρ ´û½Â�+Ó�§�Ù�á3��+¥"

y² Ó�5�®3Ún 3.1 �y²¥�Ñ"�y��5§5¿�év ∈ Rn§

N(ρx(v)) = N(α(x)vx−1) = N(α(x))N(v)N(x−1).

Ï�N(α(x)) = α(x)α(x) = α(x)α(x̄) = α(xx̄) = α(N(x)) = N(x) (ÏN(x) ∈ R 3α eØC)§

�N(x−1) = N(x)−1, ¤±N(ρx(v)) = N(v)"
é�þw§N(w) = ‖w‖2§�‖ρx(v)‖ = ‖v‖"w
,ρx(λv + µw) = λρx(v) + µρx(w), ∀v, w ∈ Rn, λ, µ ∈ R"Ïdρx ∈ O(n)"

·K3.3. Γn d�"�þëÓ�"¢Iþ)¤µ

Γn = R∗ · 〈Rn \ {0}〉.

y² ?��"�þu áuΓn§Ï�u
−1 = −u/‖u‖2 �

ρu(v) =
uvu

‖u‖2
= v − 2

〈u, v〉
‖u‖2

u ∈ Rn.

Ïd¤k�þ�¦È9ÙIþ�êþ3Γn ¥"

��§�x ∈ Γn"d·K 3.2§ρx ∈ O(n)"Cartan–DieudonnW½n�Ñ§O(n) �z����

L��õn�'u�²¡����EÜ"z���äkρu �/ª§Ù¥u´,�ü �þ"Ïd�

3ü �þu1, . . . , uk ¦�ρx = ρu1
· · · ρuk

"u´ρx−1u1···uk
= identity§l
x−1u1 · · ·uk ∈ ker ρ"

d·K 3.1 ��ker ρ = R∗ (?Û¢Iþþ����3Ø¥¶��§Γn ¥�?¿¥%�7�Iþ)"

Ïdx = λu1 · · ·uk§Ù¥λ ∈ R∗§=¤¦y"

4. g^+

Clifford �êCl0,n ´Z2-©g�µCl0,n = Cl00,n ⊕ Cl10,n§Ù¥Cl00,n dóg���¤§Cl10,n d

Ûg���¤"
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½Â4.1.

Pin(n) = {x ∈ Γn | N(x) = 1};

Spin(n) = {x ∈ Γn | N(x) = 1, x ∈ Cl00,n }.

�d/§

Spin(n) = {x ∈ Cl00,n | xvx−1 ∈ Rn, ∀v ∈ Rn, N(x) = 1}.

éuó��kα(x) = x§�Û���^òz�xvx−1"5¿Spin(n) ´Pin(n) �f+§��

ê[Pin(n) : Spin(n)] = 2"

Ún4.1. óf�êÓ�Cl00,n
∼= Cl0,n−1"

y² éde1, . . . , en )¤�÷ve
2
i = −1 �Clifford �êCl0,n§½Â#��

fi = eien (i = 1, . . . , n− 1).

§�÷vf2
i = −1 ±9fifj + fjfi = −2δij"N�ei 7→ fi òÿ��êÓ�Cl0,n−1

∼= Cl00,n"

½n4.1. ��ρ 3Spin(n) �Ñ÷Ó�

ρ : Spin(n)→ SO(n)

ÙØ�{±1}"ÏdSpin(n) ´SO(n) ��­CU"én ≥ 3§Spin(n) ´üëÏ�§��SO(n) �

�kCU"

y² d·K 3.3§ρ : Γn → O(n)´Ó�§�ker ρ = R∗"���Spin(n)§Ø�R∗∩Spin(n) =

{±1}"÷��SO(n) ´Ï�z�^=´���ó¦È§
z���´,ü �þ��"n ≥ 3 �

�üëÏ5´IO(J [2]"

·�ò|^±e�d�xµSpin(n) = {x ∈ Cl00,n | N(x) = 1}§Ù¥N(x) = xx̄§x̄ �Clifford

�Ý"�n �óê�§Ïα(x) = x§kx̄ = x∗ (�S)¶�n �Ûê�§3óf�êþ½¤á"Ïd

3Spin(n) þkN(x) = xx∗"

·K4.1. én = 2, 3, 4, 5§g^+Spin(n) = {x ∈ Cl00,n | N(x) = 1} äkXewª/ª9²;+Ó
�µ

Spin(2) = { a+ b e1e2 ∈ Cl00,2 | a2 + b2 = 1 } ∼= U(1),

Spin(3) = { a+ b e2e3 + c e3e1 + d e1e2 ∈ Cl00,3 | a2 + b2 + c2 + d2 = 1 } ∼= SU(2),

Spin(4) = {u+ ω v ∈ Cl00,4 | u, v ∈ H, |u|2 + |v|2 = 1, uv̄ + vū = 0 } ∼= SU(2)× SU(2),

Spin(5) ∼= {Q ∈M2(H) | Q∗Q = I2 } ∼= Sp(2),

Ù¥H = span{1, e1e2, e2e3, e3e1} ´o�ê�ê§ω = e1e2e3e4 (Ïdω2 = 1)§
én = 5 �£O

ÏL�êÓ�Cl00,5
∼= H(2) ¢y"
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y² n = 2: Cl00,2 = span{1, e1e2}"Px = a+ be1e2"due1e2 = −e1e2§k

N(x) = xx̄ = a2 + b2.

ÏdN(x) = 1 ��=�a2 + b2 = 1§�x 7→ a+ bi òSpin(2) �ÓuU(1)"

n = 3: Cl00,3 = span{1, e2e3, e3e1, e1e2} ∼= H"½Âo�êü i = e2e3, j = e3e1, k = e1e2"

ó��x = a+ bi + cj + dk kx̄ = a− bi− cj− dk§�

N(x) = xx̄ = a2 + b2 + c2 + d2.

ü o�ê�SU(2) �²;éAÏLXeN�¢y

1 7→

(
1 0

0 1

)
, i 7→

(
i 0

0 −i

)
, j 7→

(
0 1

−1 0

)
, k 7→

(
0 i

i 0

)
.

�kx = a+ bi + cj + dk �N� (
a+ ib c+ id

−c+ id a− ib

)
.

�N(x) = 1 �Ñü o�ê+Sp(1) ∼= SU(2)"

n = 4: 3Cl0,4 ¥§-ω = e1e2e3e4"Kω
2 = 1"duω �z�)¤�ei �é´(ωei = −eiω)§

§�ü�)¤��¦È(��þ)é´§?
���óf�êCl00,4 ��§�ω ´Cl00,4 �¥%��"

óf�ê©)�Cl00,4
∼= H⊕H"=x ∈ Cl00,4 �L«�

x = u+ ωv,

Ù¥u, v ∈ H = span{1, i = e2e3, j = e3e1,k = e1e2}"¯¢þ§Ù{n���þ�ωi = −e1e4, ωj =

−e2e4, ωk = −e3e4"

3d��L«þ§O�x �Clifford �êµ

N(x) = xx̄ = (u+ ωv)(ū+ ωv̄) = |u|2 + |v|2 + ω (uv̄ + vū).

duN(x) 7L´¢Iþ§ω-���§½¦uv̄ + vū = 0"5¿

uv̄ + vū = 2 Re(uv̄) = 2〈u, v〉.

Ïduv̄ + vū = 0 �du〈u, v〉 = 0"u´

Spin(4) = {x = u+ ωv ∈ Cl00,4 | u, v ∈ H, |u|2 + |v|2 = 1, uv̄ + vū = 0 }.

3þ¡�L«¿Âe§¦{�XeL�µ

(u1 + ωv1)(u2 + ωv2) = (u1u2 + v1v2) + ω (u1v2 + v1u2).
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y�p = u+ v �q = u− v"|^þã^�§

pp̄ = |u|2 + |v|2 + (uv̄ + vū) = 1, qq̄ = |u|2 + |v|2 − (uv̄ + vū) = 1,

�p, q ∈ Sp(1) ∼= SU(2)"��§?�éü o�ê(p, q) �Ñu = p+q
2
, v = p−q

2
¿÷v�å"
�

dN�´+Ó�µx1x2 7→ (p1p2, q1q2)"Ïd

Spin(4) ∼= {(p, q) ∈ Sp(1)× Sp(1)} ∼= SU(2)× SU(2).

n = 5: dÚn 4.1§ÏLN�fi = eie5 7→ ei (i = 1, . . . , 4) kCl00,5
∼= Cl0,4"�
^2 �o�ê

Ý
L«Cl0,4§·�÷^cão�êü i = e2e3§j = e3e1, k = e1e2§¿5½XeéAµ

f1 7→

(
0 1

−1 0

)
, f2 7→

(
0 i

i 0

)
, f3 7→

(
0 j

j 0

)
, f4 7→

(
0 k

k 0

)
.

¤kù
Ý
'uo�ê�Ý=�Ñ´�Hermite �(M∗ = −M)"Ï�Cl0,4 þ�Clifford �Ý

´òz�)¤�N�ÙK�����gÓ�§�3dÓ�e§TÐéAuQ 7→ Q∗"Ïd§é

dQ ∈M2(H) L«�x ∈ Cl00,5§

N(x) = xx̄ 7−→ QQ∗.

^�N(x) = 1 l
C�QQ∗ = I2§=Q áu;"+

Sp(2) = {Q ∈M2(H) | Q∗Q = I2 }.

��Spin(5) ∼= Sp(2)"

5. n ≤ 5 ��wªÝ
L«

�!¥§·�én = 2, . . . , 5 Å�O�Spin(n) �Ý
L«�wªÝ
/ª"Ó�§�â·

K 4.1 ¥�Ó�§�A�E^þL«����ÑµSpin(2) �^þL«�U(1) 3C þ�¦5�^¶
Spin(3) �^þL«�SU(2) 3C2 þ�Ä�L«¶Spin(4) �^þL«©)�ü�SU(2) ��^þ

L«¶
Spin(5)�^þL«K�Sp(2)3C4 þ�L«§ÙwªÝ
®dκi\�Ñ(�1 5.4!)"

5.1. n = 2 ��/

óf�êd1 Úe1e2 Ü¤§�

Spin(2) = {a+ be1e2 | a2 + b2 = 1} ∼= U(1).
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év = v1e1 + v2e2§�^�ρx(v) = xvx−1"�x = a+ be1e2, a = cos θ, b = sin θ§��O��

ρx(v) = (a+ be1e2)(v1e1 + v2e2)(a− be1e2)

=
(
(a2 − b2)v1 − 2abv2

)
e1 +

(
2abv1 + (a2 − b2)v2

)
e2.

Ïd3Ä{e1, e2} e�Ý
�

R(a, b) =

(
a2 − b2 −2ab

2ab a2 − b2

)
=

(
cos 2θ − sin 2θ

sin 2θ cos 2θ

)
∈ SO(2). (4)

ùL²
−−−→
ρx(v) = R(a, b)−→v"

^þL«. Ù^þL«�U(1) 3C þ�¦5�^"ePx = a+ be1e2§K

χ2(x) = a+ bi ∈ U(1).

5.2. n = 3 ��/

5¿�

Spin(3) = { a+ b e2e3 + c e3e1 + d e1e2 ∈ Cl00,3 | a2 + b2 + c2 + d2 = 1}.

-x = a+ b e2e3 + c e3e1 + d e1e2 ∈ Spin(3)"Kx−1 = a− b e2e3 − c e3e1 − d e1e2"��O��^

ρx(v) = xvx−1 = (a+ be2e3 + ce3e1 + de1e2)(v1e1 + v2e2 + v3e3)(a− be2e3 − ce3e1 − de1e2),

=�XeÝ


R(a, b, c, d) =


1− 2(c2 + d2) 2(bc− ad) 2(bd+ ac)

2(bc+ ad) 1− 2(b2 + d2) 2(cd− ab)
2(bd− ac) 2(cd+ ab) 1− 2(b2 + c2)

 ∈ SO(3) (5)

÷v
−−−→
ρx(v) = R(a, b, c, d)−→v"

^þL«. �A�^þL«=�SU(2) �Ä�L«"òx = a+ be2e3 + ce3e1 + de1e2 �Óuo�ê§

éA�EÝ
�

χ3(x) =

(
a+ ib c+ id

−c+ id a− ib

)
∈ SU(2),

d=Spin(3) 3C2 þ�^þL«"

äN~f�yµ7z¶^=π
2
éA�Spin(3) → SO(3)N� c©®�ÑdSpin(3)+�)¤SO(3)^

=Ý
�Ï^��N�úª"��*�ÏÄ��êúª�AÛ^=�éX§e¡À��|O�{
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B!�²��g^+��¤��íü�y"

d²;Ó�Spin(3) ∼= SU(2)§n��m^=��dL«�ü o�ê"Po�êJÄ

�i = e2e3, j = e3e1,k = e1e2§7z¶^=�ÝθéA�Spin(3)��/ª�

x = cos
θ

2
+ k sin

θ

2
.

�^=�θ = π
2
§�\���g�~¦^�g^�µ

x = cos
π

4
+ k sin

π

4
=

√
2

2
+

√
2

2
k.

Äk�yT��áuSpin(3)µòx��IOo�ê/ªx = a+ bi + cj + dk§éAXê

a =

√
2

2
, b = 0, c = 0, d =

√
2

2
.

�âSpin(3)��ê^�N(x) = a2 + b2 + c2 + d2 = 1§O��

a2 + b2 + c2 + d2 =

(√
2

2

)2

+ 0 + 0 +

(√
2

2

)2

=
1

2
+

1

2
= 1,

�x�Cl0,3¥�óg��§�x ∈ Spin(3)"

�âc©�Ñ�o�ê�SU(2)�wªéA

χ3

(
a+ bi + cj + dk

)
=

(
a+ ib c+ id

−c+ id a− ib

)
,

òþãXê�\§��ÙéA�SU(2)��EÝ
µ

X =


√

2

2

√
2

2
i

√
2

2
i

√
2

2

 .

é?¿n�¢�þv = v1e1 + v2e2 + v3e3 + v4e4§Spin(3)�SO(3)��­CUN�d��C�

ρ(x) : v 7→ xvx̄

½Â§Ù¥x̄ =

√
2

2
−
√

2

2
k�x�Clifford�Ý"òx, x̄, v�\o�ê¦{©ÚÐmµ

xvx̄ =

(√
2

2
+

√
2

2
k

)(
v1e1 + v2e2 + v3e3

)(√2

2
−
√

2

2
k

)
= −v2e1 + v1e2 + v3e3.
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òþã�5C��¤Ý
�^/ª

ρ(x)


v1

v2

v3

 = M


v1

v2

v3

 ,

J���wªn�^=Ý


M =


0 −1 0

1 0 0

0 0 1

 .

��������5^�MTM = I3§�1�ªdetM = 1§÷vAÏ��+SO(3)�½Â"

lAÛ�¡§TÝ
�´IO7z¶^=π
2
��IC�Ý
"

5.3. n = 4 ��/

�ω = e1e2e3e4¶Kω
2 = 1 �ω �óf�êCl00,4 �¥%"óf�ê©)�

Cl00,4 = H⊕ ωH, H = span{1, i = e2e3, j = e3e1, k = e1e2}.

z�x ∈ Cl00,4 �����x = u+ωv§Ù¥u, v ∈ H"x �Clifford �Ý�x̄ = ū+ωv̄ (Ï�ω̄ = ω)"

é�þV = v1e1 + v2e2 + v3e3 + v4e4§k��ÆωV = −V ω"
·K5.1. éx = u + ωv ∈ Spin(4)§3�ÓV ↔ qV = v4 + v1i + v2j + v3k �e§Û���

^ρx(V ) = xV x̄ éAuo�ê�^

ρ(p,q)(qV ) = p qV q̄, p = u+ v, q = u− v.

y² Äk5¿��ê^�N(x) = |u|2 + |v|2 + ω(uv̄ + vū) = 1 ½¦uv̄ + vū = 0¶Ïdp �q

´ü o�ê"�I3Spin(4) �)¤�þ�yTúª"

1. ex = u ´ü o�ê(v = 0)§Kp = q = u �ρx(V ) = uV ū"3d�Óe§uV ū ↔ u qV ū =

p qV q̄"

2. ex = ωv �v ´ü o�ê(u = 0)§Kp = v§q = −v§¿|^ωV = −V ω§

ρx(V ) = ωvV (ωv̄) = ωvV v̄ ω−1 = −ω2vV v̄ = −vV v̄.

ùéAu−v qV v̄ = v qV (−v) = p qV q̄"

ùüa��)¤Spin(4)§�N�x 7→ (p, q) ´+Ó�(��ySpin(4) ¥�¦{éA(p, q) �©þ¦

{)"Ïdúªé¤kx ∈ Spin(4) ¤á"

yòü o�êëêz�

p = a+ bi + cj + dk, q = e+ f i + gj + hk,
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Ù¥a2 + b2 + c2 + d2 = e2 + f2 + g2 + h2 = 1"3H �kSÄ(1, i, j,k) e§�¦p �m¦q̄ ©Od

¢4× 4 Ý


Lp =


a −b −c −d
b a −d c

c d a −b
d −c b a

 , Rq̄ =


e f g h

−f e −h g

−g h e −f
−h −g f e


L«"3dÄeÝ
L«�Ý
=�R0(p, q) = LpRq̄"äN�¦�

R0(p, q) =


ae+ bf + cg + dh af − be− ch+ dg ag + bh− ce− df ah− bg + cf − de
be− af + dg − ch bf + ae− dh− cg bg − ah− de+ cf bh+ ag + df + ce

ce− df − ag + bh cf + de+ ah+ bg cg − dh+ ae− bf ch+ dg − af − be
de+ cf − bg − ah df − ce+ bh− ag dg + ch+ be+ af dh− cg − bf + ae

 .

£�Ä�þ�éA�

e4 ↔ 1, e1 ↔ i, e2 ↔ j, e3 ↔ k.

ÏdIOÄe�Ý
L«dR0(p, q) ÏL��Ý
P �Ý��µ

R(p, q) = P−1R0(p, q)P ∈ SO(4), P =


0 0 0 1

1 0 0 0

0 1 0 0

0 0 1 0

 .

�d/§R(p, q) �ÏLòR0(p, q) �Ä1ÚÄ�Ì�£�"�
¼�"äN
ó§eòR0(p, q) �

�©¬/ª

R0(p, q) =


r11 r12 r13 r14

r21 r22 r23 r24

r31 r32 r33 r34

r41 r42 r43 r44

 ,

KþãÌ�£ �Ñ�^u(v1, v2, v3, v4)T �wªÝ


R(p, q) =


r22 r23 r24 r21

r32 r33 r34 r31

r42 r43 r44 r41

r12 r13 r14 r11

 ,

Ù¥rij =cãR0(p, q) ¥�éA��(dp, q �©þLÑ)"

^þL«. dÓ�Spin(4) ∼= SU(2)× SU(2)§�^þL«©Od

ρ+(p, q) = χ3(p), ρ−(p, q) = χ3(q)
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�Ñ§Ù¥p, q �ü o�ê§χ3 Xþ!¤«"ü��^þL«þØ��§�©OéA�mÃ�

^þ"

äN~f�yµo�²¡^=éA�Spin(4)→ SO(4)N� �Ð«Spin(4)+��o�^=Ý
�

N�L§§e¡À�O��{!AÛ¿Â²(�Spin(4)+�?1íü"o��m¥�Ä:�^=

C���I²¡S���^=§éA(��{ü�Spin(4)+�"

�o�²¡e1e2^=éA�+�/ª

x = cos
θ

2
+ e1e2 sin

θ

2
.

�^=�θ = π
2
§�\�

x = cos
π

4
+ e1e2 sin

π

4
=

√
2

2
+

√
2

2
e1e2.

Äk�yT��áuSpin(4)"�âSpin(4)�½Â§Ù�Cl0,4¥���1�ógClifford ��§

T��dógÄ�¤§÷vóg^�"��O���(√
2

2

)2

+

(√
2

2

)2

= 1,

÷vü �^�§�x ∈ Spin(4)"

�âc©Spin(4) ∼= SU(2)× SU(2) �L«éA'X§T+�éA�ü|SU(2) ��EÝ
�

p = e

kπ

4 7−→

e
iπ

4 0

0 e

−iπ
4

 , q = e
−

kπ

4 7−→

e
−iπ

4 0

0 e

iπ

4

 .

é?¿o�¢�þV = v1e1 + v2e2 + v3e3 + v4e4§Spin(4)�SO(4)�N�Ó�d��C�

ρ(x) : v 7→ xvx̄

½Â"òx, x̄, v�\Clifford ¦{Ðmz{§��C����I'X§�ªJ���o�^=Ý


M =


0 −1 0 0

1 0 0 0

0 0 1 0

0 0 0 1

 .

²�yMTM = I4�detM = 1§÷vSO(4)½Â"TÝ
éAo��m¥e1e2²¡^=
π
2
!�

±e3, e4ØC�IO^=C�"
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5.4. n = 5 ��/

dÚn 4.1§Cl00,5
∼= Cl0,4"3Ó�

ψ5 : Cl00,5 −→ Cl0,4, ψ5(eie5) = fi (i = 1, . . . , 4)

e§)¤�fi ÷vf
2
i = −1 9fifj + fjfi = −2δij"dd��¢�ê�Ó�Cl0,4 ∼= H(2) �

kSpin(5) ∼= Sp(2)"

^þL«. ÏLòþãÓ��H �C2×2 �IOi\EÜ��"éo�êq = q0 + q1i + q2j + q3k§

½Â

κ(q) =

(
q0 + iq1 q2 + iq3

−q2 + iq3 q0 − iq1

)
.

K��o�êÝ
Q = (qij) ∈ Sp(2) �)��4× 4 EÝ


Q̃ =

(
κ(q11) κ(q12)

κ(q21) κ(q22)

)
∈ SU(4).

N�Q 7→ Q̃ ´üÓ�§�ÑSpin(5) 3C4 þ�^þL«"

Spin(5) 3R5 þ�Ý
L«���dÓ�Spin(5) ∼= Sp(2) �E"òR5 �Óu,�"�o�

êHermite 2× 2 Ý
�m

H0 = {H ∈M2(H) | H∗ = H, trH = 0 }.

z�ù��Ý
���

H =

(
x1 x2 + x3i + x4j + x5k

x2 − x3i− x4j− x5k −x1

)
= x1E1 + x2E2 + x3E3 + x4E4 + x5E5,

Ù¥IO��ÄÝ
�

E1 =

(
1 0

0 −1

)
, E2 =

(
0 1

1 0

)
,

E3 =

(
0 i

−i 0

)
, E4 =

(
0 j

−j 0

)
, E5 =

(
0 k

−k 0

)
.

SÈ〈H,H ′〉 = 1
2

Re tr(HH ′) ¦ù|Ä¤�IO��Ä§¿òH0 �ÓuR5"

+Sp(2) 3H0 þÏL

Q ·H = QHQ∗

�^§§�±Hermite 5§,±9SÈ"u´��Ó�ρ5 : Sp(2) → O(5)¶ÏSp(2) ëÏ§Ù�

3SO(5) ¥"Ø�{±I2}§�ρ5 ´�­CU§Ï
��Spin(5) �Ý
L«"
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PQ =

(
a b

c d

)
§Ù¥a, b, c, d ∈ H"�^3z�Ä��þ�

QE1Q
∗ =

(
aā− bb̄ ac̄− bd̄

cā− db̄ cc̄− dd̄

)
,

QE2Q
∗ =

(
bā+ ab̄ bc̄+ ad̄

dā+ cb̄ dc̄+ cd̄

)
,

QE3Q
∗ =

(
−biā+ aib̄ −bic̄+ aid̄

−diā+ cib̄ −dic̄+ cid̄

)
,

QE4Q
∗ =

(
−bjā+ ajb̄ −bjc̄+ ajd̄

−djā+ cjb̄ −djc̄+ cjd̄

)
,

QE5Q
∗ =

(
−bkā+ akb̄ −bkc̄+ akd̄

−dkā+ ckb̄ −dkc̄+ ckd̄

)
.

éo�êq§PRe(q) �Ù¢Ü§Imi(q), Imj(q), Imk(q) ©O�i, j,k �Xê¶�d/§

Imi(q) = Re(−iq), Imj(q) = Re(−jq), Imk(q) = Re(−kq).

3Ä(E1, . . . , E5) eÖÑ�I§=�wª�5× 5 ¢��Ý


R5(Q) =



|a|2 − |b|2 2 Re(ab̄) 2 Re(−biā) 2 Re(−bjā) 2 Re(−bkā)

Re(ac̄− bd̄) Re(bc̄ + ad̄) Re(−bic̄ + aid̄) Re(−bjc̄ + ajd̄) Re(−bkc̄ + akd̄)

Imi(ac̄− bd̄) Imi(bc̄ + ad̄) Imi(−bic̄ + aid̄) Imi(−bjc̄ + ajd̄) Imi(−bkc̄ + akd̄)

Imj(ac̄− bd̄) Imj(bc̄ + ad̄) Imj(−bic̄ + aid̄) Imj(−bjc̄ + ajd̄) Imj(−bkc̄ + akd̄)

Imk(ac̄− bd̄) Imk(bc̄ + ad̄) Imk(−bic̄ + aid̄) Imk(−bjc̄ + ajd̄) Imk(−bkc̄ + akd̄)


.

N´�y§�Q =

(
cos θ sin θ

− sin θ cos θ

)
�§TÝ
òz�3(E1, E2) ²¡S�Ý�2θ �^=§

�R5(Q) ´1�ª�1 ���Ý
"d=Spin(5) 3R5 þ�wªÝ
L«"

äN~f�yµÊ�²¡^=éA�Spin(5)→ SO(5)N� �òYc©$�Spin+Ú�íüµe§

�*Ð«Spin(5)+��Ê�AÏ��Ý
�N�6§§À�AÛ¹Â�ß!O��{����I

²¡éASpin(5)+��¤��ü�"Ê�î¼�mR5�¹Ê|üü��Äe1, e2, e3, e4, e5§Ä:^

=C�=u)3,�|���I²¡S§�{n��I�±ØC§À�e1e2²¡^=��;.C�

�E+�"

�e1e2²¡^=�ÝθéA�Spin(5)+�Ï^/ª

x = cos
θ

2
+ e1e2 sin

θ

2
.
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-²¡^=�θ = π
2
§�\��äN+�

x = cos
π

4
+ e1e2 sin

π

4
=

√
2

2
+

√
2

2
e1e2.

Äk�yT��áuSpin(5)"�â½Â§Spin(5)�Cl0,5¥���u1�ógClifford�ê��"

T+�=d~ê����Ä�e1e2�5|Ü
¤§÷vóg^�¶O���²�

(√
2

2

)2

+

(√
2

2

)2

= 1,

÷vü ��å§Ïdx ∈ Spin(5)"

�Spin(3) ∼= SU(2)!Spin(4) ∼= SU(2) × SU(2)ØÓ§Spin(5)Ø�3��Ø��^þL«§Ù

;�o+Ó�'X�Spin(5) ∼= Sp(2)§Ù¥Sp(2)´2�o�ê"Ý
+"�âc©IOi\�E5

K§T+�éA�2�o�ê"Ý
�

Q =


√

2

2
−
√

2

2√
2

2

√
2

2

 ∈ Sp(2).

é?¿Ê�¢�þv = v1e1 + v2e2 + v3e3 + v4e4 + v5e5§Spin(5)�SO(5)�CUN�E÷^Ú

���C�½Â

ρ(x) : v 7→ xvx̄.

ò+�x!�Ý�x̄�Ê��þv�\Clifford¦{Ðmz{§J��5C��IXê§�ª��Ê�

^=Ý


M =



0 −1 0 0 0

1 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1


.

Ø���MTM = I5�detM = 1§��÷vSO(5)Ý
½Â"TÝ
AÛ¿Â�Ê��m

¥e1e2²¡^=
π
2
§��±e3, e4, e5n��Ý�IØC�IO^=C�"

Ä7�8

I[g,�ÆÄ7(11871379)§2À�p�g,�ÆÄ7­:�8(2019KZDXM025)"
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